CCAP MATH 1100 (Lesson 13) Exercises

1. Given g(x) = (1 + 2¢%)2, answer the following questions:
(a) Find ¢'(x).

(b) Find all values of x for which the tangent line to the graph of the function is horizontal.

61‘
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2. Given the function g(x) =
(a) Find ¢'(x).

(b) Find all values of x for which the slope of the tangent line to the graph of g(x) equals 0.

(c¢) Find the intervals in which g(z) is increasing and the intervals in which g(z) is decreasing.
Hint: Remember to check to determine where the derivative is undefined when creating
the sign chart for g’(x).



CCAP MATH 1100 Exercises - Page 2 of 11

Lesson 13

3. Given the function g(x) = % .
e

(a) Find ¢'(x).

(b) Find all values of x for which the slope of the tangent line to the graph of g(x) equals 0.

(c) Identify any relative/absolute maximum and relative/absolute minimum points.

4. Given the function g(r) = x3e?® .

(a) Find ¢'(x).

(b) Find all values of x for which the slope of the tangent line to the graph of g(x) equals 0.

(c) Find the intervals in which g(x) is increasing and the intervals in which g(x) is decreasing.
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5. Given the function g(x) = e
x

(a) Find ¢'(x) and simplify.

(b) Find all values of x for which the tangent line to the graph of the function is horizontal.

(c) Find the intervals in which g(z) is increasing and the intervals in which g(z) is decreasing.
Hint: Remember to check to determine where the derivative is undefined when creating
the sign chart for g’(x).

x+1

6. Given the function g(x) = el

(a) Find ¢'(x) in factored/simplified form.

(b) Find the intervals in which g(x) is increasing and the intervals in which g(z) is decreasing.
Hint: Remember to check to determine where the derivative is undefined when creating
the sign chart for g’(x).

(c) Identify any relative/absolute maximum and relative/absolute minimum points.
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7. Given the function g(z) = (e** +1)? .
(a) Find ¢'(x) in factored/simplified form.

(b) Find the intervals in which g(x) is increasing and the intervals in which g(z) is decreasing.
Hint: Remember to check to determine where the derivative is undefined when creating
the sign chart for g’(x).

(c) Identify any relative/absolute maximum and relative/absolute minimum points.

8. Given the function g(z) = (1 — z)e** .
(a) Find ¢'(x) in factored/simplified form.

(b) Find the intervals in which g(x) is increasing and the intervals in which g(z) is decreasing.

(¢) Find ¢"(z).

(d) Find the intervals in which g(x) is concave upwards and the intervals in which g(z) is
concave downwards; identify any inflection points.
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9. The concentration of a drug in a patient’s bloodstream t hours after injection is modeled by
the function C(t) = 100e~%% mg./liter; ¢ > 0. Find the rate of change of the concentration
at times t=1,5, and 24 hours after the injection. Include the appropriate units. Interpret the
results.

10. The number of cases of influenza in New York City from the beginning of 1960 to the beginning
of 1964 is modeled by the function

N(t) = 5.3¢0-093t>—0.87¢ 0<t<4
where N(t) gives the number of cases (in thousands) and ¢ is measured in years, with ¢ = 0
corresponding to the beginning of 1960.

(a) Evaluate N(0) and N(4). Briefly describe what these values indicate about the disease in
New York City.

(b) Evaluate N’(0) and N’(3). Briefly describe what these values indicate about the disease
in New York City.
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11. The relative rate of change of a differentiable function y = f(x) is given by

One model for population growth is a Gompertz growth function, given by
P(z) = ae "

where a, b, and ¢ are constants.

(a) Find the relative rate of change formula for the generic Gompertz function.

(b) Use part (a) to find the relative rate of change of a population in z = 20 months when
a =204, b=0.0198, and ¢ = 0.15 .

(c) Briefly interpret what the result of part (b) means.
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Answer Key

1 (a) ¢'(x) = e (14 2¢")(6e” +1) (b) None

x
2 (a) ¢(z) = ﬁ (b) x = 0 (c) ¢'(x) is undefined at © = —1; g(x) is decreasing on
(=00, —1) U (—1,0); increasing on (0, co)
, 11—z 1Y . . . .
3 () d(x) =— (b)z=1 (c) (1,-) is a relative/absolute maximum point; no rela-
e e

tive/absolute minimum point.

4 (a) ¢'(z) = e*2?(x +3) (b) z = —3,0 (c) g(z) is decreasing on (—oo, —3); increasing on
(_3700)

[N

z_ 2 _ 1
5 (a) ¢(x) = Lz) (b) x = £1 (c) ¢'() is undefined at z = 0; g(z) is increasing on
x
(=00, —1) U (1, 00); decreasing on (—1,0) U (0, 1)

-2z —1 1 1
6 (a) ¢'(z) = :T (b) g(x) is increasing on (—oo, —2>; decreasing on (—2, oo) (c) Rel-

ative/absolute maximum point at <—2, 26)

7 (a) ¢'(z) = 8e* (e +1) (b) ¢'(x) # 0 and moreover ¢'(x) > 0 for all z so g(z) is increasing

for all z. (c) None.

1 1
8 (a) ¢'(z) = e**(1—2x) (b) ¢'(x) =0 for x = 3 g(x) is increasing on (—oo, 2); decreasing on

2
on (—00,0); concave downwards on (0, 00)

1
(, oo). (c) ¢"(x) = —4ze®*® (d) Inflection point occurring at = = 0; g(w) is concave upwards

9 C'(1) ~ —4.756 (mg.per liter)per hour; C'(5) ~ —3.894 (mg.per liter)per hour; C’(24) ~ —1.506
(mg.per liter)per hour.

10 (a) N(0) = 5.3; N(4) =~ 0.723; At the beginning of 1960 there were 5.3 thousand cases of the
disease in New York City. At the beginning of 1964 there were approximately 723 cases of the
disease in the United States. (b) N’(0) = —4.611; N'(3) &~ —0.2808; At the beginning of 1960 the
number of cases of the disease was decreasing at rate of 4.611 thousand per year; at the beginning

of 1963, the number of cases of the disease was decreasing at a rate of 0.2808 thousand per year.

100 - f'(z)

f(x)
P’(20) =~ 0.01479 % (c) In 20 months, the population is increasing at the percentage rate

11 (a) The relative rate of change= =100-(bc)-e~* (b) P'(x) =a-b-c-e b ez,

around 0.015% per month
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Detailed Solutions

1 (a) We evaluate the derivative starting with the product rule

d T z\2 d T z\2 T d )2
£[e (14 2¢”)?] :%[e ]-(142e")* +e .%[(1+2e )]
‘ d
=% (14+2e%)2 +e%-2(1+ 2&)% [1 + 2¢"]
= e (1+2e%)2 + e - 2(1 4 2¢7) (2¢7)
=e"(1+4 2€")(1 + 2€” + 4e”)
which simplifies to ¢'(x) = e*(1 4 2¢”)(6e” + 1).

(b) The tangent line is horizontal where the derivative is zero, so we look for values satisfying
¢'(z) = 0. Since e® > 0 for all values of x, none of the three terms in our expression of ¢'(z)
can output 0, so there is nowhere in our graph with a horizontal tangent line.

2 (a) We evaluate the derivative starting with the quotient rule

d d
/(x) B i et B (iL + 1)@[6“ — 6‘%%[1’ + 1] - (l‘ + 1)61: _ em(l) B re®
I =z v 1]~ (@ +1)2 EECE e
(b) The tangent line is horizontal where the derivative is zero, so we look for values satisfying
g'(x) =0
xe®
———=0—>x2e"=0
(x +1)2 e
which is satisfied by = = 0.
(c) There is a critical point at x = 0 and the derivative has an asymptote at © = —1, so we test

values between and around these: g(—2) = —0.271, g(—0.5) = —1.213, and ¢(1) = 0.680. We
can conclude from the sign of the derivative that g(x) is decreasing on (—oo, —1) U (—1,0) and
increasing on (0, 00).

3 (a) We begin evluating the derivative with the quotient rule
d d

ey @ e

9@ =g [?} - (e0)2

_ (e™)(1) — z(e") _ (1 —x)e® _1-z
ez er e

(b) We look for values satisfying ¢’(xz) = 0. Note that we can safely cancel the denominator since
e > 0 for all values of x

1—=x

p =0—>1—2=0

which is satisfied by =z = 1.
(c) Let’s use the first derivative test around x = 1: ¢/(0) = 1 and ¢’(2) = —0.135 so there is a

relative maximum at x = 1 where g(1) = —. Because there are no other critical points or
e

. . 1 .
asymptotes, we conclude there is an absolute maximum at (1, —) and no minima.
e
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4 (a) Let’s start evaluating the derivative with the product rule

d
. [2°e"] = 327" + 2°e” = *(2° + 32?)
x

which simplifies further to ¢'(z) = e®2%(z + 3).
(b) Looking for zeros of the derivative: e®2?(z + 3) = 0 is satisfied by # = 0 and o = —3.

(c) Lets test values around and between z = 0 and x = —3: g(—4) = —0.293, g(—1) = 0.736,
and ¢(1) = 10.873 from which we can determine that g(x) is decreasing on (—oo, —3) and
increasing on (—3, 00).

5 (a) We begin taking the derivative with the quotient rule

d «2 22 d
d i :x@[w]—w%[w}
de | = x?
2 d 2?2
xre 2 %[?]_62 (1) Le% (x)—e%
- 2 - 22
2 (¢ —1
which simplifies to ¢'(x) = e’ (Zz )

(b) We look for zeros of the derivative, first noting that the derivative is undefined at x = 0

22

7 (22 -1 .
@ ol B 1) =0t 120

(S

72
which is satisfied by © = —1 and = = 1.

(¢) We check values between and around our critical points at z = +1 and the asymptote at
x =0: g(—2) = 5.542, g(—0.5) = —3.399, ¢(0.5) = —3.399, and ¢(2) = 5.542. From these we
can conclude that g(x) is increasing on (—oo, —1) U (1, 00); decreasing on (—1,0) U (0, 1).

6 (a) We use the quotient rule to evaluate the derivative

5. d d . 5,
dr [ o2 ] - (e27)2
(1) = (x+1)2e7 (1 -2z —2)
- (62:1:)2 - (62z)2
which simplifies to ¢'(x) = ;T

(b) To find which intervals it is increasing/decreasing over we first look for critical points

-2z -1
——=0—=>-2x-1=0
e x
so there is a critical point at © = —3 and no places where ¢’(z) is undefined. We then examine

the outputs of the derivative for surrounding values: ¢’(—1) = 7.389 and ¢'(0) = —1 verifying
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1 1
that g(x) is increasing on (—oo, —2> and decreasing on <—2, oc)
(c) We can determine that there is a relative maximum at z = —3 from the data in part (b).
We also find g(—1) = Ze. Because this is the only critical value for g(z) and our function is

11
defined everywhere, there is an absolute maximum at (2, 26).

7 (a) We evalaute the derivative as follows

i 4x 2 _ 4x i 4x _ 4x 4x
dx(e +1)"=2(e*+1) dac(e +1) =2(e™ +1)(4e™)

which simplifies to ¢'(z) = 8e**(e** + 1).

(b) We first want to find zeros for our derivative ¢'(z) = 8¢**(e* + 1), but since * > 0 for all =
there are no points for which the tangent line is horizontal. We can then test ¢’(0) = 16 to
conclude g(z) is increasing everywhere. We could have tested any point to confirm this.

(c) Since there are no critical values there are no maxima or minima.
8 (a) We start using the product rule

d : , :
d—[(l —x)e*] = (=1)e* + (1 — x)2e** = e**(—1 + 2 — 2z)
x
which simplifies to ¢/(x) = e**(1 — 2x).
(b) To determine increasing/decreasing intervals we first want to find critical values using
g (x)=e*(1-22)=0

which is by z = . Let us check surrounding values: ¢/(0) = 1 and ¢/(1) = —e to conclude

1 1
that g(z) is increasing on (oo, 2) and decreasing on (2, oo)
(c) We again begin with the product rule for derivatives

% [e*(1 — 22)] = e (—2) + 2e**(1 — 22) = **(—2 + 2 — 47)

which simplifies to ¢"(x) = —4ze?*.
(d) Let us first determine the inflection points by finding zeros of the second derivative
g (z) = —4xe*® =0

which is satisfied by = = 0. Then test values around this ¢”(—1) = 0.541 and ¢”(1) = —29.556
to conclude that g(z) is concave upwards on (—oo,0) and concave downwards on (0, 00).

9 To find the rate of change C’(t) we take the derivative

d
$100670'05t = —5¢~ %05 mg_ /liter per hours.

so the rate of change at the given times is C’(1) ~ 4.756, C'(5) ~ 3.894, and C’(24) ~ 1.506 all of
which have units mg. per liter per hours since t is measuring hours. The results indicate that the
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drug is rapidly decreasing when initially introduced to the bloodstream and decreases more slowly
after longer times when less of the drug is in the bloodstream.

10 (a) We can evaluate N(0) = 5.3¢%-093(0)°~087(0) — 5.3c0 — 5 3 and N (4) = 5.3¢0-093(4)*~087(4)
0.723. In 1960 the cases were at a high of 5.3 thousand, and by the beginning 1964 reduced
to 0.723 thousand, or 723 hundred cases. These dates are determined from the fact that ¢t =0
represents the beginning of 1960 and ¢ is measured in years.

(b) We first evaluate the derivative N'(t)

di 5.3e”~093t2*°-87t} — 5.3¢0-0982 087t di [0.093¢% — 0.87t] = 5.3¢209° =087 186t — 0.87)
X X

then we evaluate N'(0) = —4.611 and N'(3) ~ —0.2808. At the beginning of 1964 the cases
were decreasing at a rate of -4.611 thousand cases per year, and at the beginning of 1963 they
were decreasing at a rate of -0.2808 thousand cases per year, or -280.8 hundred cases per year.

100 - P'(x)

P(x) %

11 (a) We need to find the relative rate of change using P(x) instead of f(x), or
We first evaluate the derivative P’(x)

< [ae_b'eicx} = ae_b'eimi [—b-e ] =a- e e (be-e %) = (abc)e b “eer

dr dz

and then substitute this into the formula

cr

100 - P'(z)  100(abc)e ¢ “emc®
P(z) (a)ebe

=100 - (bc) - e~

(b) To find the relative rate of change for the given parameters (x = 20 months when a = 204,
b =10.0198, and ¢ = 0.15) we substitute them into the formula we determined in (a)

P'(20) = 100 - (0.0198)(0.15) - e~ 1920 ~ (.01479%

(c) We can interpret this result as saying in 20 months, the population is increasing at the relative
rate (or percent rate) 0.015% per month since ¢ is measured in months.



