
Intermediate Value Theorem.   If      is a continuous function0 À Ò+ß ,Ó Ä d
and    is between    and  .     Then there existsQ 0Ð+Ñ 0Ð,Ñ
A − Ò+ß ,Ó 0ÐAÑ œ QÞ  such that  

T<990 À

Case 1:  0Ð+Ñ Ÿ Q Ÿ 0Ð,Ñ

 Let  is not empty since   .  LetW œ ÖB − Ò+ß ,Ó À 0ÐBÑ Ÿ Q ×Þ W + − W
A œ =?: WÞ ÖB ×Using the "back away principle" we can construct a sequence  8

of points from   such that   .   Clearly    Since  isW A   B Ÿ A B Ä AÞ 0"
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continuous,   .  Since  for each  n ,  it follows that0ÐB Ñ Ä 0ÐAÑ 0ÐB Ñ Ÿ Q8 8

0ÐAÑ Ÿ Q 0ÐAÑ œ Q. We claim that  .

 If  then   since   Since  is continuous at0ÐAÑ  Q A  , Q Ÿ 0Ð,ÑÞ 0
B œ A œ Q  0ÐAÑß  !  ,  A ß ,  for  there exists  with  such that% $ $

0ÐAÑ  ÒQ  0ÐAÑÓ  0ÐBÑ  0ÐAÑ  ÒQ  0ÐAÑÓ B ÒA  ßA  ÓÞfor  every  in  $ $

Now we have   and    SoA  A  , 0ÐA  Ñ  0ÐAÑ  ÒQ  0ÐAÑÓ œ QÞ$ $

# #

A  W Þ$

#   is an element of   This is logical contradiction to the fact that

A œ =?: W 0ÐAÑ œ QÞ.  Hence   

Case 2:  0Ð,Ñ Ÿ Q Ÿ 0Ð+Ñ

 The proof of this case is similar to the proof in case 1.


