
Theorem.   If  is a continuous function, then there exists in  0 À Ò+ß ,Ó Ä d A Ò+ß ,Ó
such that  for all    in  0ÐBÑ Ÿ 0ÐAÑ B Ò+ß ,Ó Þ
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 We will first show that the function  is bounded above over  .  Then we0 Ò+ß ,Ó
will consider the set   is in  With  we will thenW œ Ö0ÐBÑ À B Ò+ß ,Ó ×Þ Q œ =?: Wß
show that there exists  in    with  Since  it will followA Ò+ß ,Ó 0ÐAÑ œ QÞ Q œ =?: Wß
that for all    in  0ÐBÑ Ÿ 0ÐAÑ B Ò+ß ,Ó Þ

 Suppose that  is not bounded above over    Then for each positive integer0 Ò+ß ,ÓÞ
8 B Ò+ß ,Ó 0ÐB Ñ  8 Þ ÖB × ,  there exists   in    such that   Now the sequence  is a8 8 8

bounded sequence and so it has a convergent subsequence   Suppose  ÖB × Þ ÖB ×5 58 8

converges to the point    in   .   Since  is continuous, it must preserve convergentB Ò+ß ,Ó 0
sequences and so   .   But,  for each  and so   does0ÐB Ñ Ä 0ÐBÑ 0ÐB Ñ  5 8 Ö0ÐB Ñ×5 5 8 58 8 8

not converge, a logical contradiction.  Hence,    must be bounded above.0

 Let    is in We have shown that  is bounded above, soW œ Ö0ÐBÑ À B Ò+ß ,Ó ×Þ W
it has a least upper bound  We must show there exists  in    withQ œ =?: WÞ A Ò+ß ,Ó
0ÐAÑ œ QÞ 8 Using the "back away principle for suprema", for each positive integer  ,

there exists   in  such that  We now have a sequenceA Ò+ß ,Ó Q  "Î8  0ÐA Ñ Ÿ QÞ8 8

ÖA × 0ÐA Ñ Ä Q Þ ÖA ×8 8 8such that  Since    is a bounded sequence, it has a convergent

subsequence  Suppose     converges to the point  in   .   Since  isÖA ×Þ ÖA × A Ò+ß ,Ó 05 58 8

continuous, it must preserve convergent sequences and so    Now0ÐA Ñ Ä 0ÐAÑ Þ58

Ö0ÐA Ñ× Ö0ÐA Ñ× QÞ 0ÐA Ñ Ä QÞ5 8 58 8
is a subsequence of  which converges to  So,   

Because a sequence cannot converge to two different points,  we must have  0ÐAÑ œ Q Þ

 Since    ,  and    we have for all   in  .0ÐAÑ œ Q Q œ =?: W 0ÐBÑ Ÿ 0ÐAÑ B Ò+ß ,Ó


