Math 4200

Theorem. A sequence {a,} converges if and only if it is a Cauchy sequence.

Proof.

1.

2.

Suppose {a,} is a Cauchy sequence. Let £ >0. There exists N, >0 such that if
i>N,, j>N, then ‘ a, —aj‘ <§. Since {a,} is a Cauchy sequence it is
bounded and hence must have a convergent subsequence. Suppose {a, }
converges to a. There exists N, >0 such thatif n> N, then ‘aku —-a ‘ <§ . Let

N =max{N,,N,}. If n>N wehave n>N, k >N, n>N, andso

an—a|=

a,—a, +a; —a‘ <

E £
an—aku ‘+‘akn —a‘< 54‘5—8.

Suppose that {a,} convergesto a. Let £>0. There exists N >0 such that if
n> N then |an—a|<§ . Suppose i >N, j> N . Then

£
2

£
‘ai—a.‘=‘a<—a+a—a.‘S|a.—a|+‘a—a.‘< —+—=€.
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