Math 4200

Theorem. Every convergent sequence of real numbers is bounded.
proof:

Let {a,} be asequence and suppose a,, — L. For ¢ = 13, there existsa
positive integer M > 0 such that if n > M then |a, — L| < 13. Thatis, if n > M
then L —13< a, < L+ 13.

Now let B = maz{| a1}, | as|, ..., | anl|, | L =13 |, | L+ 13|} . If
1<n<M, thenclearly |a,|<B.If n>M then L—-13<a, <L+ 13,and
SO | ay| <maz{|L—-13],| L+ 13|}. Hence, forall n, | a,| < B. Therefore,

{a,} is bounded.

Theorem. If {a,} and {b,} are sequences having limits A and B respectively, then
the sequence {a, -b,} convergesto A-B .

proof:

Since {a,} isbounded, there exists K > 0 suchthat |a,| < K foreachn .
Let € > 0. Since {b, } converges to B, there exists M; > 0 such that if n > M; then
| b, — B | < 5z . Since {a,} convergesto A, there exists M, > 0 such that if
n> M, then |a, —A| < 7 \BHI) Choose M = max{My, My}. For n> M ,
| anb, — AB| = |ayb, — a, B+ a,B— AB| <|aub, —a,B|+ |a,B— AB| =

|ay|| b, — B|+|Bl||la,—A|< K-5z+|B|: s < 5 +5 =€ Hence, the

sequence {a, -b,} convergesto A- B .



