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Abstract: First mentioned in 1853 by Roll-
mann, anaglyphs today are considered as an im-
portant means to represent three—dimensional pic-
tures on flat surfaces in a variety of application ar-
eas such as geometry, chemistry, architecture, and
mining. However, most statisticians ignore the
power of printed anaglyphs and especially of inter-
actively animated anaglyphs on CRT display sys-
tems. Generally, three-dimensional data displays
such as three—dimensional scatterplots and three—
dimensional graphs of bivariate probability density
functions yield better impressions of the underlying
data than two—dimensional displays. Relatively lit-
tle additional mathematical calculus, 1. e., two cen-
tral projections with different COPs calculated inde-
pendently, must be done and only cheap additional
“hardware”, 1. e., red and green filter glasses, is re-
quired to produce impressing stereoscopic graphics.
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1. Introduction

Every human being has a plastic impression
of surrounding objects. Moreover, during our
lifetime, we learn to anticipate three dimensions
even if we only see two dimensions such as on
drawings, pictures and photographs. However,
this anticipation does not replace real three—
dimensional objects — especially if we don’t
know what we are expected to see. Therefore,
techniques such as reliefs, drawings with central
perspectives, anaglyphs, and holograms were
developed to provide three dimensions without
using a solid model. A technique for this pur-
pose can be considered as optimal if it only re-
quires two dimensions, e. g. paper or a computer
screen, and thus is easy and cheap to be repro-
duced and transported.

Already black and white stereoscopic graph-
ics such as Figure 1 provide an acceptable im-
pression of the underlying three-dimensional
object, provided the figure is properly enlarged.
Colored stereoscopic images can be found in

Hodges (1992).
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Figure 1: Cube with Inscribed Octaeder (Graf
(1968), Abb. 295.1)

This article focuses on a technique called
anaglyphs where each image is drawn in com-
plementary colors. Additionally, colored filter
glasses are required.

Section 2 introduces anaglyphs while the
third section gives a historical overview on ex-
amples and applications of anaglyphs. In Sec-
tion 4 the connection between anaglyphs and
statistics is shown. The mathematical calcu-
lus required to draw anaglyphs is provided in
the fifth section. A discussion of anaglyphs in
comparision to other three—dimensional graph-
ical representation techniques terminates this

paper.
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2. Viewing Anaglyphs

The word anaglyphs originates from the
Greek. Its meaning is that an object is shaped
relief-like, i. e., it has a non—flat surface. In
science, the term anaglyphs describes two pro-
jections of a three-dimensional figure, usually
drawn in complementary colors red and green,
that are looked at through filter glasses of the
same colors. The onlooker is expected to obtain
the impression of a three-dimensional object.

Viewing anaglyphs can best be described
when it is compared to natural viewing. Mucke
(1970) is a good reference and can be summa-
rized as follows:

All points of a common plane perpendicular



to the viewing direction h, in Figure 2 points A,
B, and ', produce a congruent mapping within
each of our eyes (left: @be, right: abé). At our
imaginary eye I/ both mappings can be shifted
to cover each other. However, a point P, here
assumed to be in front of the plane, causes map-
pings that appear on different positions in the
two eyes, i. e. p between b and ¢, but § between
@ and b. This difference in location causes our
brain to see that P is not located in the ABC
plane but in front of it. The same holds for a
point behind the plane.

Mappings at Eyes

Figure 2: Natural Viewing

Now assume we are drawing two partial map-
pings in complementary colors on the same sur-
face. Also assume we are wearing filter glasses
where, e. g., the left glass is red and the right
glass is green.

Consider the situation in Figure 3. If all col-
ors have been selected adequately, then point p
of the red mapping is invisible for the left eye
as well as point p is invisible for the right eye.
However, when looking through the red glass
the green point P appears black for the left eye.
Also the red point p and the green glass merge
to black for the right eye.

Thus both eyes only see what they would
see if a real object would appear at posi-
tion P. Hence anaglyphs provide real three—
dimensional images by only using additional fil-
ter glasses.

Figure 3: Viewing Anaglyphs

However, human viewing is also effected by
some other factors that are different from natu-
ral viewing when looking at anaglyphs. Often,
the inexperienced onlooker quickly feels tired.
But the human brain is capable of learning how
to best see anaglyphs for a longer time period.
Also, if colors of filter glasses and printed colors
don’t match exactly, eyes retain a noise picture
that makes it harder to see the expected three—
dimensional object.

3. History and Examples

This section reviews books and articles that
have made major contributions to the distri-
bution of anaglyphs in several sciences. This
overview doesn’t claim to be complete, but the
applications and references cited here provide
good examples for further use of anaglyphs, es-
pecially in statistics.

Anaglyphs first appeared in 1853. A German
teacher, Wilhelm Rollmann, described the effect
of stereoscopic graphics drawn in red and green
colors that are looked at with the naked eye
(Rollmann (1853a)). Rollmann’s (1853b) arti-
cle describing the effect of looking at such col-
ored pictures using filter glasses of correspond-
ing complementary colors has been judged by
Vuibert (1912) and Résch (1954) as the birth of
anaglyphs. Independently from Rollmann, the
French teacher Joseph Charles d’Almeida pro-
posed in 1858 to use differently colored light
to produce anaglyphs. However, the name
anaglyphs was introduced by the French Ducos
du Hauron not earlier than in 1891. Vuibert



(1912) is one of the first books that entirely
deals with anaglyphs.

More than two decades later, Kéhler, Graf &
Calov (1938) succeeded in printing anaglyphs
of high quality. Their so—called Plastoreoskop—
Verfahren almost perfectly prevents the remain-
der of an additional noise picture. The main ap-
plication of anaglyphs at that epoque was geom-
etry. Further references for this topic are Graf
(1938, 1941).

Rellensmann/Jung  (1939), Rellensmann
(1940), and Linhard (1940) deal with early ap-
plications of anaglyphs for mining and related
applications. The Hungarian P4l is credited
with the distribution of anaglyphs all over Eu-
rope in a variety of sciences. The books Pal
(1961, 1974) contain anaglyphs from fields such
as geometry, mechanical engineering, architec-
ture, chemistry, and spatial mathematical prob-
lems. Also the anaglyphs in Fejes T6th (1965)
have been created by Pal.

The first textbook, according to its au-
thor, that only deals with anaglyphs is Mucke
(1970). There, applications are given for ten
subdisciplines from mathematics/natural sci-
ences. Mucke/Simon (1966, 1967) also publish
books only presenting anaglyphs from geometry.
Schmidt (1977) is a late book of high quality
anaglyphs dealing with the same topic.

Architecture is an obvious field for the use of
anaglyphs. Probably one of the technically best
anaglyph pictures printed so far is Schwenkel’s
(1972) drawing of the Munich Olympics build-
ings.

During the 60’s anaglyphs were introduced
to chemistry. Examples are the textbooks of
Hollemann/Wiberg (1963) and Klages (1965).
Anaglyphs have many potential uses in cartog-
raphy, biology, medicine, and for CAD applica-
tions.

Burkhardt (1963, 1972, 1974) should be men-
tioned here, too. His work covers technical as-
pects and problems of printed anaglyphs such
as optimal colors, best filter glasses, etc.

Surprisingly, the literature reveals only little
use of anaglyphs within statistics, although sta-
tistical data sets and problems often are well
suited to be drawn as anaglyphs. The articles of
Banchoff (1986), Carr, Littlefield & Hall (1986),
and Gabriel/Odoroff (1986), all published in

Wegman/DePriest (1986), give some impression
on the value of anaglyphs within statistics.

4. Anaglyphs and Statistics

Huber (1987), p. 450, also noticed the lack
of anaglyphs within statistics *. Independently,
in 1988, research on anaglyphs within statictics
started at the Statistical Department, Univer-
sity of Dortmund, Germany. The goal of this
research is to develop computer software to in-
teractively animate anaglyph images for multi-
variate statistical applications.

A report on anaglyphs in statstics and the
description of the PC—program Analyse? is
given in Hering/von der Weydt (1989). Her-
ing/Symanzik (1992) and Symanzik (1993) de-
scribe software developed for Sun/Sparc work-
stations using the XWindow/XView environ-
ment. Meanwhile the program Anaglyphen 3D
2.0 succesfully has been tested on other hard-
ware environments such as DECstations and
on IBM compatibles equipped with the LINUX
operating system. Symanzik (1992) provides
an extended overview on anaglyphs and related
software and also presents the Anaglyphen 3D
2.0 user’s manual. The program can be ob-
tained from the author at no cost.

The use of computers to interactively produce
anaglyphs provides a way to find good projec-
tions before plotting on paper. With adequate
hardware real-time three—dimensional anima-
tion is possible.

Of course, every application that has been
created for interactive systems for graphical
data analysis since Tukey’s PRIM-9 in 1972 can
also be done with anaglyph programs. The big
advantage, however, is that anaglyphs are real
three—dimensional images.

Interactive analysis of data sets, using
anaglyphs, allows the use of rotation to identify
useful viewpoints. The use of three—dimensional
scatterplots or biplots instead of bivariate scat-
terplots enables the statistician to obtain a bet-
ter idea of the distribution of the provided data.

! “Statisticians still lag behind other scientists in their
use of stereo pairs. [...] The statisticians’ efforts (e. g.,
the plates in Wegman and DePriest 1986) come late and
pale in comparison.”

2A free copy of this program can be obtained
from Franz Hering, e-mail: hering@amadeus.statistik.
uni-dortmund.de



Four—dimensional data sets can be represented
as four three—dimensional scatterplots. This ob-
viously is more informative than the six two—
dimensional scatterplots that are usually drawn.
If all operations such as highlighting, deleting
and marking of points, that might be done on
two—dimensional scatterplots, are available for
three—dimensional ones, this will be a technique
worthy of consideration. However, note that the

number of different three—dimensional scatter-
P
3

plots increases with magnitude whereas

only different two—dimensional scatter-

P
2
plots exist if p is the dimension of the data set.

Aside from three—dimensional scatterplots,
mixed mappings can also be best represented
as anaglyphs. Cartographic mappings, spatial
statistics, time series, three—dimensional his-
tograms, and growth curves are only a few pos-
sible examples. Even more sophisticated appli-
cations such as development of population pyra-
mids over time, which are impossible when us-
ing only two drawing dimensions, now become
realistic.

Also bivariate probability /cumulative den-
sity functions or any bivariate function as
well as contour plots are worthy of display
as anaglyphs.  Future versions of statisti-
cal software packages such as Splus hopefully
will provide functions such as persp3D (Three-
dimensional Perspective Plots) or contour3D
(Contour Plots) that are based on anaglyphs.

5. Mathematical Calculus

Anaglyphs are constructed using two central
projections onto the same projection plane with
two different centers of projections (COPs).
This section summarizes mathematical calculus
that can be found for example in Salmon/Slater
(1987). Special requirements for anaglyphs are
presented in Mucke (1970), Graf (1987), and
Hodges (1992).

While standard central projections only re-
quire one COP, anaglyphs require two. Assum-
ing a 3D object is between the eyes of the ob-
server, i. e. the COPs Z; and Z,, and the pro-
jection plane, each point P of the object has
to be projected twice onto this plane (see Iig-
ure 4). Drawing these projections using red and
green colors and looking through filter glasses of

the complementary colors makes only one part
of the image visible to each eye. The human
brain assembles a three-dimensional graphic
from these partial images as described in Sec-
tion 2.

rojectjon Plane:
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Figure 4: Model of Two Central Projections

For the required mathematical calculus, as-
sume spatial coordinates according to a right
hand Cartesian coordinate system.

First, only consider the case of one COP: A
projection beam starting at Z = (0, <a,0) and
perpendicular to the projection plane intersects
this plane in point O = (0,0,0). The distance
a > 0 is the so called accommodation distance.

A point F = (z,,0,2) in the projection
plane has to be determined for every point P =
(0, Yo, z0) as the intersection of the line running
through the points Z and P and the projection
plane. To calculate E’s two—dimensional CRT
coordinates (z,, y, ), projections into the zy and
zy plane can be considered independently. Fig-
ure 5 shows projections into the zy plane for
points P, P, P5, and Ps.

Since
| PB| | ZB| | Z0 |
= & | FO |=| PB | - +—==
| EFO| | ZO | | =l | | ZB |
it follows that z, = s = ¢ - yo‘:_a. By analogy,

Yp = Zs = 20 - ﬁ, can be calculated as the
projection into the zy plane.
Some extensions are required for two central
projections with COPs Z; and Z, (see Figure 6).
Assuming two of the three values, distance
from eyes d, accommodation distance a, and an-
gle of convergence a are known, the relations
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Figure 5: Projection for a Single COP

tan 5 = d/—2, resp. @ = 2 arctan 2 provide
a a

the third value. COPs for both eyes then are
located at the points Z; = (<:>%,<:>a,0) and

d
Z, = (§,%ua,0).
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Figure 6: Projection for Two COPs

Here

| Z10; | ‘( d) a
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and

| 2,0, | ‘( d) a
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Therefore, it follows that

d a d
T, = $0+§ 'y0+a<:>§

_( <:>d) a -I-d
Ty = \F07Y yo+a 2

The y coordinate remains unchanged for both
COPs,i.e.y, =y, = yp = 20 oy . This holds

and

since vectorial decomposition of line segments

through points Z; and P resp. Z, and P yields

Az = zy and Ay = yo + @, such that in the
z

distance a the height —a is reached.

Ay
6. Discussion

Hodges’ (1992) comparision of different
stereoscopic CRT display systems is repub-
lished as Figure 7. Time multiplexed systems
where two different images appear in alternat-
ing order require expensive additional hard-
ware. Time parallel/Separate image systems,
especially Head—mounted ones, probably will
gain more importance in future. Today, they
are still too expensive and the technique is not
yet as good as it should be. All these techniques
have the disadvantage that they are available
only for CRTs, but not for printed 3D graphics.

Anaglyphs are available for both CRT and
paper display, and they have the big advantage
that the required additional “hardware”, i. e.
the filter glasses, only costs a few cents. Given
the variety of important uses for the display and
analysis of multivariate data, the development
of anaglyphs as a prominent element of statis-
tical graphics must be given serious considera-
tion.
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