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Lecture 2: Wednesday 9/1/1999

Scribe: Jiirgen Symanzik

1 Axioms of Probability

1.1 o-Fields

Let © be the sample space of all possible outcomes of a chance experiment. Let w € Q (or z € )

be any outcome.

Example:
Count # of heads in n coin tosses.  ={0,1,2,...,n}.

Any subset A of Q is called an event.

For each event A C Q, we would like to assign a number (i.e., a probability). Unfortunately, we

cannot always do this for every subset of §2.
Instead, we consider classes of subsets of {2 called fields and o—fields.

Definition 1.1.1:
A class L of subsets of Q2 is called a field if 2 € L and L is closed under complements and finite

unions, i.e., L satisfies
i) Qe L
(i) Ace L= A€ L

(iii) A,BE L= AUBE L

Since Q¢ = @, (i) and (ii) imply @ € L. Therefore, (i)": @ € L [can replace (i)].

Recall De Morgan’s Laws:

U A=() A%)%and (| A=(|J 49°.
AeA AeA AeA AeA



Note:
So (ii), (iii) imply (iii): A, B € L = AN B € L [can replace (iii)].

Proof:

ABeL ¥ A9 BC e L ¥ (4 uB) e L™ (4CUBO)C eL 2 AnBelL

Definition 1.1.2:
A class L of subsets of € is called a o—field (Borel field, o—algebra) if it is a field and closed under
countable unions, i.e.,

(iv) {4n}2, e L= | An € L. m

n=1

Note:
(iv) implies (iii) by taking A4, = @ for n > 3.

Example 1.1.3:
For some €, let L contain all finite and all cofinite sets (A is cofinite if A® is finite). Then L is a
field. But L is a o—field iff (if and only if) © is finite.

Example:

o0
Q= Z. Take A,, = {n}, each finite, so A, € L. But U A, = ZT ¢ L, since the set is not finite (it

n=1

oo
is infinite) and also not cofinite (( U A, = Zy is infinite, too).

n=1
Question: Does this construction work for Q = Z+ 77 [ |
The largest o-field in €2 is the power set P(£2) of all subsets of Q2. The smallest o-field is L = {O, Q}.

Terminology:
A set A € L is said to be “measurable L”.
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Lecture 3: Friday 9/3/1999

Scribe: Jiirgen Symanzik

We often begin with a class of sets, say a, which may not be a field or a o—field.

Definition 1.1.4:

The o—field generated by a, o(a), is the smallest o—field containing a, or the intersection of all

o—fields containing a. n

Note:
(i) Such o-fields containing a always exist (e.g., P(2)), and (ii) the intersection of an arbitrary #

of o—fields is always a o—field.

Proof:
(ii) Suppose L = ﬂ Ly. We have to show that conditions (i) and (ii) of Def. 1.1.1 and (iv) of Def.

1.1.2 are fulfilled: ’

(i)Qely V6= Q€L

(ii)Let A€ L= A€ Ly V0= A€ Ly V= A € L

(iv) Let A, €L Vn= A, €Ly V9 Vn=|JA, €Ly V0 = |JA, €L =

Example 1.1.5:

0={0,1,2,3},a = {{0}},b = {{0},{0,1}}.

What is o(a)?

o(a): must include Q, 0, {0}

also: {1,2,3} by 1.1.1 (ii)

Since all unions are included, we have o(a) = {Q, 0, {0},{1,2,3}}

What is o(b)?

o(b): must include Q,0,{0},{0,1}
also: {1,2,3},{2,3} by 1.1.1 (ii)
{0,2,3} by L.1.1 (iii)



{1} by L.1.1 (i)
Since all unions are included, we have o(b) = {Q, 0, {0},{1},{0,1},{2,3},{0,2,3},{1,2,3}} |

If Q is finite or countable, we will usually use L = P(Q2). If | Q |=n < oo, then | L |= 2"

If © is uncountable, P(2) may be too large to be useful and we may have to use some smaller o—field.

Definition 1.1.6:
If @ = IR, an important special case is the Borel o—field, i.e., the o—field generated from all

half-open intervals of the form (a, b], denoted B or B;. The sets of B are called Borel sets.

The Borel o—field on R? (B,) is the o—field generated by d-dimensional rectangles of the form
{(IL‘l,IL‘Z,...,IL‘d)|ai<$i§bi;’i:1,2,..-,d}- u

Note:

oo
1
B contains all points: {z} = ﬂ (x — —, z]
n=1 n
closed intervals: [z,y] = (z,y] + {z} = (z,y] U {z}
open iniervals: (r,y) = (¢,] ~ {y} = (3] N {4)°
and semi-infinite intervals: (x,00) = U z,x + n ]

We now have a measurable space (2, L). We next define a probability measure P(-) on (Q,L) to
obtain a probability space (2, L, P).

Definition 1.1.7: Kolmogorov Axioms of Probability

A probability measure (pm), P, on (£, L) is a set function P : L. — IR satisfying

(i) 0< P(A) VA€ L

(ii) P(Q) =1
o0 o o
(iii) If {A,}52, are disjoint sets in L and | J A, € L, then P(| ] 4,) = > P(A,).
n=1 n=1 n=1
|
Note:

U A, € L holds automatically if L is a o—field but it is needed as a precondition in the case that
n=1

L is just a field. Property (iii) is called countable additivity.
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Scribe: Jirgen Symanzik, Bill Morphet

1.2 Manipulating Probability

Theorem 1.2.1:
For P a pm on (€, L), it holds:

(i) P(@)=0
(ii) P(A®)=1—-P(A) VA€ L
(iii) P(A) <1 VYAeL
(iv) P(AUB) = P(A)+ P(B)— P(ANB) YA,B€ L

(v) If A C B, then P(A) < P(B).

Proof:

(i) An

0 Vn = UAn:Q)GL.
n=1
AiNAj=0N0=0 Vi,j = A, are disjoint Vn.

P(Ap) =) P(0)
1

n=

oo

> Def1.1.7(iii)
P) =P 4n) =
n=1

—_

n=

This can only hold if P((}) = 0.
(i) Ay = A, Ay =AY A, =0 Vn > 3.

o0 o0
0= UAn:AluAQUUAn:AIUAQUQ).

n=1 n=3

AiNAy = A ﬂ(b:AQﬂ@: 0 :>A1,A2,® are disjoint.

1=p©) = P A
n=1

Deflé.?(iii) Z P(An)
n=1




= P(A) 4 P(A) Y P(AL)
n=3

= P(A1) + P(As)
= P(A) + P(A%)

= P(A®)=1-P(A) VA€ L.

(iii) By Th. 1.2.1 (ii) P(A) = 1 — P(AY) = P(A) <1 VA € L since P(A) > 0 by Def 1.1.7 (i)

(iv) AUB = (ANBY) U (AN B)U (BN A®). So, (AU B) can be written as a union of disjoint
sets (AN BY), (AN B),(Bn A%).

= P(AUB) = P
Def.1.1.7(iii)

(ANBY)U(ANB)U(BNA%))

P(ANBY) 4+ P(ANB)+ P(Bn A%)

= P(ANBY) 4+ P(ANB)+P(BNA®) + P(ANB) — P(AN B)

= (P(ANBY)+ P(ANB))+ (P(BN A°) + P(ANB)) — P(AN B)
= P(A) + P(B) — P(AN B)

(
(

(v) B=(Bn A%) U A where (BN A®) and A are disjoint sets.
P(B) = P(BN AC) U 4) "L pB A AC) + P(A)
= P(A) = P(B) — P(Bn A“)
= P(A) < P(B) since P(BN AY) >0 by Def 1.1.7 (i)

Theorem 1.2.2: Principle of Inclusion—Exclusion
Let Ay, As,..., A, € L. Then

n n n n n
P({J Ax) =D P(A) = Y P(AkNAg)+ Y P(Ag NAR, NAg)—...+ (=1 P([) Ay)
k=1 k=1 k1<ka k1<ko<ks k=1

Proof:
n =1 is trivial
n = 2 is Theorem 1.2.1 (iv)

use induction for higher n (Homework) ]

Theorem 1.2.3: Bonferroni’s Inequality
Let Ay, Ao, ..., A, € L. Then

n n

D P(4) =Y P(A4;NA4) < P(J 4) <) P(4)

i=1 i<j i=1 i=1



Proof:

Right side induction base:
For n =1, Th. 1.2.3 right side evaluates to P(A;) < P(A;), which is true.

For n = 2, Th. 1.2.3 right side evaluates to P(A; U Ay) < P(A4;) + P(A»).
P(AUAs) TEY) pAN 1+ P(Ay) — P(AL N As) < P(A1) + P(Ay) since P(A; N Az) > 0 by Def.

1.1.7 (i).

This establishes the induction base for the right side of Th. 1.2.3.

Right side induction step assumes Th. 1.2.3 right side is true for n and shows that it is true for
n+1:

n+1 n
P(U4) = P(U4)U 4w
i=1 i=1
THZH P i) + P(Ani) = PU(U A9 0 Angr)
i=1 i=1
Def.1.1.7(7) n
< P(|J A) + P(An1)
i=1
I.B. "
< > P(4;) + P(Ang)
i=1
n+1
— > P4)
i=1

Left side induction base:
For n =1, Th. 1.2.3 left side evaluates to P(A;) < P(A;), which is true.

For n = 2, Th. 1.2.3 left side evaluates to P(A;) + P(A2) — P(A; N Az) < P(A; U Ay), which is
true by Th. 1.2.1 (iv).

For n = 3, Th. 1.2.3 left side evaluates to
P(Ay) + P(A3) + P(A3) — P(A1 N Ag) — P(A1 N A3) — P(As N A3) < P(A; U As U A3).



This holds since
P (A1 UA, U A3)

= P((A; UAy) U A3)

T2 b4y U Ag) + P(As) — P((A1 U Ag) N As)

= P(A; U Ay) + P(A3) — P((A1 N A3) U (42N 43))

Th.1.2.1(iv) P(A}) + P(A3) — P(A; N Ay) + P(A3) — P(A; N A3) — P(Ay N As)

+P((A1 N A3) N (A2 N Ag))

:P(A1)+P(A2)+P(A3)—P(AlﬂAQ)—P(AlﬂAg)—P(A20A3)+P(A10A20A3)
Def1.1.7(i)
> P(A1)+P(A2)+P(A3) —P(AlﬂAg) —P(AlﬂAg) —P(AzﬂAg)

This establishes the induction base for the left side of Th. 1.2.3.

Left side induction step assumes Th. 1.2.3 left side is true for n and shows that it is true for n + 1:

n+1 n
P 4) = P((J A)udny)
i=1 i=1
n n
- P A9) + P(Ani1) = P A9 0 Ar)
i=1 i=1
left 1.B. n n n
> > P(A) =Y P(AiN Aj) + P(Ans1) — P((J A1) N Ang)
i=1 i<j i=1
n+1 n n
= > P(A) =Y P(AiNnA4;) = P({J(Ai N Anta))
-1 i<j i—1
Th.1.2.3 right side "t1 n n
> Y P(A) =Y P(ANAj) =Y P(A;N Anyi)
i=1 i<j i=1
n+1 n+1
= Y P(A) =) P(AinA4y)
i=1 1<j
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Lecture 5: Friday 9/10/1999

Scribe: Jiirgen Symanzik, Rich Madsen

Theorem 1.2.4: Boole’s Inequality
Let A,B € L. Then

(i) P(ANB) > P(A) + P(B) — 1

(ii) P(ANB) > 1 - P(AY) — P(BY)

Proof:

Homework

Definition 1.2.5: Continuity of sets
For a sequence of sets {4,}>2,,A, € L and A € L, we say

(i) Ay T Aif Ay C A CA3C...and A= | 4,.

n=1

n=1

Theorem 1.2.6:
If {A,}0°,,Ap € L and A € L, then lim P(A4,) = P(A) if 1.2.5 (i) or 1.2.5 (ii) holds.

n—00

Proof:
Part (i): Assume that 1.2.5 (i) holds.
Let Bi = Ay and By, = Ay, — Ap_1 = A N Akcfl Vk > 2

By construction, B; N Bj = () for i # j

Itis A= ] A= Ba

n=1 n=1

n n
and also A,, = U A; = U B;
i=1 i=1



n

P(A) =P(|J Br) By Def. L1.T (i) > P(By) = lim 1> P(By)]
k=1 k=1 k=1

again by Def. 117 (i) . [P(|J By)] = lim [P(|J 4)] = lim P(4,)

n
The last step is possible since A,, = U Ay
k=1

Part (ii): Assume that 1.2.5 (ii) holds.
o o
Then, AY C AS C A{ C ... and A® = (ﬂ An)c DeMorgan U Ag

P(AC) =Y lim P(AF)

So1-P(A) =1~ lim P(AY)

— P(A) = lim (1 — P(AY)) = lim P(4,)

n— 00 n—00

Theorem 1.2.7:

(i) Countable unions of probability 0 sets have probability 0.

(ii) Countable intersections of probability 1 sets have probability 1.

Proof:
Part (i):
Let {Ap}52, € L, P(A,) =0 Vn

By K.A.P. (i) o0 By Bonferroni’s Inequality 0
P(l 4n) > P(A)=>0=0
n=1 n=1 n=1

Therefore P( U Ap)=0

n=1

Part (ii):
Let {Ap}52, €L, P(4,) =1 Vn

n

o0 oo
by Th.:1.§.l (ii) P(AC) _ 0 V’]’L by Th.:1.>2.7 (i) P( U ATCL‘) _ 0 Degga.n P( ﬂ An) _ 1
n=1 n=1

10
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1.3 Combinatorics and Counting

For now, we restrict ourselves to sample spaces containing a finite number of points.

Let Q@ ={wi,...,w,} and L = P(Q). For any A € L, P(A) = Z P(wj).
wj€A
Definition 1.3.1:

We say the elements of Q are equally likely (or occur with uniform probability) if
Pwj)=2% vi=1,... n n

n

Note: '
If this s true, P(A) = DUt ey in 4,
J

be able to count elements accurately.

Therefore, to calculate such probabilities, we just need to

Theorem 1.3.2: Fundamental Theorem of Counting
If we wish to select one element (a;) out of n; choices, a second element (ay) out of ny choices, and

so on for a total of k elements, there are

Ny XNg XN3g X ... XNk
ways to do it.
Proof: (By Induction)

Induction Base:
k = 1: trivial

k = 2: ny ways to choose a;. For each, no ways to choose as.

Total # of ways = ng +ng + ... 4+ ng =ny X ng.
ni tTmes
Induction Step:
Suppose it is true for (k — 1). We show that it is true for k = (K — 1) + 1.

There are ny X ng X ng X ... X ng_1 ways to select one element (a1) out of n; choices, a second
element (as) out of ny choices, and so on, up to the (k — 1) element (ay_;) out of ny_; choices.
For each of these ny X no X ng X ... X ni_1 possible ways, we can select the kth element (a) out

of ny choices. Thus, the total # of ways = (n1 X ng X ng X ... X ng_1) X ng. [ |

11



Definition 1.3.3:
For positive integer n, we define n factorialasn! =nx(n—1)x(n—2)x...x2x1=nx(n—1)!
and 0! = 1. ]

Definition 1.3.4:

For nonnegative integers n > r, we define the binomial coefficient (read as n choose ) as

r

(n) n! n-n—1)-(n—=1)-...-(n—r+1)
ri(n —r)! 1-2-3-...-r '

Note:
Most counting problems consist of drawing a fixed number of times from a set of elements (e.g.,

{1,2,3,4,5,6}). To solve such problems, we need to know

(i) the size of the set, n;
(ii) the size of the sample, ;
(iii) whether the result will be ordered (i.e., is {1,2} different from {2,1}); and

(iv) whether the draws are with replacement (i.e, can results like {1,1} occur?).

Theorem 1.3.5:

The number of ways to draw r elements from a set of n, if

n!

(i) ordered, without replacement, is =t

(ii) ordered, with replacement, is n";

(iii) unordered, without replacement, is iy = (?)

_ -1
(iv) unordered, with replacement, is (Z?;Lll))!! = <n+7t >

Proof:

(i) n choices to select 15¢

n — 1 choices to select 27¢

n — r + 1 choices to select rt"

) _ nx(n—=1)x..x(n—r+1)x(n—r)! n!
- (n—r)! — (n—r)!

By Theorem 1.3.2, thereare nx (n—1) x...x(n—r+1

ways to do so.

12



Corollary:

The number of permutations of n objects is n!.

(ii) n choices to select 1%

n choices to select 24

n choices to select rth

By Theorem 1.3.2, there are n X n X ... x n =n" ways to do so.
—_—

r times

(iii) We know from (i) above that there are (n”f'r), ways to draw r elements out of n elements
without replacement in the ordered case. However, for each unordered set of size r, there are
r! related ordered sets that consist of the same elements. Thus, there are (n"f'r), . % = (?)

ways to draw r elements out of n elements without replacement in the unordered case.

(iv) There is no immediate direct way to show this part. We have to come up with some extra
motivation. We assume that there are (n — 1) walls that separate the n bins of possible
outcomes and there are r markers. If we shake everything, there are (n —1+r)! permutations
to arrange these (n — 1) walls and r markers according to the Corollary. Since the r markers
are indistinguishable and the (n — 1) markers are also indistinguishable, we have to divide
the number of permutations by r! to get rid of identical permutations where only the markers

are changed and by (n — 1)! to get rid of identical permutations where only the walls are
(n=1+m)! _ (n-l-’"—l
ri(n—1)! — r

replacement in the unordered case.

changed. Thus, there are ) ways to draw r elements out of n elements with

Theorem 1.3.6: The Binomial Theorem

If n is a non—negative integer, then

Proof: (By Induction)

Induction Base:

n=0:1=(1+2z)"= <2>$’":<8>$0:1

r=0
n=1: (1+x)1zz<i>x’": <(1)>x0+ <1>(L‘1:1+$

13

(=)

o



Induction Step:

Suppose it is true for k. We show that it is true for £ + 1.

(1+2)"" = (1+2) (1 +a)

Il 1% Il
ﬁ _TA /N
(=] — N N
— ° + o+
Ny — —
S 4+ S
—_ 8 8
=} =}
=+ +
= = =
1M 1M-

(*) Here we use Theorem 1.3.8 (i). Since the proof of Theorem 1.3.8 (i) only needs algebraic trans-

formations without using the Binomial Theorem, part (i) of Theorem 1.3.8 can be applied here. m

Corollary 1.3.7:

For a non—negative integer n, it holds:
@) (0)+ (1) +...+ (7)) =2

@ ()~ () + ()~ ()

Proof:

Use the Binomial Theorem:

(i) Let z = 1. Then

2 = (14 1) BTh 3 (") ey (:‘)

14



(ii) Let z = —1. Then

(i) (1 +2z)" —%Z()
= n(l+z)" ! = Xn:r- (Z)xrl

Substitute z = 1, then

n2" =14+ = Xn:r- <n>

(iv) Substitute z = —1 in (iii) above, then

0= n(l+ (-~ =3 () S (

since for >~ a; = 0 also >>(—a;) = 0.

Note:

A useful extension for the binomial coefficient for n < r is

n n-(n—1)-...-0-...-(n—r+1)
() = 12 .1

Theorem 1.3.8:

For non-negative integers, n,m,r, it holds:
(i) () + (r":ﬁ) — (")
G (8) (F)+ (1) (- = 1)+ + (7) (B) = (")
(i) (?) + <71«> + (%) +o+ (F) = (r"iﬁ)

Proof:

Homework
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Stat 6710 Mathematical Statistics I Fall Semester 1999

Lecture 7: Wednesday 9/15/1999

Scribe: Jirgen Symanzik, Bill Morphet

1.4 Conditional Probability and Independence

So far, we have computed probability based only on the information that €2 is used for a probabil-
ity space (€, L, P). Suppose, instead, we know that event H € L has happened. What statement

should we then make about the chance of an event A € L ?

Definition 1.4.1:
Given (2, L,P) and H € L, P(H) > 0, and A € L, we define

P(ANH)
P(A|lH) = ————=Py(A
(A1) = Zo gt = Pa(4)
and call this the conditional probability of A given H. [

Note:
This is undefined if P(H) = 0.

Theorem 1.4.2:
In the situation of Definition 1.4.1, (2, L, Pp) is a probability space.

Proof:
If Py is a probability measure, it must satisfy Def. 1.1.7.

(i) P(H) >0 and by Def. 1.1.7 (i) P(AN H) > 0 = Py(A) = T3l >0 vAe L

(i) Pr() =252 = pg =1

X
3
v

(iii) Let {A4,}22, be a sequence of disjoint sets. Then,

P > An Def.:1.4.1 n=1
(U 42) P
P(J (4, H))
n=1
N P(H)

16



P(A, N H)
Def.li.?(iii) n=1
= P(H)
B i(P(An N H))
~ P(H)
Def:1.41 Z PH(An)
n=1

Note:
What we have done is to move to a new sample space H and a new o—field Ly = L N H of subsets

ANH for A € L. We thus have a new measurable space (H,Ly) and a new probability space
(H,Lu, Py).

Note:
From Definition 1.4.1, if A, B € L, P(A) > 0, and P(B) > 0, then

P(AN B) = P(A)P(B|A) = P(B)P(A|B),

which generalizes to

Theorem 1.4.3: Multiplication Rule

n—1
If Ay,..., A, € Land P([)] 4;) > 0, then
7j=1

n n—1
P([) Aj) = P(A1) - P(A2|Ay) - P(A3]41 N Az) - ... - P(A,] ) 4))-
7=1 7=1
Proof:

Homework []

Definition 1.4.4:
A collection of subsets {A,}52, of Q form a partition of Q if

(i) | ) Ap =€, and

(G

n=1

(i) A4;NAj =0 Vi#j, ie., elements are pairwise disjoint.

17



Theorem 1.4.5: Law of Total Probability
If {H;}32, is a partition of (2, and P(H;) > 0 Vj, then, for A € L,
o0 o

P(ANH;) =Y P(H;)P(AlHj).
7j=1 7j=1

Proof:
By the Note preceding Theorem 1.4.3, the summands on both sides are equal
= the right side of Th. 1.4.5 is true.

The left side proof:
Hj are disjoint = AN Hj are disjoint

A=Anq "L 4n UH UJ@AnH))
Jj=1 J=1
> Def1.17(i >
— P(4) = P(|J(an ) "TE S panmy)
Jj=1 J=1

Theorem 1.4.6: Bayes’ Rule
Let {H;}72, be a partition of 2, and P(H;) >0 Vj. Let A€ L and P(A) > 0. Then

P(H;)P(A|Hj)
> P(H,)P(A|H,)

P(H;|A) = vj.

Proof:

Def1.4.1
P(H; 0 A) "B P(A) - P(H;|A) = P(H;) - P(A|H;)
—> P(H,|A) = PULLPAIRL,) ThLAS ___PULYPAIL)

ZP A|H)

Definition 1.4.7:
For A,B € L, A and B are independent iff P(AN B) = P(A)P(B).

Note:

e There are no restrictions on P(A) or P(B).

e If A and B are independent, then P(A|B) = P(A) (given that P(B) > 0) and P(B|A)
(given that P(A) > 0).

18
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o If A and B are independent, then the following events are independent as well: A and B¢
A% and B; A¢ and BC.

Definition 1.4.8:
Let A be a collection of L—sets. The events of A are pairwise independent iff for every distinct
Al,AQ € A it holds P(A1 N AQ) = P(Al)P(AZ) |

Definition 1.4.9:

Let A be a collection of L—sets. The events of A are mutually independent (or completely inde-
k

k
pendent) iff for every finite subcollection {A;, ..., 4 }, A;; € A, it holds P( ﬂ Aj) = H P(A;;).
j=1 j=1
|

Note:
To check for mutually independence of n events {Ay,...,A,} € L, there are 2" — n — 1 relations

(i.e., all subcollections of size 2 or more) to check.

Example 1.4.10:

Flip a fair coin twice. Q = {HH,HT,TH,TT}.
A1 = “H on 1st toss”

Ay = “H on 2nd toss”

Az = “Exactly one H”

Obviously, P(A;) = P(Ay) = P(A3) = 3.

Question: Are Al, A; and A3 pairwise independent and also mutually independent?
P(A1 N AQ) =.26=.5-5= P(Al) . P(Ag) = Al, A2 are independent.
P(A1 N A3) =.26=.5-5= P(Al) . P(Ag) = A, A3 are independent.
P(A2 N Ag) =.26=.5-5= P(AQ) . P(Ag) = AQ, A3 are independent.

Thus, A1, As, A3 are pairwise independent.

P(A1NA3NA3) =0# .5-5-.5 = P(A;)-P(Az)-P(A3) = A, Ag, A3 are not mutually independent.
|
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Lecture 8: Friday 9/17/1999

Scribe: Jiirgen Symanzik, Rich Madsen

Example 1.4.11: (from Rohatgi, page, Example 5)

e r students. 365 possible birthdays for each student that are equally likely.
e One student at a time is asked for his/her birthday.

e If one of the other students hears this birthday and it matches his/her birthday, this other
student has to raise his/her hand — if at least one other student raises his/her hand, the

procedure is over.

e We are interested in

pr = P(procedure terminates at the kth student)
= P(a hand is first risen when the kth student is asked for his/her birthday)

It is

p1 = P(at least 1 other (from r-1) students has a birthday on this particular day.)
= 1— P(all (r-1) students have a birthday on the remaining 364 out of 365 days)

- (3
N 365
p2 = P(no student has a birthday matching the first student and at least one
of the other (r-2) students has a b-day matching the second student)

Let A = No student has a b-day matching the 18tstudent
Let B = At least one of the other (r-2) has b-day matching ond

Sops = P(ANDB)

= P(A)- P(B|A)
(
(

= P(no student has a matching b-day with the 18%student ) X
P(at least one of the remaining students has a mathching b-day with the second,

given that no one matched the first.)

20



= (1 —p1)[l — P(all (r-2) students have a b-day on the remaining 363 out of 364 days)
()

— \365 364

B (365_1>7‘1 L (@)1"2

B 365 364

Working backwards from the book

( 365 Py ) ( 2 — 1)’“2“ < 365 — 2 >T2
P2 = | o | |1 — == e
(365)2—1 365 365 —2 + 1

_ 365 (1 _ L)” 1 (@)2

365 365 364

_ (365_1>T—1 - (@)7‘—2

- 365 364

(Same as what we found before)

ps = P(No one has same b-day as first and no one same as second, and at least one of the

remaining (r — 3) has a matching b-day with the 3rd student)

Let A = No one has the same b-day as the first student
Let B = No one has the same b-day as the second student
Let C = At least one of the other (r — 3) has the same b-day as the third students

Now:

p3 = P(AﬂBﬂC)
= P(A)- P(B|A)- P(C|AN B)

364
r—1 (363>T—2 ) (362>T—3
364 363
363)7‘72 - (@)T—?)
364)72 363
_ 3647"—1 3637"—2 - (@)T—:i
—\ 36472 ) \ 36571 363

21

364\" " 363\ .
= |- - [1 = P(all (r — 3) students have a b-day on the remaining 362 out of 363 days]

—~
w
(=)
=~
~
3
|
—_
—~~|




- (B 3632\ [ _ (@)“”
— \365/ \ 36572 363
Working backwards from the book
( s65P3_1 ) ( 3— 1)’“3“ < 365 — 3 >T3
P3 = | moma ) (1= el e
(365)3-1 365 365 —3+1
<365P2 ) ( 2 >T2 . <362>T3
365)2 365 363
B (365 )(364) ) (363)’"_2 ) (362)’"_3
- 365)2 365 363
(3 ) (363) . (362)’"‘3
365/ \ 365 363

(Same as what we found before)

For general p; and restrictions on r and k£ see Homework.
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2 Random Variables

2.1 Measurable Functions

Definition 2.1.1:

e A random variable (rv) is a set function from Q to IR.

e More formally: Let (€2, L, P) be any probability space. Suppose X : @ — IR and that X is a

measurable function, then we call X a random variable.

o More generally: If X : O — IR¥, we call X arandom vector, X = (X;(w), X2(w), ..., Xp(w)).

What does it mean to say that a function is measurable?

Definition 2.1.2:

Suppose (2, L) and (S, B) are two measurable spaces and X : Q& — S is a mapping from Q to S. We
say that X is measurable L — B if X '(B) € L for every set B € B, where X 1(B) = {w € Q:
X(w) € B}.

Example 2.1.3:

Record the opinion of 50 people: “yes” (y) or “no” (n).
Q = {All 2°° possible sequences of y/n} — HUGE !
L=7P(Q)

X : Q — S= {All 25° possible sequences of 1 (=y) and 0 (=n)}
B = P(S)

X is a random vector since each element in S has a corresponding element in , for B € B, X }(B) €
L =7P(Q).

Consider X : Q@ — S = {0,1,2,...,50}, where X(w) = “# of y’sin w” is a more manageable

random variable.

A simple function, which takes only finite many values xzi,...,x; is measurable iff
Xﬁl((I)i) € L V.

Here, X~1(k) = {w € Q : # 1's in sequence w = k} is a subset of (2, so it is in L = P(€2) |

23



Example 2.1.4:
Let 2 = “infinite fair coin tossing space”, i.e., infinite sequence of H’s and T’s.
Let L, be a o-field for the 1st n tosses.

Define L = o( | Ln).

n=1
Let X, : Q = IR be X,,(w) = “proportion of H’s in 1st n tosses”.
For each n, X, (-) is simple (values {0, %, %, ...,n}) and Xgl(%) eL, YVk=0,1,...,n.
Therefore, X,;'(£) € L.
So every random variable X,,(-) is measurable L — B. Now we have a sequence of rv’s {X,,}7° ;. We
will show later that P({w : X,,(w) — 3}) =1, i.e., the Strong Law of Large Numbers (SLLN). m

24
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Lecture 9: Monday 9/20/1999

Scribe: Jiirgen Symanzik

Some Technical Points about Measurable Functions

2.1.5:

Suppose (2, L) and (S, B) are measure spaces and that a collection of sets A generates B, i.e.,
o(A)=B. Let X :Q — S. If X }(A) € L VA€ A, then X is measurable L — B.

This means we only have to check measurability on a basis collection A. The usage is: B on IR is
generated by {(—o0,2]:z € IR}.

2.1.6:

If (Q,L), (%, L"), and (Q", L") are measure spaces and X : @ = Q" and Y : Q' — Q" are measur-
able, then the composition (Y X) : Q@ — Q" is measurable L — L".

2.1.7:

If f : R* — IR* is a continuous function, then f is measurable B — B*.

2.1.8:
If fj: Q= R,j=1,...k and g : R*¥ — IR are measurable, then g(fi(-), ..., fi(-)) is measurable.

The usage is: ¢g could be sum, average, difference, product, (finite) maximums and minimums of

T1,...,Tk, ebC.

2.1.9:

Limits: Extend the real line to [—o00, 00] = IR U {—00, 00}.

We say f: ) — IR is measurable L — B if

(i) f~YB) € L VB € B, and

(i) f~'(—o0),f1(c0) € L also.

25



2.1.10:
Suppose fi, f2,... is a sequence of real-valued measurable functions (2, L) — (IR,B). Then it
holds:

(i) sup fn,i%f fn, limsup fp, lim i%f fn, are measurable.
n n
(ii) If f = lim f,, exists, then f is measurable.
n
(iii) The set {w : fn(w) converges} € L.

(iv) If f is any measurable function, the set {w : f,(w) — f(w)} € L.
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Lecture 10: Wednesday 9/22/1999

Scribe: Jirgen Symanzik, Bill Morphet

2.2 Probability Distribution of a Random Variable

The definition of a random variable X : (€2, L) — (S, B) makes no mention of P. We now introduce

a probability measure on (S, B).

Theorem 2.2.1:
A random variable X on (€, L, P) induces a probability measure on a space (IR, B, Q) with the
probability distribution @ of X defined by

Q(B)=P(X Y(B)) =P({w: X(w) € B}) VB e€B.

Note:
By the definition of a random variable, X ~!(B) € L VB € B.

Proof:

If X induces a probability measure @ on (IR, B), then Q must satisfy the Kolmogorov Axioms of
probability.

X: (L) = (S,B). Xisarv=X (B)={w:X(w)eB}=A€L VBeB.

Def.1.1.7(i)
(i) Q(B)=P(X '(B)) = P{w: X(w) € B}) =P(A) > 0 VBeB

(i) QUR) = P(X~'(R)) "=" P() 1

(iii) Let {B,}22, € B,B;NB; =0 Vi+# j. Then,

QU Bn) = P(x (| B) @ P (X1 (Ba)) "2 S p(x1(B) = Y Q(B)
n=1 n=1 n=1 n=1 n=1

(¥) holds since X !(-) commutes with unions/intersections and preserves disjointedness.
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Definition 2.2.2:

A real-valued function F' on (—o00,00) that is non—decreasing, right—continuous, and satisfies

is called a cumulative distribution function (cdf) on IR. ]

Note:

No mention of probability space or measure P in Definition 2.2.2 above.

Definition 2.2.3:
Let P be a probability measure on (IR, B). The cdf associated with P is

F(z) = Fp(x) = P((—o0,a]) = P{w: X(w) < #}) = P(X < a)

for a random variable X defined on (IR, B, P).

Note:
F(-) defined as in Definition 2.2.3 above indeed is a cdf.

Proof:

(i) Let z1 < z9

= (—OO,:L‘I] - (_007172]
Th.1.2.1(v)
= F(z1) = P{w: X(w) < z1}) < PHw:X(w)<zo}) = F(x)
Thus, since z; < z2 and F(z;1) < F(z2), F(.) is non-decreasing.

(ii) Since F' is non-decreasing, it is sufficient to show that F(.) is right-continuous if for any
sequence of numbers z, — z+ (which means that z,, is approaching z from the right) with
1 >x9> ... >x > ... >z F(X,) = F(X).

Let A, = {w: X(w) € (z,2,]} € L and A, | 0. None of the intervals (z,z,] contains z. As

Zn — =+, the number of points w in A,, diminishes until the set is empty. Formally,

nlLrgoAn = nhﬁngo ﬂ A; = ﬂ A, =0.
=1 n=1

By Theorem 1.2.6 it follows that
lim P(A4,) = P(lim A,) = P(0) =0.

n—o0 n—o0
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It is

(ili) F(—

!

n)

Def. 2.2.3

P(A,) =P{w: X(w) <zp}) — P{w: X(w) <z}) = F(z,) — F(x).

= (lim F(z,)) — F(z) = lim (F(z,) — F(z)) = lim P(A,) =0

n—00 n—00 n— 00

= lim F(zy) = F(x)
= F(z) is right—continuous.

Def._22.3 P{w: X(w) < —n})

F(—) = lim F(-n)

n—o0

= lim P{w: X(w) < —n})

n—00

= P(lim{w: X(w) <-—n})

n—00

= P(D)

F(oo) = lim F(n)

= nlggo P({w: X(w) <n})
= P(nli_glo{w : X(w) <n})
= P(Q)

=1

Note that (iii) and (iv) implicitly use Theorem 1.2.6. In (iii), we use A4, = (—o00,—n) where
A, D Apir and Ay, | 0. In (iv), we use A, = (—oo,n) where A, C 4,1 and A4, 1 IR. [ ]

Definition 2.2.4:

If a random variable X : 2 — IR has induced a probability measure Px on (IR, B) with cdf F(z),

we say

(i) rv X is continuous if F'(z) is continuous in z.

(ii) rv X is discrete if F'(z) is a step function in z.
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Note:

There are rvs that are mixtures of continuous and discrete rvs. One such example is a truncated
failure time distribution. We assume a continuous distribution (e.g., exponential) up to a given
truncation point x and assign the “remaining” probability to the truncation point. Thus, a single

point has a probability > 0 and F'(z) jumps at the truncation point z. [

Definition 2.2.5:
Two random variables X and Y are identically distributed iff Px(X € A) = Py (Y € A) VA€ L.
|

Note:
Def. 2.2.5 does not mean that X (w) =Y (w) Vw € Q. For example,
X = # H in 3 coin tosses
Y = # T in 3 coin tosses
X,Y are both Bin(3,0.5), i.e., identically distributed, but forw = (H, H,T), X (w) =2 # 1 = Y (w),
e, X £Y. m

Theorem 2.2.6:

The following two statements are equivalent:

(i) X,Y are identically distributed.
(ii) Fx(z) = Fy(z) Vz € R.

Proof:

(i) = (ii):

Fx (z) = Px((=o0,z])

= P{w: X(w
byDef.2.2.5

= PY((_Ova]
= Fy (X)

(ii) = (i):

Requires extra knowledge from measure theory. [ |
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Lecture 11: Friday 9/24/1999

Scribe: Jiirgen Symanzik

2.3 Discrete and Continuous Random Variables

We now extend Definition 2.2.4 to make our definitions a little bit more formal.

Definition 2.3.1:

Let X be a real-valued random variable with cdf F on (2, L, P). X is discrete if there exists a
countable set £ C IR such that P(X € E) =1, ie., P{w : X(w) € E}) = 1. The points of E
which have positive probability are the jump points of the step function F), i.e., the cdf of X.

o
Define p; = P({w : X (w) = z;,z; € E}) = Px(X = z;) Vi > 1. Then, p; > O,Zpi =1.

=1

We call {p; : p; > 0} the probability mass function (pmf) (also: probability frequency function)
of X. [ |

Note:

o.¢]
Given any set of numbers {p,}321,pp >0 Vn >1,> pp =1, {p,}32, is the pmf of some rv X.

n=1

Note:
The issue of continuous rv’s and probability density functions (pdfs) is more complicated. A rv
X : Q — IR always has a cdf F. Whether there exists a function f such that f integrates to F

and F' exists and equals f (almost everywhere) depends on something stronger than just continuity.

Definition 2.3.2:

A real-valued function F' is continuous in zy € IR iff

Ve>0 30>0 Vz: |z—x0|<d=|F(z)— F(z) |[<e.

F is continuous iff F' is continuous in all z € R. [ ]
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Definition 2.3.3:

A real-valued function F' defined on [a, b] is absolutely continuous on [a, b] iff

Ve >0 3§ > 0 V finite subcollection of disjoint subintervals [a;, b;],i = 1,...,n:

n

Z(bz_az)<5:>Z|F(bz)_F(az) |<6.

Note:

Absolute continuity implies continuity.

Theorem 2.3.4:

(i) If F is absolutely continuous, then F’ exists almost everywhere.

(ii) A function F' is an indefinite integral iff it is absolutely continuous. Thus, every absolutely

continuous function F' is the indefinite integral of its derivative F.

Definition 2.3.5:

Let X be a random variable on (2, L, P) with cdf F'. We say X is a continuous rv iff F' is absolutely
continuous. In this case, there exists a non—negative integrable function f, the probability density
function (pdf) of X, such that

x
Flz) = / F(b)dt = P(X < z).
—00
From this it follows that, if a,b € IR,a < b, then
b
Py(a < X <b) = F(b) — F(a) = / F(t)dt
a

exists and is well defined. []

Theorem 2.3.6:
Let X be a continuous random variable with pdf f. Then it holds:

(i) For every Borel set B € B, P(B) = / f(t)dt.
B

(ii) If F is absolutely continuous and f is continuous at z, then F'(z) = =7~ = f(z).
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Proof:
Part (i): From Definition 2.3.5 above.
Part (ii): By Fundamental Theorem of Calculus. ]

Note:

As already stated in the Note following Definition 2.2.4, not every rv will fall into one of these two
(or if you prefer — three —, i.e., discrete, continuous/absolutely continuous) classes. However, most
rv which arise in practice will. We look at one example that is unlikely to occur in practice in the

next Homework assignment.

However, note that every cdf F' can be written as
F(z) = aFy(z) + (1 — ) Fu(w), 0 <a < 1,
where Fy is the cdf of a discrete rv and F, is a continuous (but not necessarily absolute continuous)

cdf.

Some authors, such as Marek Fisz Wahrscheinlichkeitsrechnung und mathematische Statistik, VEB
Deutscher Verlag der Wissenschaften, Berlin, 1989, are even more specific. There it is stated that

every cdf F' can be written as
F(z) = a1Fy(z) + a2Fe(z) + azFs(z), a1,a2,a3 >0,a1 +az +a3 = 1.

Here, F;(x) and F.(x) are discrete and continuous cdfs (as above). Fy(z) is called a singular cdf.
Singular means that Fy(z) is continuous and its derivative F'(z) equals 0 almost everywhere (i.e.,

everywhere but in those points that belong to a Borel-measurable set of probability 0).

Question: Does “continuous” but “not absolutely continuous” mean “singular”? — We will (hope-

fully) see later. .. ]
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Lecture 12: Monday 9/27/1999

Scribe: Jurgen Symanzik, Hanadi B. Eltahir

Example 2.3.7:

Consider
0, z <0
1/2 =0
1/2+z/2, 0<z<1
1, z>1

We can write F(x) as  aFy(z) + (1 —a)F.(z),0 < a < 1. How?

Since F'(z) has only one jump at x = 0, it is reasonable to get started with a pmf pg = 1 and
corresponding cdf

0, <0

1, z>0

Fy(z) = {
Since F'(z) =0 for x < 0 and F(z) = 1 for z > 1, it must clearly hold that F.(z) = 0 for x < 0
and F.(z) =1 for z > 1. In addition F(z) increases linearly in 0 < z < 1. A good guess would be

a pdf fe(r) =1- I 1)(z) and corresponding cdf

0, z<0
F(z)=¢ z, 0<z<1
1, z>1

Knowing that F'(0) = 1/2, we have at least to multiply Fy(z) by 1/2. And, indeed, F'(x) can be

written as

1 1
F(z) = =Fy(z) + = Fc(z).
2 2
|
Definition 2.3.8:
The two-—valued function I4(z) is called indicator function and it is defined as follows:
In(r) =1ifzx € Aand I4(z) =0 if z € A for any set A. ]
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An Excursion into Logic

When proving theorems we only used direct methods so far. We used induction proofs to show that
something holds for arbitrary n. To show that a statement A implies a statement B, i.e., A = B,
we used proofs of the type A = A; = Ay = ... = A, 1 = A, = B where one step directly

follows from the previous step. However, there are different approaches to obtain the same result.

A = B is equivalent to =B = —A is equivalent to =A V B:

A|B|A=B | -A|-B|-B=-A|-AVB
1] 1 1 0 0 1 1
110 0 0 1 0 0
01 1 1 0 1 1
0,0 1 1 1 1 1

A & B is equivalent to (A = B) A (B = A) is equivalent to (mAV B) A (AV —B):

A|B|AeB|A=B | B=A|(A=B)ANB=A)| AVB|AV-B | (mAVB)A(AV-B)
111 1 1 1 1 1 1 1
10 0 0 1 0 0 1 0
0|1 0 1 0 0 1 0 0
010 1 1 1 1 1 1 1

Negations of Quantifiers:

-Vz € X : B(z) is equivalent to 3z € X : —B(x)
—-dz € X : B(x) is equivalent to Vo € X : —B(x)
dre XVyeY : B(zr,y) impliesVyeY 3z € X : B(z,y)
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2.4 Transformations of Random Variables

Let X be a real-valued random variable on (2, L, P), i.e., X : (,L) — (IR,B). Let g be any
Borel-measurable real-valued function on IR. Then, by statement 2.1.6, ¥ = ¢(X) is a random

variable.

Theorem 2.4.1:
Given a random rariable X with known induced distribution and a Borel-measurable function g,

then the distribution of the random variable Y = g(X) is determined.

Proof:
Fr(y) = Pr(Y <y)
= P({w:g9(X(w)) <y})
= P({w:X(w) € B,}) where B, =g~ '(—00,y] € B since g is Borel-measureable.
= P(Xfl(By))
|
Note:

From now on, we restrict ourselves to real-valued (vector—valued) functions that are Borel-measurable,
i.e., measurable with respect to (IR, B) or (IR*, B).

More generally, Py (Y € C) = Px(X € g 1(C)) VC € B.

Example 2.4.2:
Suppose X is a discrete random variable. Let A be a countable set such that P(X € A) =1 and
P(X =z)>0Vzr e A

Let Y = g(X). Obviously, the sample space of Y is also countable. Then,

Pr(Y=y)= > Px(X=x)= Y Px(X=x1) Vyecg(4)
g~ ({y}) {z:9(z)=y}
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Example 2.4.3:
X ~ U(-1,1) so the pdf of X is fx(x) = 1/2I_; 1j(x), which, according to Definition 2.3.8, reads
as fx(z) =1/2 for —1 <z <1 and 0 otherwise.

z, >0

Let Y = X1 = )
0, otherwise

Then,
0, y<0
1/2, =0
Frly) = Pr(y <y) =3 1) ’
1/2+y/2, 0<y<1
L, y>1
This is the mixed discrete/continuous distribution from Example 2.3.7. |
Note:

We need to put some conditions on g to ensure g(X) is continuous if X is continuous and avoid

cases as in Example 2.4.3 above.

Definition 2.4.4:

For a random variable X from (Q, L, P) to (IR, B), the support of X (or P) is any set A € L for
which P(A) = 1. For a continuous random variable X with pdf f, we can think of the support of
X as X=X"1{z: fx(z) > 0}). |

Definition 2.4.5:

Let f be a real-valued function defined on D C IR, D € B. We say:

f is (strictly) non—decreasing if z <y = f(z) (<) < f(y) Vz,y € D
f is (strictly) non—increasing if x <y = f(z) (>) > f(y) Vz,y € D

f is monotonic on D if f is either increasing or decreasing and write f 1 or f |. ]

Theorem 2.4.6:

Let X be a continuous rv with pdf fx and support X. Let y = g(z) be differentiable for all 2 and
either (i) ¢'(z) > 0 or (ii) ¢'(z) < 0 for all .

Then, Y = ¢g(X) is also a continuous rv with pdf

fr(y) =fx(g ') | diygl(y) | Ly (v)-
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Proof:

Part (i): ¢'(z) >0Vz e X

So g is strictly increasing and continuous.

Therefore, z = g~ (y) exists and it is also strictly increasing and also differentiable.

Then, from Rohatgi, page 9, Theorem 15:

d d -
207 w) = (7500 ey i) >0

We get Fy(y) = Py (Y <y) = Py(g(X) <y) = Px(X < g 'y)) = Fx(g '(y)) for y € g(X) and,
by differentiation,

d

fry) = Fy(y) = ayFx (™ W) > = fx (g7 (W) - d—yg‘l(y)

Part (ii): ¢'(z) <0Vz e X
So g is strictly decreasing and continuous.
Therefore, z = g~ '(y) exists and it is also strictly decreasing and also differentiable.

Then, from Rohatgi, page 9, Theorem 15:

d _ d -
207 W) = (7500 ey 1) <0

We get Fy(y) = Py(Y <y) = Py(9(X) <y) = Px(X > g7'(y) =1-Px(X < g7'(y) =
1 — Fx(g~'(y)) for y € g(X) and, by differentiation,

d d

Fr) = F) = 2 0=Fx(™ ) ™ 2™ (™ )00~ 0) = £l ) (~ oo™ )

Since d% g~ '(y) <0, the negative sign will cancel out, always giving us a positive value. Hence the
need for the absolute value signs.

Combining parts (i) and (ii), we can therefore write

Fr) = Ixta )| 507 @) |1y (0)
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Note:

In Theorem 2.4.6, we can also write

M) = Taw Y € g(X)
971

Y
8
)
Il

If g is monotonic over disjoint intervals, we can also get an expression for the pdf/cdf of Y = g(X)

as stated in the following theorem:

Theorem 2.4.7:
Let Y = g(X) where X is a rv with pdf fx(z) on support X. Suppose there exists a partition
Ap, Ay, ..., Ay of Xsuch that P(X € Ap) =0 and fx(z) is continuous on each A;. Suppose there
exist functions g1(x), ..., gr(z) defined on A; through Ay, respectively, satisfying

(i) g9(z) = gi(z) Vo € 4,

(ii) gi(z) is monotonic on A;,

(iii) the set Y = ¢;(A;) = {y : y = gi(z) for some = € A;} is the same for each i = 1,...,k, and

(iv) g; *(y) has a continuous derivative on Y for each i = 1,... k.
Then,
: 1 d 4
friv) =2 Fx (o7 W) | o () | -1y()
i=1
|
Note:

Rohatgi, page 73, Theorem 4, removes condition (iii) by defining n = n(y) and z1(y),...,zp(y). ™
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Example 2.4.8:
Let X be a rv with pdf fx(z) = % o m ().
Let Y = sin(X). What is fy(y)?

Since sin is not monotonic on (0, 7), Theorem 2.4.6 cannot be used to determine the pdf of Y.

Two possible approaches:

Method 1: cdfs

For 0 <y < 1 we have
Fy(y) = Pr(Y <y)
= Px(sinX <y)
= Px([0< X <sin~(y)] or [ —sin~'(y) < X <)

= Fx(sin '(y)) + (1 — Fx(r —sin"'(y)))

since [0 < X <sin~!(y)] and [r —sin~!(y) < X < 7] are disjoint sets. Then,

frly) = Fy(y)

(1) fx(r — sin" (1)

1—y 2

-y
1

- = (fX(sin_l(y)) + fx(m— sin‘l(y)))

1 2(sin~! 2(m —sin~!
1_y2<( 7TQ(y))Jr ( o (y))>

1
-~ o
m2y/1 — 92
2

A oo ®

Method 2: Use of Theorem 2.4.7

Let Al = (03 %)a A2 = (%7”)? and AO = {%}

Let gi'(y) = sin™!(y) and g5 (y) = 7 — sin™" (y).

It is %gfl(y) - \/11_7 = —%ggl(y) and Y = (0,1).
Thus, by use of Theorem 2.4.7, we get

2
F) = 2l o) | g W) | Ty()
i=1 Yy
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= e Lo,y (y)

Obviously, both results are identical. [ |

Theorem 2.4.9:
Let X be a rv with a continuous cdf Fx(z) and let Y = Fx(X). Then, Y ~ U(0,1).

Proof:
We have to consider two possible cases:
(a) Fx is strictly increasing, i.e., Fiy(z1) < Fx(z2) for 1 < z9, and
(b) Fx is non—decreasing, i.e., there exists 1 < zo and Fx(z1) = Fx(x2). Assume that z; is
the infimum and x5 the supremum of those values for which Fx (1) = Fx (z2) holds.
In (a), Fx'(y) is uniquely defined. In (b), we define Fy'(y) = inf{x : Fx(z) >y}
Without loss of generality:
F'(1) = +o0 if Fx(z) <1 Vz € R and
F3'(0) = —o0 if Fx(2z) >0 V2 € R.

For Y = Fx(X) and 0 < y < 1, we have

At the endpoints, we have P(Y <y)=1ify >1and P(Y <y) =0if y <0.

But why is (*) true? — In (a), if Fx is strictly increasing and continuous, it is certainly z =
Fy'(Fx(z)).

In (b), if Fx (1) = Fx(z2) for 21 < z < 2, it may be that Fy'(Fx(z)) # =. But by definition,
Fy'(Fx(x)) = 21 Va € [x1,22]. (x) holds since on [z1,22], it is P(X < 2) = P(X < 1) Vz €
[x1,x9]. The flat cdf denotes Fx(x2) — Fx(z1) = P(z1 < X < z2) = 0 by definition. ]
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3 Moments and Generating Functions

3.1 Expectation

Definition 3.1.1:
Let X be a real-valued rv with cdf Fy and pdf fx if X is continuous (or pmf fx and support X if

X is discrete). The expected value (mean) of a measurable function g(-) of X is

o.¢]
/ g(x) fx(z)dz, if X is continuous

E(9(X)) =
Z g9(x) fx(x), if X is discrete
velX
if E(] g(X) |) < oo; otherwise E(g(X)) is undefined, i.e., it does not exist. |
Example:
X ~ Cauchy, fx(z) = m,—oo <z < oo

9 [ T 1 21700
BX ) =2 [ e = <llog(1 + 2?5 = o0

So, E(X) does not exist for the Cauchy distribution. ]

Theorem 3.1.2:
If E(X) exists and a and b are finite constants, then E(aX + b) exists and equals a E(X) + b.

Proof:

Continuous case only:

Existence:

E(|laX +b]) = /Oo|am+b|fx(w)dw
< [Tdal- 2]+ b
= Jal [ loltx@dsr 5] [~ fx(ayds
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= [a] E(| X [)+]b]

< o0

Numerical Result:

E(aX +b) = /OO (az +b) fx(x)dx

—00

= a/_o:oxfx(x)dw—i-b/_o:o fx(z)dz
= aBE(X)+b

Theorem 3.1.3:
If X is bounded (i.e., there exists a M, 0 < M < oo, such that P(] X |< M) = 1), then E(X)

exists. [ ]

Definition 3.1.4:
The £ moment of X, if it exists, is m; = E(X*).

The k' central moment of X, if it exists, is ux = E((X — E(X))k). n

Definition 3.1.5:

The variance of X, if it exists, is the second central moment of X, i.e.,

Var(X) = E((X — E(X))?).

| |
Theorem 3.1.6:
Var(X) = E(X?) — (B(X))2.
Proof:
Var(X) = E((X - E(X))?)
_ E(X2—2XE(X) (B(X))?)
= E(X?) -2B(X)E(X) + (E(X))?
= E(X?) - (E(X))
| |
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Theorem 3.1.7:
If Var(X) exists and a and b are finite constants, then Var(aX + b) exists and equals a®Var(X).

Proof:
Existence & Numerical Result:
Var(aX +b) = E (((aX +b) — E(aX +b))?) exists if E (| ((aX +b) — E(aX +b))? |) exists.

It holds that

E (| (X +b) — B(aX +1))*|)
= E(((eX +b) - B(aX +1))?)

= Var(aX + b)
Th.3.1.2 E(a?X? + 2abX + %) — (aE(X) + b)2
Th.3.1.2

=% 0?B(X?) 4 2abE(X) 4 b* — o*(E(X))? — 2¢bE(X) — b?
= d(B(X?) - (BE(X))?)
=0 0?Var(X)

< oo since Var(X) exists
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Theorem 3.1.8:

If the t** moment of a rv X exists, then all moments of order 0 < s < t exist.

Proof:

Continuous case only:

BIXP) = [ el e [ Jel

< / 1. fX(:Jc)d:Jc—i—/ |z |t fx(2)da
|z|<1 |z|>1
< P(IXISH+E(X)
< o
|
Theorem 3.1.9:
If the t** moment of a rv X exists, then
lim n'P(] X |>n) =0.
n—oo
Proof:
Continuous case only:
t . t
oo > T z)dr = lim x z)dz
f 1ol s = Jim [l px
= lim x|t z)dr =0
LN . |z " fx (=)
But, lim |z |" fx(z)dz > lim nt/ fx(z)dz = lim n'P(| X |>n) =0 |
Note:

The inverse is not necessarily true, i.e., if le n'P(] X |> n) = 0, then the #** moment of a rv
n o0

X does not necessarily exist. We can only approach ¢ up to some § > 0 as the following Theorem

3.1.10 indicates.
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Theorem 3.1.10:
Let X be a rv with a distribution such that le n'P(] X |> n) = 0 for some ¢ > 0. Then,
n—oo

E(JX|")<oo VO<s<t.

Note:
To prove this Theorem, we need Lemma 3.1.11 and Corollary 3.1.12.

Lemma 3.1.11:
Let X be a non—negative rv with cdf F. Then,

(if either side exists).

Proof:

Continuous case only:

To prove that the left side implies that the right side is finite and both sides are identical, we
assume that F(X) exists. It is

n

E(X) :/Oooac x(z)dz = lim zfx(z)dz

n—o0 0
Replace the expression for the right side integral using integration by parts.

Let u = z and dv = fx(x)dz, then
/" ofx(2)de = (¢F(2)) |2 —/n Py (2)dz
0 0
— nFy (n) — 0Fx (0) — /0 " Fy(2)dz
=nFx(n)—n+n— /On Fx(z)dzx

— nFy(n) —n+ /On[l — Fy(2))ds

46



= n[Fx(n) — 1]+ /On[l — Fx(z)]dz
= —n[l — Fx(n)] + /On[l — Fx(z)]dz

— _nP(X > ) + /Onu — Fy(2))de

20 _nlP(|X| > n) + /On[l — Fx(z)]dz

n—o0

— B(X') = lim [-n!P(|X| > n) + /0”[1 — Fy(2)]da]

Thus, the existence of F(X) implies that / [l—Fx (z)]dz is finite and that both sides are identical.
0

We still have to show the converse implication:

o0

If/ [1 — Fx(x)]dz is finite, then E(X) exists, i.e., E(] X |) = E(X) < oo, and both sides are

identical. It is

X >0

/Un o fx (z)dz *Z /On |2 | fx(2)dz = —n[l — Fx(n)] + /Unu _ Fy(x)]de
as seen above.

Since —n[l — Fx(n)] <0, we get

/On|x|fX(:Jc)d:ch/On[l—FX(x)]dxS/UOO[I—FX(x)]dx<oo Vn

Thus, . - -
im [ |2 fx(z) :/ | | fx(x)de g/ [l — Fy(2)]dz < oo
n—0o0 0 0 0
oo
= FE(X) exists and is identical to / [1 — Fx(x)]dz as seen above. |
0
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Corollary 3.1.12:

BUX ) =s [Ty POX > )y

Proof: - -
B( X |°) Lemm&?’-l-“/o [l—ﬂX|s(z)]dz:/0 P X |°> 2)dz

Let z = y°. Then g—; = sy* ! and dz = sy* 'dy. Therefore,

[ Puxps ade = [TPOX P>y ay
0

= TP X P )
= sfov (I X [*>y°)dy
o0

|y 'P(| X > y)dy

monotomc 1

Proof (of Theorem 3.1.10):
For any given € > 0, choose NNV such that the tail probability P(] X [>n) <5 Vn > N.

oo
B(X ) 2 [Tyt X > gy

N 00
=s [T yTPUX 1> pdy+s [y PO X > gy

N 00 €
g/ sy 11 dy+3/ ys’l—tdy
0 N Yy

© 1
=y o + 86/ Y —dy
N )
oo
=N°+ se/ y* 1ty
N

oo 1 .+l |0 -1
It is/ yody = { 1Y ¥, c#
N Iny |, c=1

) oo, c>—1
_chrlNCH <oo, c<—1

Thus, for E(| X |¥) < oo, it must hold that s — 1 — ¢ < —1, or equivalently, s < t. So

E(] X |*) < oo, ie., it exists, for every s with 0 < s < ¢ for a rv X with a distribution such

that lim n'P(] X |> n) = 0 for some ¢ > 0. ]
n—o00
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Theorem 3.1.13:
Let X be a rv such that

. P(| X |> ak)
lim —————* = 1.
R P(X SR 0T
Then, all moments of X exist.
Proof:
e For € > 0, we select some kg such that
P(| X |> ak)
————= < e Vk > k.
P(X|>k ="
e Select k; such that P(| X |[> k) <e Vk > k.
e Select N = max(ko, k1).
e If we have some fixed positive integer r:
P(X|>a"k) P(X|>ak) P(|X|[>a’k) P(|X|>a’%)  P(X|[>ak)
P(|X|>k)  P(X|>k) P(|X|>ak) P(X|>a%k) = P(X|>a k)

P( X [>a'k)  P(X[>ak) P(X|>a-(ak) P(|X|>a-(%) P(X[>a- (k)

P(|X[>k)  P(X|>k) P(X[>1-(ak)) P(|X[>1-(2k)) "~ P(X|>1-(a" 1k))
e Note: Each of these r terms on the right side is > € by our original statement of selecting some
ko such that % < e Vk > kg and since o« > 1 and therefore ok > kg.

P(X|>a"k)

PONSH) < € for k > N (since in this case also

e Now we get for our entire expression that
k> ko) and o > 1.

e Overall, we have P(| X |> o’k) < ¢"P(| X |> k) < " *! for k > N (since in this case also
k> k).

e For a fixed positive integer n:
00 N 00

B( X |7) Cordl2 n-/xn_lP(| X |> 2)de = n/xn_lP(| X |> z)de + n/xn_lP(| X |> 2)de
0 0 N

e We know that:
N N

n/ac"_IP(| X |> z)ds < /nmn_ldw =" |N=N" < oo
0 0
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but is

oo
n/x"*IP(| X |>z)dr <oo 7
N

e To check the second part, we use:

00 0o a'N
/:L“”flP(| X |>z)dr = Z / 2" 'P(| X |> z)dx
N r=1 Z1n
e We know that:
o N o N
/ 2" P(| X |> z)dz < € / " dz
ar— 1IN ar- 1IN

This step is possible since €& > P(] X |[> o 'N) > P(] X |> z) > P(| X |>
Vz € (a""!N,a"N) and N = max(k, k1).

e Since (" IN)" 1 <z 1 < (a"N)" ! Vz € (o 'N,a"N), we get:

o N o N
€’ / " ldr < (o N)"! / ldz < € (a"N)""Y(a"N) < € (a"N)"
ar— 1IN ar 1IN

e Now we go back to our original inequality:

00 00 o N 00 00
/wn_lP(| X |>z)dz < Ze’" / "z < Ze’"(arN)” = N" Z(e -a”)’
N r=1 1N r=1 r=1
N ea™ 1
=1 ean if ea™ < 1 or, equivalently, if e < —
—€ex o
e Since le_":;x: is finite, all moments E(] X |") exist.
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3.2 Generating Functions

Definition 3.2.1:
Let X be a rv with cdf Fx. The moment generating function (mgf) of X is defined as

MY(t) = E(@tX)

P

provided that this expectation exists in an (open) interval around 0, i.e., for —h < t < h for some
h > 0. [

Theorem 3.2.2:
If a rv X has a mgf My (¢) that exists for —h < ¢ < h for some h > 0, then
dn
B(X™) = My (0) = 22 Mx (1) lio
Proof:
We assume that we can differentiate under the integral sign. If, and when, this really is true will

be discussed later in this section.

d d [
SMx) = o [ M fx(a)de
© 9
_ /_w(&em «(z))dz
= /oo ze' fx (z)dx
= E(XeY)

Evaluating this at t = 0, we get: £ Mx () [j=o= E(X)

By iteration, we get for n > 2:

dTL

L Myt) =
g X ()



= /Oo z"e! fx (z)dx

— E(XnetX)
Evaluating this at t = 0, we get: 4= Mx (t) ;== E(X") ]
Example 3.2.3:
X ~U(a,b); fx(z) = 5= - Tl (@)
Then,
b etw etb _ eta
x(®) /,Lb—aw t(b—a)
0
Mx (0) = 0
L’Hospital betb — aet“
N b—a
= 1
So Mx(0) = 1 and since it(bb:i; is continuous, it also exists in an open interval around 0 (in fact,
it exists for every ¢t € IR).
M (8) _ (betb — aeta)t(b —a) — (etb — eta)(b —a)
X 2(b — a)2
_ t(betb _ aet“) _ (etb _ eta)
B t2(b— a)
0
= E(X) = M5 (0) = 0
L’Hospital bet® — qet® + th2ett — ta2elt — pett + gelo
2t(b —a) 0
B th?et? — ta2ete 0
B 2t(b — a) -0 0

L’Hospital blett — a2et® 4 th3et? — tadet®
2(b—a)

t=0
b2 — o2
- 2(b—a)
_ b+a
N 2
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Note:

In the previous example, we made use of L’Hospital’s rule. This rule gives conditions under

«£09» and « oo

which we can resolve indefinite expressions of the type “Tj T

(i) Let f and ¢ be functions that are differentiable in an open interval around zj, say in
(xo — 9,209 + 0), but not necessarily differentiable in zq. Let f(zo) = g(x0) =0 and ¢'(x) # 0

/
Vz € (g — 6,20 + ) — {xo}. Then, lim f, (z) = A implies that also lim EAG) = A. The
M ) M (@)
same holds for the cases le flz) = le g(x) =oc and z — xf or z — z; .
T—>T0 T—To
(ii) Let f and g be functions that are dlf,ferentlable forz > a (a > 0). Let xll)rgo flz) = xll)rgo g(z) =
0 and lim g¢'(z) # 0. Then, lim f, (z) = A implies that also lim EAG) =
Z—00 00 g ((p) Z—00 g( )

(iii) We can iterate this process as long as the required conditions are met and derivatives exist,
e.g., if the first derivatives still result in an indefinite expression, we can look at the second

derivatives, then at the third derivatives, and so on.

(iv) It is recommended to keep expressions as simple as possible. If we have identical factors in the

numerator and denominator, we can exclude them from both and continue with the simpler

functions.
(v) Indefinite expressions of the form “0-o0o” can be handled by rearranging them to “I/LOO” and
IEIPOO ‘;E;U)) can be handled by use of the rules for mlggo ‘;E_x; .
|
Note:

The following Theorems provide us with rules that tell us when we can differentiate under the
integral sign. Theorem 3.2.4 relates to finite integral bounds a(#) and b(¢) and Theorems 3.2.5 and
3.2.6 to infinite bounds.

Theorem 3.2.4: Leibnitz’s Rule
If f(x,0),a(0), and b(#) are differentiable with respect to 6 (for all ) and —oo < a(f) < b(f) < oo,
then

d 0)dxr = bt99db9 0), bea
0 . 75200 = F000),0) 50(0) — [(0(0).0) fga@) + | o1z 00
The first 2 terms are vanishing if a(f) and b(#) are constant in 6.

Proof:

Uses the Fundamental Theorem of Calculus and the chain rule. []
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Theorem 3.2.5: Lebesque’s Dominated Convergence Theorem

o0
Let g be an integrable function such that / g(x)dx < oco. If | f, |< g almost everywhere (i.e.,

—00
except for a set of Borel-measure 0) and if f,, — f almost everywhere, then f,, and f are integrable

and
/fn(w)dm%/f(x)dx
| |
Note:
If f is differentiable with respect to 6, then
g7 (©:0) = lm 5
and % g % 646 o
gl 0)dm—/ fi 22059 = f@.6) ;.
_ _ 00 0—0 0
while Fl,0+0) — f(,0)
T T,
80/ fw@dw—hm/ 5 dx
| |

Theorem 3.2.6:
Let fn(z,0) = £ (x’0°+6g2_f (@.9) for some 6. Suppose there exists an integrable function g(z) such

that / g(xz)dz < oo and | fr(x,0) |< g(z) Vz, then

o w0l ey " [0 oy o

Usually, if f is differentiable for all 8, we write

d [ ~ 9
@/mf(x,e)dx: 45l @.0)ds.

Corollary 3.2.7:
Let f(x ) be differentiable for all #. Suppose there exists an integrable function g(z, ) such that
< g(x,0) Vz V) in some e-neighborhood of #, then

g(z, 9)d:1:<ooand‘30f:1:9) lo=0,

C% /O:Of(g:,e)d]; = > gf(]: 0) |0:00 dz.
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More on Moment Generating Functions

Consider

0 '
‘aem"fx(w) lizer| =| 2 | " " fx(z) for | —t|< .

Choose t, §p small enough such that ¢ + 6y € (—h,h) and t — 69 € (—h, h). Then,

etme(ﬂU) |t:t’

0
— <

where
9(a,1) :{ @] e (@), @20

|z | elt=00)T fy(z), 2 <0
To verify [ g(z,t)dz < 0o, we need to know fx(z).
Suppose mgf Mx (t) exists for | ¢ |[< h for some h > 1. Then |t+dp+ 1 |<hand |t —dp—1|< h.
Since | z |< el*l Vi, we get

e(t+50+1)mfx(x), P Z 0
=000 fx(z), <0

g(z,t) < {

00 0
Then, / g(z,t)de < Mx(t+0p+1) < oo and / g(z,t)dr < Mx(t—09—1) < 0o and, therefore,
0 —00

/oo g(x)dz < 0.

—00
Together with Corollary 3.2.7, this establishes that we can differentiate under the integral in the
Proof of Theorem 3.2.2.

If h <1, we may need to check more carefully to see if the condition holds.

Note:

If Mx(t) exists for t € (—h, h), then we have an infinite collection of moments.

Does a collection of integer moments {my, : k = 1,2,3,...} completely characterize the distribution,

i.e., cdf, of X7 — Unfortunately not, as Example 3.2.8 shows. [ |
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Lecture 21: Monday 10/18/1999

Scribe: Jiirgen Symanzik

Example 3.2.8:
Let X7 and X5 be rv’s with pdfs

fx,(z) = \/%—W% exp(—% (log z)*) - I(g,00) ()

and
fxo(x) = [, (@) - (1 + sin(2m log 2)) - L(g,00) (%)
It is BE(XT) = B(X5) =¢"/? for r = 0,1,2,... as you have to show in the Homeworks.

Two different pdfs/cdfs have the same moment sequence! What went wrong? In this example,

M, (t) does not exist as shown in the Homeworks! ]

Theorem 3.2.9:
Let X and Y be 2 rv’s with cdf’s F'x and Fy for which all moments exist.

(i) If Fx and Fy have bounded support, then Fx(u) = Fy(u) VYu iff E(X") = E(Y") for
r=20,1,2,....

(ii) If both mgf’s exist, i.e., Mx(t) = My (t) for ¢ in some neighborhood of 0, then Fx(u) =
Fy (u) Yu.

Note:
The existence of moments is not equivalent to the existence of a mgf as seen in Example 3.2.8 above

and some of the Homework assignments. [ |

Theorem 3.2.10:

Suppose rv's {X;}>, have mgf’s Mx,(t) and that Zlgr(r)lo Mx,(t) = Mx(t) Vt € (—h,h) for some
h >0 and that My (t) itself is a mgf. Then, there exists a cdf Fiy whose moments are determined
by Mx(t) and for all continuity points z of Fx(z) it holds that Z1_1)1?0 Fx,(z) = Fx(z), ie., the

convergence of mgf’s implies the convergence of cdf’s.

Proof:

Uniqueness of Laplace transformations, etc. [ |
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Theorem 3.2.11:
For constants @ and b, the mgf of Y = aX + b is

My (t) = " My (at),

given that My (t) exists.

Proof:
My(t) _ E(e(aXer)t)
— E(eaXtebt)
— eth(eXat)

= " Mx(at)

3.3 Complex—Valued Random Variables and Characteristic Functions

Recall the following facts regarding complexd numbers:

i =410 = /—1;i% = —1;43 = —i;i* = +1; etc.

in the planar Gauss’ian number plane it holds that ¢ = (0,1)
z=a+1ib=r(cos ¢+ ising)

r=|z|=va?+b?

Euler’s Relation: z = r(cos ¢ + isin ¢) = re'®

Mathematical Operations on Complex Numbers:

Al + Z9 = (a1 + ag) + ’L(b1 + bg)
2129 = frllr2€i(¢l+¢72) = 7"17'2(COS(¢1 + ¢2) —+ 17 Sin(¢1 —+ ¢2))
i_; = :_;ei(dﬁlf@) = :—;(cos(gﬁl — o) +isin(¢y — ¢2))

Moivre’s Theorem: 2" = (r(cos ¢ + isin¢))™ = r™(cos(n¢g) + isin(nep))

Yz = Va+ib= Yr (cos(%?’ﬁoo) +isin(%3600)) for k =0,1,...,(n — 1) and the main value
for k=0

Inz = In(a + ib) = In(| 2 |) +i¢ £ i2n7 where ¢ = arctan © and the main value for n = 0
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Conjugate Complex Numbers:

For z = a + ib, we define the conjugate complex number Z = ¢ — ¢b. It holds:

|

=2z
z=ziff z€e IR

21tz =211+7

Definition 3.3.1:
Let (Q, L, P) be a probability space and X and Y real-valued rv’s, i.e., X, Y : (2, L) — (IR, B)

(i) Z=X+1iY : (Q,L) — (€, Bg) is called a complex—valued random variable (C‘rv).

(i) If E(X) and E(Y) exist, then E(Z) is defined as E(Z) = B(X) +iE(Y) € C.

|
Note:
E(Z) exists iff E(| X |) and E(| Y |) exist. It also holds that if E(Z) exists, then | E(Z) |< E(| Z |)
(see Homework). m

Definition 3.3.2:
Let X be a real-valued rv on (Q, L, P). Then, ®x(t) : IR — € with ®x(t) = E(e'X) is called the

characteristic function of X. []
Note:
(i) &x(t) = / e fx(x)dx = / cos(tz) fx (z)dx + z/ sin(tz) fx (z)dz if X is continuous.

(ii) ®x(t) = Z eTP(X =z) = Z cos(tx)P(X = x)+i Z sin(tz) P(X = z)(x) if X is discrete
zekX zeX zeX
and X is the support of X.

(iii) ®x(t) exists for all real-valued rv’s X since | e'® |= 1.
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Lecture 22: Wednesday 10/20/1999

Scribe: Jirgen Symanzik, Bill Morphet

Theorem 3.3.3:
Let ®x be the characteristic function of a real-valued rv X. Then it holds:

(i) ®x(0) = 1.
(i) | ®x(t) |I<1 Vte R.
(iii) @y is uniformly continuous, i.e., Ve > 030 > 0 Vi1, 1o € IR :| t1—ty |< § =] ®(t1)—P(t2) |<e.

(iv) ®x is a positive definite function, i.e., Vn € IN Vay,...,a, € € Vti,...,t, € R:

n n
> @ ®x(t —t;) > 0.
=17=1

(v) @x(t) = @x(-1).

(vi) If X is symmetric around 0, i.e., if X has a pdf that is symmetric around 0, then ®x(¢) €
IR Vte RR.

(vii) @gxip(t) = D x(at).

Proof:

See Homework for parts (i), (ii), (iv), (v), (vi), and (vii).

Part (iii):
Known conditions:
(i) Let e > 0.
(i) 3a>0:P(~a< X <+a)>1-Fand P(| X [>a) < §
(i) 36>0: |07 —1|< < Vrst. |z|<aand V(' —¢) st. 0< (¢ —t) <4.

This third condition holds since | €®® — 1 |= 0 and the exponential function is continuous.

Therefore, if we select (# —t) and z small enough, | e* 9% — 1 | will be < § for a given e.
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Let t,t' € IR, t <t',and t —t < 0. Then,

ox()~ax()| = | [ e rsteyn— [ et i@y |

+oo
= 1] @) px)ds |

! +a ! -|-OO !
— [ e+ [ = e px@)da+ [ (0 - ) fx (a)ds |
—a +a
tr te t oo t
< I/ et —e") fx(@)dr [+ ] [ ("7 =) fx(z)d | + | : (€™ —e™) fx (x)d |
—a a
We now take a closer look at the first and third of these absolute integrals. It is:
[ e —emyx@in | = | [ et rcads - [ e pxa)ds |
-a —a
< | etnpxn |+ [ e px(ds
—a , —a
< [ et fx@dot [ e ] (@
—00 —00
A —a —a
D[ i@ [ ipn
= /7 2fx (z)dx
—00
(A) holds due to Note (iii) that follows Definition 3.3.2.
Similarly,
+oo +oo
[ et px@ydo 1< [ 2 (w)do
+a +a
Returning to the main part of the proof, we get
—a +a y " +0o0
| ox (') —@x(t) | < / 2fx(x)dx + | [ (e"F —e™)fx(x)dx | + : 2fx (x)dx
—o0 —a a

“+00

“+a ,
fx(x)dx) 1 [ e et (e |

—a

— 9 ( :a Fx(2)dz +

+a

—op( X |>a) 4| [ (@ - o) fx(e)de |

—a
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Condition (ii) ¢ +a
< 2 + |

I : (ezt’x o eltx)fx(x)dx |

“+a ,
— S et 0T — 1) fy(z)da |

2 —a
€ ta ’
< 5 + | ezt:v(ez(t —t)r _ 1) | fX($)d$

+a ,
< s [ e e T 1) | fx(@)do

(B) holds due to Note (iii) that follows Definition 3.3.2 and due to condition (iii). ]

Theorem 3.3.4: Bochner’s Theorem
Let ® : IR — @ be any function with properties (i), (ii), (iii), and (iv) from Theorem 3.3.3. Then
there exists a real-valued rv X with &x = &. [ ]

Theorem 3.3.5:
Let X be a real-valued rv and E(X*) exists for an integer k. Then, ®x is k times differentiable
and &\ (t) = i* E(X*etX). In particular for £ = 0, it is @ (0) = i*my. =

Theorem 3.3.6:
Let X be a real-valued rv with characteristic function ®x and let ®x be k times differentiable,

where k is an even integer. Then the & moment of X, my, exists and it is @g];)(()) = iFmy,. [ |
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Theorem 3.3.7: Levy’s Theorem
Let X be a real-valued rv with cdf Fx and characteristic function ®x. Let a,b € IR, a < b. If
P(X =a)=P(X =0b) =0, i.e., Fx is continuous in a and b, then

F(b) - Fla) 1/00 et ey

o) o it

Theorem 3.3.8:
Let X and Y be a real-valued rv with characteristic functions ®x and ®y. If &x = ®y, then X

and Y are identically distributed. [ |

Theorem 3.3.9: -
Let X be a real-valued rv with characteristic function ®x such that / | ®x(t) | dt < co. Then
o0

X has pdf -
1

T on

Fx () K O:o 71T ¢ (£)dt.

Theorem 3.3.10:
Let X be a real-valued rv with mgf Mx(t), i.e., the mgf exists. Then ®x(t) = Mx(it). ]

Theorem 3.3.11:

Suppose real-valued rv’s {X;}7°, have cdf’s {Fx, }?, and characteristic functions {®x, (¢)}2,. If
lim ®x,(t) = ®x(t) Vt € (—h,h) for some h > 0 and ®x(t) is itself a characteristic function
Z(:))fooa rv X with cdf Fx), then Z1_1)120 Fx,(z) = Fx(x) for all continuity points z of Fx(x), i.e., the

convergence of characteristic functions implies the convergence of cdf’s. [
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Lecture 23: Friday 10/22/1999

Scribe: Jiirgen Symanzik, Rich Madsen

Theorem 3.3.12:

Characteristic functions for some well-known distributions:

Distribution D (1)
i) X ~ Dirac(c) elte

ii) X ~ Bin(1,p) 1+ p(e —1)
iii) X ~ Poisson(c) | exp(c(e’ — 1))

eitb _pita

iV) X ~ U(a, b) W

vi) X ~ N(u,0?%) | e exp(—o?t?/2)
vii) X ~T(p,q) (1-%)»
viii) X ~ Exp(c) (1—2)-1

(
(
(
(
(v) X ~ N(0,1) exp(—t2/2)
(
(
(
(

ix) X ~x2 (1 — 2it)~"/2

k=0
(111) d (t) _ Z 6ztn i ﬁe—c —e € i i(c ezt)n . cett _ c(eit_l) since io: ﬁ ot
X n! — n! — n!
n€lNg n=0 n=0
b
1 eztm eztb _ ezta
iv) ®x(t) = —— 4y = — =
(iv) ®x(t) = 5= o v b—a[it] (b — a)it
a

(v) X ~ N(0,1) is symmetric around 0

= D () is real since there is no imaginary part according to Theorem 3.3.3 (vi)

00 a2
= By (t) = %2_7?/ cos(tz)e 3 dx
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(vii)

Since E(X) exists, ®x(t) is differentiable according to Theorem 3.3.5 and the following holds:

y(t) = Re(Px(t)

R itx 1 Sl
= Re /_oowc e \/ﬂe 2 dx

cos(tx)+isin(tz)

00 1 2 00
= Re (/ iz cos(tx) e 2 dr + / —z sin(tz)
—00

1 22
e 2 dx
—0 V27 V21 >

2
= (—sin(tz)) ze > dm u' = —tcos(tz) and v = —e2
—= | (csinta); Lo (ta)
u
1 - 2 p
= sin(tx)e 2 / —tcos(tz))(—e ™2 )dx
JEte e D=

=0 since sin is odd

= —t—/ cos(tz)e 2 d:z:

= —t0x()

Thus, ®'y(t) = —t®x (). It follows that ilﬁgg = —t and by integrating both sides, we get
In| ®x(t) |= —4t* + ¢ with ¢ € IR.
For ¢ = 0, we know that ®x(0) = 1 by Theorem 3.3.3 (i) and In | ®x(0) |= 0. It follows that

_ 142

0 =0+ c. Therefore, c=0 and | Px(t) |[= e 2

If we take ¢t = 0, then ®x(0) = 1 by Theorem 3.3.3 (i). Since @y is continuous, ® x must take
the value 0 before it can eventually take a negative value. However, since e 3’ >0 Vi e R,

®y cannot take 0 as a possible value and therefore cannot pass into the negative numbers.
So, it must hold that ®x () = e 2" Vt € IR.

For o > 0, € IR, we know that if X ~ N(0,1), then 6.X 4+ ~ N(u,0?). By Theorem 3.3.3
(vii) we have

Box1u(t) = B (ot) = eMMem37,

[ee]
Dy(t) = /0 &y (p, ¢, z)dz

* ¢ p—1 ,—(g—it)x
; F()x e dzr

_ q° . N—p 0o it iy - B B D
= @(q_’lt) /0 ((q_lt) ) ( )z ( ’Lt)d(II | u = (q Zt)(II, du = (q 'Lt)dq;
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(viii) Since an Exp(c) distribution is a I'(1, ¢) distribution, we get for X ~ Exp(c) =T'(1,¢):

1-4H

C

Dy (t)

(ix) Since a x2 distribution (for n € IN) is a I'(%, 1) distribution, we get for X ~ x2 =T'(%,1):
1t

- m)*"/2 = (1 — 2it) /2

Px(t)=(1

Example 3.3.13:
Since we know that m; = E(X) and my = E(X?) exist for X ~ Bin(1,p), we can determine these

moments according to Theorem 3.3.5 using the characteristic function.

It is
Dx(t) = 14pet—1)
O (t) = pie
%(0) = pi
@' (0
=m; = X() :g:p:E(X)
7 1
() = pite
%(0) = pi°
(I)” (0) p,L?
= My = )7; 2_2 p = E(XZ)
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Note:
o.¢]

The restriction / | ®x(t) | dt < oo in Theorem 3.3.9 works in such a way that we don’t end up
o.¢]

with a (non-existing) pdf if X is a discrete rv. For example,

e X ~ Dirac(c):
[e%e] & 9] .
/ | Dy(t) |dt = / | e | dt

— 00

_ / 1dt
—00

o.¢]
—00

= €T |

which is undefined.

e Also for X ~ Bin(1,p):

o0 oo .
/ | Dy(t) |dt = / |1+ p(e —1) | dt
[ee] [oe]

_ (zp—1)/ 1 dt
— 00
= (2p— I)III |(iooo

which is undefined for p # 1/2.
If p =1/2, we have

[ | peit — (p—1) | dt — 1/2[ et +1dt

oo
= 1/2/ | cost+isint + 1| dt
oo

_00

- 1/2/ V(cost + 1) + (sint)? dt
oo

= 1/2/ \/c052t+2cost+1+sin2tdt
—00

= 1/2/ V24 2cost dt

which also does not exist.
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e Otherwise, X ~ N(0,1):

/°° (D () [dt = /Oo exp(—2/2)dt

_ \/%/jo \/:;_Wexp(—tQ/Z)dt
= Vo1
< o0
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Lecture 24: Monday 10/25/1999

Scribe: Jurgen Symanzik, Hanadi B. Eltahir

3.4 Probability Generating Functions

Definition 3.4.1:

Let X be a discrete rv which only takes non—negative integer values, i.e., p, = P(X = k), and

o0
Zpk = 1. Then, the probability generating function (pgf) of X is defined as
k=0

G(s) = Zpksk.
k=0

|
Theorem 3.4.2:
G(s) converges for | s |[< 1.
Proof:
o0 o0
1G() 1S Ioes® 1D Ime =1 n
k=0 k=0

Theorem 3.4.3:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). Then it
holds:

1 d*

P(X = k}) = EﬁG(S) |s:0

Theorem 3.4.4:
Let X be a discrete rv which only takes non-negative integer values and has pgf G(s). If E(X)

exists, then it holds:
d

B(X) = -

G(5) [s=1
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Definition 3.4.5:

The k" factorial moment of X is defined as

EX(X-1)(X=-2)-...- (X —k+1)]
if this expectation exists. u
Theorem 3.4.6:

Let X be a discrete rv which only takes non-negative integer values and has pgf G(s). If
E[X(X —1)(X —=2)-...- (X — k4 1)] exists, then it holds:

k
EX(X-1)(X-2)...-(X—k+1)] = %G(s) o1

Note:
Similar to the Cauchy distribution for the continuous case, there exist discrete distributions where

the mean (or higher moments) do not exist. See Homework. ]

3.5 Moment Inequalities

Theorem 3.5.1:
Let h(X) be a non—negative Borel-measurable function of a rv X. If E(h(X)) exists, then it holds:

P(h(X) > ¢) < m Ve >0

Proof:

Continuous case only:
BH(X) = [ ho)fxlads
- /h(x)fx(x)dac—i—/Oh(x)fx(m)dm | where A = {x : h(z) > ¢}
A AC
> [ h@)fx(@)da

> /efX(ac)d:Jc
A
= eP(h(X)>¢€) Ve>0

Therefore, P(h(X) >¢€) < w Ve > 0. [ ]
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Corollary 3.5.2: Markov’s Inequality
Let h(X) =| X |" and € = k" where r > 0 and k£ > 0. If E(] X |") exists, then it holds:

E(X )

PIX |2k < =2

Proof:
Since P(| X |> k) = P(] X |"> k") for k > 0, it follows using Theorem 3.5.1:

Th351 E(| X I
PIX |2k =P(X 2k < ELXD

Corollary 3.5.3: Chebychev’s Inequality
Let h(X) = (X — p)? and € = k?0? where E(X) = p, Var(X) = 0? < 00, and k > 0. Then it
holds:

1
P( X —p|> ko) <

Proof:
Since P(| X — pu |> ko) = P(| X — p |*> k?0?) for k > 0, it follows using Theorem 3.5.1:

k202 T k202 T k202 K2

Th351 B(| X — |2 e 2 1
P(| X —p|>ko)=P(| X —p |>> k0% < (I pl?) _ Var(X) o

Theorem 3.5.4: Lyapunov Inequality
Let 0 < 8, = E(] X |") < oo. For arbitrary k such that 2 < k <mn, it holds that

1

(Be)FT < (Br)7,

Le., (B(| X [F1)FT < (B(| X |F)*.

Proof:

Continuous case only:
Let Q(u,v) = E ((u | X |k_51 +v | X |%)2) Obviously, Q(u,v) >0 Yu,v € IR. Also,

k41

Quo) = [~ @lolF 4o x(a)do

_ u2/°° o [F fx(w)dac—i-qu/oo |z |* fx(x)dx+v2/oo @ [ fx()da

—o0 —o0
= uBr_1 + 2uvf + v? Bk

> 0 VYu,ve R
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Using the fact that Az? +2Bzy + Cy? > 0 Vr,y € R iff A > 0 and AC — B? > 0 (see Rohatgi,
page 6, Section P2.4), we get with A = Oy_1, B = Bk, and C' = [y1:

Br—1Bk+1 — Bz > 0
= 2 < Br-1Bk+1
— Bt < B]kﬂflﬂl]c%rl

This means that 87 < 8o, B3 < B262, 35 < B3B3, and so on. Multiplying these, we get:
kel k-1
H Bjj < H ﬂgj‘—lﬂgj‘ﬂ
7j=1 7j=1
= (BoB2) (BLB5)(B383) (B363) - - (B3 BE-D) (B3 B¢
k=2
= G2 T 6
j=1

k—2

Dividing both sides by H ﬁ;j , We get:
j=1
2k—2 k—1 gk—2
[AEREES Bﬂﬂk k—1
Bo=1 _
= By, < ﬁ/'i '
. [
= fi1 < B°
1 1
=B < B

71



Stat 6710 Mathematical Statistics I Fall Semester 1999

Lecture 25: Wednesday 10/27/1999

Scribe: Jiirgen Symanzik

4 Random Vectors

4.1 Joint, Marginal, and Conditional Distributions

Definition 4.1.1:
The vector X = (X1,...,X,) on (Q, L, P) — IR" defined by X (w) = (X; (w),..., X, (w)),w e Q,

is an n—dimensional random vector (n-rv) if X (1) = {w: X (w) < ay,..., Xpn(w) < a,} €L
for all n—dimensional intervals I = {(z1,...,z,) : —00 < z; < aj,a; E RVi=1,...,n}. ]
Note:

It follows that if X;,..., X, are any n rv’'s on (Q, L, P), then X = (X1,...,X,)" is an n—rv on
(Q, L, P) since for any I, it holds:

X YD) = {w:(Xi(w),...,Xn(w) €T}
= {w:Xj(w) <ay,...,Xpn(w) <ap}

n

= ﬂ:{w:Xk(w) Sak}

k=1 7

€L
|
Definition 4.1.2:
For an n—rv X, a function F' defined by
F(z)=P(X <z)=P(X: <21,...,Xp <1y) Vz€R"
is the joint cumulative distribution function of X. [ |

Note:
(i) F is non—decreasing and right—continuous in each of its arguments z;.

(ii) lim F(z) = lim F(z)=1and lim F(z)=0 VYzi,...,Tp—1,Tkt1,--.,%n € IR.

Z—00 T1—+00,...L5n—>00 Tj—>—00
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However, conditions (i) and (ii) together are not sufficient for F' to be a joint cdf. Instead we need

the conditions from the next Theorem. []

Theorem 4.1.3:
A function F(z) = F(x1,...,%,) is the joint cdf of some n—rv X iff

(i) F is non—decreasing and right—continuous with respect to each z;,

(ii) F(—o00,x9,...,2y) = F(x1,—00,23,...,2y) = ... = F(z1,...,2,-1,—00) = 0 and
F(o00,...,00) =1, and

(iii) Vz € IR" Ve; > 0,1 = 1,...n, the following inequality holds:

n
Flz+e -— ZF(:Bl—l—el,...,wi,l—l—ei,l,xi,wiﬂ—i—ei+1,...,$n—i—en)

i=1

+ > Flmiten... i1+ €61, T, Tig1 + €415 -
1<i<j<n

Tj—1+€-1,%5,Tj+1 + €j+1y---,Tn T+ En)

:F

+ (=1)"F(z)

> 0

Note:

We won’t prove this Theorem but just see why we need condition (iii) for n = 2:

P(ry < X <z, <Y <o) =
P(X <29, Y <yo) = P(X <z1,Y <) —P(X <29, Y <))+ P(X <21,V <y1) >0 m

We will restrict ourselves to n = 2 for most of the next Definitions and Theorems but those can
be easily generalized to n > 2. The term bivariate rv is often used to refer to a 2-rv and multi-

variate rv is used to refer to an n—rv, n > 2.

Definition 4.1.4:

A 2-rv (X,Y) is discrete if there exists a countable collection X of pairs (z;,y;) that has proba-

bility 1. Let p;; = P(X =x;,Y =y;) >0 V(x;,y;) € X. Then, Zpij =1 and {p;;} is the joint
i’j

probabiliy mass function of (X,Y). ]
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Definition 4.1.5:
Let (X,Y) be a discrete 2-rv with joint pmf {p;;}. Define

ZPZ]_ZP =uxz;,Y —yj):P(X:]:i)

and
p]—zpz]—zp =z Y —yj):P(Y:yj)'

Then {p;.} is called the marginal probability mass function of X and {p.;} is called the

marginal probability mass function of Y. [ |

Definition 4.1.6:

A 2-rv (X,Y) is continuous if there exists a non-negative function f such that

F(z,y) :/xoo/yoof(u,v) dv du Y(z,y) € IR

where F is the joint cdf of (X,Y"). We call f the joint probability density functionof (X,Y). m

Note:

If F' is continuous at (z,y), then
d*F(z,y)
wdy (z,y)-

Definition 4.1.7: -
Let (X,Y) be a continuous 2-rv with joint pdf f. Then fx(z) = / f(z,y)dy is called the

marginal probability density function of X and fy (y / f(z,y)dx is called the marginal
probability density function of Y. [ |
Note:

[ stz = [" ([ fiy) do = Floo.oo) =1 = [~ ([" pwds) dy= [ vty

and fx(z) >0 Vz € R and fy(y) >0 Vy € R.

(ii) Given a 2-rv (X,Y) with joint cdf F(z,y), how do we generate a marginal cdf
Fx(z) =P(X <z)? — The answer is P(X <z)=P(X <z,—00 <Y < o) = F(z,00).
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Scribe: Jiirgen Symanzik

Definition 4.1.8:
If Fx(z1,...,2,) = Fx(z) is the joint cdf of an n-rv X = (Xy,...,X,), then the marginal
cumulative distribution function of (X;,,...,X; ), 1 <k <n—-1,1<1i; <ip <... <1 <n,

is given by

lim  Fx(z) = Fx(0o,...,00,%;,00,...,00,Tjy,00,...,00,Tj,00,...,00).
T;—>00,0F0] yeunybfe

Note:
In Definition 1.4.1, we defined conditional probability distributions in some probability space
(Q, L, P). This definition extends to conditional distributions of 2-rv’s (X,Y). |

Definition 4.1.9:
Let (X,Y) be a discrete 2-rv. If P(Y = y;) = p.; > 0, then the conditional probability mass
function of X given Y = y; (for fixed j) is defined as

P(X =z;,Y =y;)  pij

Note:

For a continuous 2-rv (X,Y) with pdf f, P(X <z |Y =y) is not defined. Let ¢ > 0 and suppose
that P(y—e <Y < y-+e¢€) > 0. For every z and every interval (y — €, y + €], consider the conditional
probability of X <z given Y € (y — €,y + ¢]. We have

PX<z,y—e<Y <y+e

PX<z|y—e<Y <y+e = Ply—c<Y <yt

which is well-defined if P(y —e <Y < y+¢) > 0 holds.

So, when does
lim P(X <z|Y € (y—e€y+e])

e—0t

exist? See the next definition. []
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Definition 4.1.10:

The conditional cumulative distribution function of a rv X given that Y = y is defined to be

Fyy(@|y) = lim P(X <o |V e (y—cy+e)

e—0t

provided that this limit exists. If it does exist, the conditional probability density function
of X given that Y = y is any non-negative function fxy(z | y) satisfying

Fxy(z|y) = /_xoo fxy(t]y)dt Vz € R.

Note:
For fixed y, fx)y(z | y) > 0 and / fxy(w | y)dz =1. So it is really a pdf. ]
—00

Theorem 4.1.11:
Let (X,Y) be a continuous 2-rv with joint pdf fxy. It holds that at every point (z,y) where f is

continuous and the marginal pdf fy (y) > 0, we have

. P(X<z,YE(y—eyte)
F = 1
Xy (2 | y) 30t P(Y €(y—ey+e)

y+e
26/ / fxy(u,v)dv du
y—

e—0+ y+€
i fy (v)dv

y—¢€

r fX,Y(uay)d
—00 fY(y)

U.

Thus, fx|y(z | y) exists and equals I Xfi(( ) ), provided that fy(y) > 0. Furthermore, since

| fxrtwwdu = ) Py ),

we get the following marginal cdf of X:

o) = [ ([ prtwpin)dy= [ fr)Fayio vy

76



Example 4.1.12:

Consider

2, O<z<y<l1

0, otherwise

fX,Y(xay) = {
We calculate the marginal pdf’s fx(z) and fy (y) first:

0 1
fx(x) :/ fx,y(x,y)dy:/ 2dy =2(1—xz) for0 <z < 1
—o0 x

and - y
v = [ fxv@pde= [T2ds =2y for0 <y <1
—00 0

The conditional pdf’s fy|x(y | ¥) and fx|y(z | y) are calculated as follows:

fxy(@,y) 2 1
fY\X(y|:E): (@) :2(1_x)zl_xforx<y<1(where0<x<1)
and frv(@) ) .
z,y
I $y=L:—:—for0<x<y where 0 <y <1
(@ 9) fy(y) 2y oy ( )

Thus, it holds that Y | X =z ~ U(z,1) and X | Y =y ~ U(0,y), i.e., both conditional pdf’s are

related to uniform distributions. [ ]

4.2 Independent Random Variables

Example 4.2.1: (from Rohatgi, page 119, Example 1)
Let f1, f2, f3 be 3 pdf’s with cdf’s F, Fy, F3 and let | a |[< 1. Define

fa(@1, w2, 23) = fi(21) f2(z2) f3(23) - (1 + (2F1(21) — 1) (2F2(z2) — 1) (2F3(z3) — 1)).

We can show

(i) fa is a pdffor all a € [-1,1].

(ii) {fa : =1 < a < 1} all have marginal pdf’s f1, f2, f3.

See book for proof and further discussion — but when do the marginal distributions uniquely

determine the joint distribution? [ |
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Definition 4.2.2:
Let Fxy(z,y) be the joint cdf and Fx(z) and Fy(y) be the marginal cdf’s of a 2-rv (X,Y).
X and Y are independent iff

Fxy(z,y) = Fx(2)Fy(y) V(z,y) € R

|
Lemma 4.2.3:
If X and Y are independent, a,b,c,d € IR, and ¢ < b and ¢ < d, then
Pla< X <bec<Y <d)=Pla<X <bP(c<Y <d).
Proof:
P(a <X <be<Y <L d) = FX,y(b, d) — Fx,y(a,d) — FX,y(b, C) + FX,Y(G,,C)
= Fx(b)Fy(d) — Fx(a)Fy(d) — Fx(b)Fy(c) + Fx(a)Fy(c)
= (Fx(b) — Fx(a))(Fy(d) — Fy(c))
= Pla< X <bhP(c<Y <d)
|
Definition 4.2.4:
A collection of rv’s X1,..., X,, with joint cdf Fx(z) and marginal cdf’s F,(z;) are mutually (or
completely) independent iff
n
FX(Q) = HFXz(xZ) Vz € IR".
i=1
|
Note:
We often simply say that the rv’s Xy,..., X, are independent when we really mean that they are
mutually independent. ]
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Theorem 4.2.5: Factorization Theorem
(i) A necessary and sufficient condition for discrete rv’s Xy,..., X, to be independent is that
PX=z)=P(Xi=x1,.... Xy =z,) = [[ P(X; =2;) VzeX

where X C IR" is the countable support of X.

(ii) For an absolutely continuous n—rv X = (X1,...,X,,), X1,..., X, are independent iff

n
f&(ﬁ) = fX1,---,Xn (xla s ,(I,‘n) = H in((IIZ'),
i=1
where fx is the joint pdf and fx,,..., fx, are the marginal pdfs of X.
Proof:

(i) Discrete case:

This is a generalization of Rohatgi, page 120, Theorem 1 to n-dimensional random vectors.
The Theorem is based on Lemma 4.2.3 (see also Rohatgi, page 120, Lemma 1) which gives
the cumulative probability of a completely bounded region in a two-dimensional support,
a < X <b, ¢c<Y <d. The extension of the Lemma to n-dimensional space gives the cumu-

lative probability in a completely bounded region in an n-dimensional support (hyperspace).

Let X be a random vector whose components are independent random variables of the discrete
type with P(X = b) > 0. Lemma 4.2.3 extends to:

llmP(Q<X§(_)) = lim P(a1<X1§b1, ag < Xg < bo, ...,an<Xn§bn)
atb a;th; Vie{l,...,n}

—  P(X1=bi, Xo=by, ..., Xn=bn)

= P(l = [_))

. n
indep: [ P(X; =b:)
im1

Before considering the converse factorization of the joint cdf of an n-rv, recall that indepen-

dence allows each value in the support of a component to combine with each of all possible
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combinations of the other component values: a 3-dimensional vector where the first compo-
nent has support {14, Z1p,Z1c}, the second component has support {24, 9y, z2.}, and the
third component has support {34, Z3p, Z3.}, has 3 X 3 X 3 = 27 points in its support. Due to
independence, all these vectors can be arranged into three sets: the first set having x1,, the
second set having x1p, and the third set having x;., with each set having 9 combinations of

z9 and 3.

= F(z1.,%2.,23.)
= P(X) = 214)F(z9.,23.) + P(X1 =x1)F(z2.,23.) + P(X1 = x1.)F(%2.,73.)
= F(z1.)F(z2.,z3.)
= F(x1.)[P(X2 = m9q)F(z3.) + P(X2 = zop)F(x3.) + P(X2 = z9.)F(23.)]
= F(z1.)[P(X2 = ®2,) + P(X2=1x9) + P(X2 = z2)]F(z3.)
= F(z1.)F(z9.)F(x3.)

More generally, for n dimensions, let z; = (21, Zi2,...,Zin), B = {z; : zj1 < 1, T <
T2, ..., Tin < Zn}, B € X. Then it holds:
Fx(z) = Z P(X =gz;)
z,€EB
= Y P(Xi; = zq, X3 = 39, ..., Xpn = Tin)
z,€EB
indep.
TN P(Xy = 2q)P(Xo = @i, - X = Tin)
z,€EB
= Z P(X1 :(I,‘Zl)P(XQ = Ti2y ey Xn :(I,‘m)
Ti1 < X1y ey Tin < Tn
= > P(Xy=u=zq) > P(Xy =xin, ... Xn=Tin)
zi1 < 71 Ziz < T2, ooy Tin < T
= Fx,(z) > P(Xy =9, ..., Xy = i)
Ti2 < T2, vy Tin < Tp
indep.
"= Fx(m) Y. P(Xo =) > P(X3 =mig, ..., Xn = Tin)
Tiz < T2 iz < T3y ooy Tin < Tp
= FXI((I,‘l)FX2(£E2) Z P(X3 = Tj3y oy Xn :xm)
Zi3 < T3, ooy Tin < Tn

= Fx,(r1)Fx,(z2)... Fx, (zy)
=1

(ii) Continuous case: Homework ]
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Theorem 4.2.6:
n
X1,..., X, are independent iff P(X; € A;, i =1,...,n) = HP(XZ- € A;) V Borel sets A; € B

i=1
(i.e., rv’s are independent iff all events involving these rv’s are independent).

Proof:

Lemma 4.2.3 and definition of Borel sets. [ ]

Theorem 4.2.7:
Let Xiy,...,X, be independent rv’s and gi,...,g, be Borel-measurable functions. @ Then

91(X1),92(X2),...,9n(X,) are independent.

Proof:

Fy(x1),9(X2),ng(Xn) (h15 B2y o ) = P(g(X1) < h1,9(X2) < hg,...,9(Xn) < hy)

(*) holds since g7 ' (=00, ] € B, ..., g, (—o0,hy] € B [ ]

Theorem 4.2.8:
If Xq,...,X, are independent, then also every subcollection X; ,...,X;, & = 2,...,n — 1,
1<i1 <ig... <1 <mn,is independent. [ ]

Definition 4.2.9:

A set (or a sequence) of rv’s { X, }°2, is independent iff every finite subcollection is independent. m

Note:
Recall that X and Y are identically distributed iff Fx (z) = Fy(z) Vx € IR according to Definition
2.2.5 and Theorem 2.2.6. |
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Definition 4.2.10:
We say that {X,,}°2, is a set (or a sequence) of independent identically distributed (iid) rv’s

if {X,,}92, is independent and all X,, are identically distributed. |
Note:
Recall that X and Y being identically distributed does not say that X =Y with probability 1. If
this happens, we say that X and Y are equivalent rv’s. [ |
Note:

We can also extend the defintion of independence to 2 random vectors X "XLand Y™ X and Y.
are independent iff Fx y (z,y) = Fx(z)Fy(y) Vz,y € R".

This does not mean that the components X; of X or the components Y; of Y are independent.
However, it does mean that each pair of components (X;,Y;) are independent, any subcollections
(Xiys-y X

i) and (Yj,,...,Y},) are independent, and any Borel-measurable functions f(X) and

g(Y)) are independent. .

Corollary 4.2.11: (to Factorization Theorem 4.2.5)
If X and Y are independent rv’s, then

Fxiy(z |y) = Fx(z) Vu,

and
Fyx(y | z) = Fy(y) Vy.

|
4.3 Functions of Random Vectors
Theorem 4.3.1:
If X and Y are rv’s on (Q, L, P) — IR, then
(i) X £Y isarv.
(i) XY isarv.
(iii) If {w: Y (w) = 0} = O, then 3= is a rv.
|
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Theorem 4.3.2:
Let X1,...,X, berv’son (2, L, P) — IR. Define

MAX, = max{X1,..., Xp} = X

by
MAX,(w) = max{X; (w),..., Xp(w)} YweQ
and
MIN, = min{Xy,..., X} = X1y = —max{—-X1,...,— X, }
by
MIN,(w) = min{X; (w), ..., Xp(w)} Yw e Q.
Then,

(i) MIN,, and M AX,, are rv’s.

(ii) If Xy,..., X, are independent, then
Fyax,(z) = P(IMAX, <z)=P(X;<zVi=1,...,n) = [[ Fx,(2)

and

Fuin, (2) = P(MIN, < 2) =1 - P(X; > zVi=1,...,n) =1 - [[(1 - Fx,()).
=1

(iii) If {X;}7, are iid rv’s with common cdf Fx, then
Fyax, (2) = Fx(2)
and
Fyin, (2) =1— (1= Fx(2))".
If Fx is absolutely continuous with pdf fx, then the pdfs of MAX,, and MIN,, are

fuax,(2) =n-FE'(2) - fx(2)

and
fain, () =n- (1= Fx(2))""" - fx(2)

for all continuity points of Fx.
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Note:

Using Theorem 4.3.2, it is easy to derive the joint cdf and pdf of M AX,, and MIN,, for iid rv’s
{X1,...,X,}. For example, if the X;’s are iid with cdf Fix and pdf fx, then the joint pdf of M AX,
and MIN, is

0, T <y
n(n—1)- (Fx(z) = Fx(y)"~* - fx(2)fx(y), z>y
However, note that M AX,, and MIN,, are not independent. See Rohatgi, page 129, Corollary, for

more details. m

fymax, miIn, (T,y) = {
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Note:

The previous transformations are special cases of the following Theorem:

Theorem 4.3.3:
If g : IR® — IR™ is a Borel-measurable function (i.e., VB € B™ : ¢~'(B) € B") and if X =

(X1,...,Xp) is an n—rv, then ¢(X) is an m-rv.

Proof:
If B € B™, then {w: g(X(w)) € B} ={w: X(w) € g (B)} € B". [ ]

Question: How do we handle more general transformations of X 7

Discrete Case:
Let X = (Xy,...,X,) be a discrete n—rv and X C IR" be the countable support of X, i.e.,
PXeX)=1land P(X =2) >0 Vz € X.

!

Define u; = gi(z1,...,2yn),7i = 1,...,n to be 1-to-1-mappings of X onto B. Let u = (uq,...,uy)".
Then

P(Q:ﬂ) :P(gl(l) =U1,---,gn(1) :un) :P(Xl :hl(ﬂ)a---aXn :hn(ﬂ)) Vu € B

where z; = hi(u),i = 1,...,n, is the inverse transformation (and P(U =u) =0 VYu ¢ B).

The joint marginal pmf of any subcollection of u;’s is now obtained by summing over the other

remaining u;’s.

85



Example 4.3.4:
Let X,Y be iid ~ Bin(n,p),0 < p < 1. Let U = j47 and V = Y + 1. Then X = UV and
Y =V — 1. So the joint pmf of U,V is

P(U =u,V = U) — (n >puv(1 _p)n—uv (U n >pv—1(1 _p)n-i-l—v

forve{l,2,...,n+ 1} and uv € {0,1,...,n}. [ ]

Continuous Case:

Let X = (Xy,...,X,) be a continuous n—rv with joint cdf Fx and joint pdf fx.

Let
Uy g1(X)

U=] : [=9X)= : ;
Un In (X)
i.e., U; = ¢g;(X), be a mapping from IR" into R".

If B € B", then
PU€B)=PXeg(B)= gf"'f Fx@dw = Ty Bf fx(z) ﬁd%

where ¢~'(B) = {z = (21,...,z,) € R" : g(z) € B}.

Suppose we define B as the half-infinite n—-dimensional interval
By ={(u},...,up): —oo <uj <u; Vi=1,...,n}
for any u € IR™. Then the joint cdf of U is

G) = P € B) = Plon(X) S oo oan(X) <) = 1) prwate),

If G happens to be absolutely continuous, the joint pdf of U will be given by fy(u) = %

at every continuity point of f.

Under certain conditions, we can write fy in terms of the original pdf fx of X as stated in the

next Theorem:
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Theorem 4.3.5: Multivariate Transformation

Let X = (Xy,...,X,) be a continuous n—rv with joint pdf fx.

(i) Let
U 91(X)
U= : =g(X) = : )
Un gn(X)
(i.e., U; = gi(X)) be a 1-to-1-mapping from IR" into IR", i.e., there exist inverses h;,
i = 1,...,n, such that z; = h;(u) = hi(u1,...,up),i = 1,...,n, over the range of the

transformation g.

(ii) Assume both g and h are continuous.

(iii) Assume partial derivatives gﬁ% = 32&@
i i

, 1,7 =1,...,n, exist and are continuous.

(iv) Assume that the Jacobian of the inverse transformation

Oz Oy
ou1 Tt Oun
Oz, ..., %) . .
vy I
1 , Un . .
ouq Tt Oun

is different from 0 for all » in the range of g.
Then the n—rv U = ¢g(X) has a joint absolutely continuous cdf with corresponding joint pdf

fulw) = J | fx(hi(w),- .., hn(u)).

Proof:
Let uw € IR"™ and

Then,

P s o) 7] )

The result follows from differentiation of Gy .

For additional steps of the proof see Rohatgi (page 135 and Theorem 17 on page 10) or a book on

multivariate calculus. []
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Theorem 4.3.6:
Let X = (Xy,...,X,) be a continuous n—rv with joint pdf fx.

(i) Let
U1 91(X)
U= |=9X)= :
Un 9n(X)
(i.e., U; = gi(X)) be a mapping from IR" into IR".

(ii) Let X = {z : fx(z) > 0} be the support of X.

(iii) Suppose that for each u € B = {u € R" : u = g(z) for some z € X} there is a finite number
k = k(u) of inverses.

(iv) Suppose we can partition X into Xy, Ap,. .., X s.t.
(a) P(X € &xp) =0.

(b) U = g(X) is a 1-to—1-mapping from A; onto B for all [ = 1,...,k, with inverse trans-

hir (w)
formation hj(u) = : ,u € B, i.e., for each u € B, hj(u) is the unique z € X;
hln(ﬂ)
such that u = g(z).
(v) Assume partial derivatives g;’j; = 8’3;5@, l=1,...,k, 4,5 =1,...,n, exist and are continuous.

(vi) Assume the Jacobian of each of the inverse transformations

oz ox) Ohyy Ohpy
our """ Oup ouy Tt Oup
Jl: = ) lzla"'aka
Oy 0Ty, Ohyy, Ohp
our """ Oup ouy Tt Oup

is different from 0 for all u in the range of g.

Then the joint pdf of U is given by

k
fo) => 1 Ji| fx(hn(w), - hin(w)).
=1

88



Example 4.3.7:
Let X,Y beiid ~ N(0,1). Define

X, Y#0
U=qg(X,Y)=< Y’
91X, Y) {0, Y =0

and
V=g(X,Y)=|Y]|.

X = IR?, but U,V are not 1-to-1 mappings since (U, V)(z,y) = (U, V)(—=, —y), i.e., conditions do
not apply for the use of Theorem 4.3.5. Let

X = {(z,y):y=0}
X = {(z,y):y >0}
Xo = {(z,y) :y <0}

Then P((X,Y) € &p) = 0.

Let B = {(u,v) : v > 0} = g(X1) = g(X2).

Inverses:
B—= X :x = h(u,v)=uv
= hia(u,v) = v
B — XZ L = hZI(U’U) = —Uuv
y = ha(u,v) =—v
VU
J1 = = |J1| =|v
L= [0 Y=l
—v —u
Jp = = |Ja| =|v
> ‘ N R
1 —z2/2 —y%/2
fxy(zy) = ——e @ /%Y
27
fUV('UqU) — | v | ie—(uv)Q/Ze—u2/2+ | v | ie_(_uv)2/2e_(_v)2/2
’ 27 "’
v e
= —e 2 , —oo<u<oo 0O0<wv<oo
s
Marginal:
fot) = [Tl | a2 DT A,
u U = — = U v
v o 2 T dv

0
—
/0 u2+1 z
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1 N
~ ',
1

- —— —, —co<u<
(1 + u?) oSS

Thus, the quotient of two iid N(0,1) rv’s is a rv that has a Cauchy distribution.
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Scribe: Jurgen Symanzik, Hanadi B. Eltahir

4.4 Order Statistics

Definition 4.4.1:

Let (X1,...,Xp) be an n—rv. The k" order statistic X(;) is the k' smallest of the X]s, i.e.,

X(l) = min{Xl, . ,Xn}, X(Q) = min{{Xl, . ,Xn} - X(l)}, ceey X(n) = maX{Xl, . ,Xn}. It is

Xy < Xy < ... < Xy and {X(1), X(2),- -+, X(n)} i8 the set of order statistics for (Xi,...,Xp).
|

Note:
As shown in Theorem 4.3.2, X(;) and X(,) are rv’s. This result will be extended in the following

Theorem:

Theorem 4.4.2:
Let (X1,...,X,) be an n-rv. Then the k' order statistic Xy, k=1,...,n,is also an rv. [

Theorem 4.4.3:
Let Xi,..., X, be continuous iid rv’s with pdf fx. The joint pdf of X(y),..., X(, is

fX(l),...,X(n)(xlﬂ“‘7‘,1;77,) = =1
0, otherwise

Proof:
For the case n = 3, look at the following scenario how X, X5, and X3 can be possibly ordered to

yield X () < X(2) < X(3). Columns represent X (), X(9), and X 3). Rows represent X, X7, and X3:

0 0

X1 < X2 < X3 1
0 0 1
0 0

X1 < X3 < Xy 0
010
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010

Xo< X1 <Xz : |1 00
0

0 01

Xo<X3< Xy : |1 00
0

0

X3 < X1 < X2 : 0 0 1

0

0
X3 < Xo< X7 01 0
1 00
For n = 3, there are 3! = 6 possible arrangements. In general, there are n! arrangements of

Xi,..., Xy for each (X(y),..., X(,)). This mapping is not 1-to-1. For each mapping, we have a
n X n matrix J that results from an n x n identity matrix through the rearrangement or rows.
Therefore, | J |= 1. By Theorem 4.3.6, we get

XXy @)s - T@m) = X0 X0 (B Tk - -0 Tlkn))

= nl H Ix; (x(ki))
i=1

= n!l:Ile(l“z')

|
Theorem 4.4.4: Let Xy, ..., X, be continuous iid rv’s with pdf fx and cdf Fx. Then the following
holds:
(i) The marginal pdf of X4y, k=1,...,n, is

n!

(k- D)i(n — k)

fxg () = (Fx (@) (L = Fx(2))" " fx(2).

(ii) The joint pdf of X(;) and X(3), 1 <j <k <mn,is

n!
Pxiyxo @) = GG =~ i =

(Fx (z)) " (Fx (z1) — Fx ()" 771 (1 = Fx (xx)" " fx (2;) fx (zx)

if z; <z}, and 0 otherwise.
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4.5 Multivariate Expectation

In this section, we assume that X = (Xi,...,X,) is an n—rv and ¢ :

measurable function.

Definition 4.5.1:

If n =1, i.e., g is univariate, we define the following:

(i) Let X be discrete with joint pmf p; ;. = P(X1 = z;,

R" — IR™ is a Borel-

Z Dityosin' | 9(@irs- -, 25,) |< 00, we define E(g Z Dityoosin * 9(Tiys .. zi,) and
L1 5eensln 11 5eensln
this value exists.
(ii) Let X be continuous with joint pdf fx(z). If/ ) | fx(z) dz < oo, we define
E(g(X)) = / g(z) fx (z)dz and this value exists.
|

Note:

The above can be extended to vector—valued functions g (n > 1) in the obvious way. For example,

if g is the identity mapping from IR" — IR", then
BE(Xy) p1
E(Xy,) Hn

provided that E(| X; |) <oo Vi=1,...,n

Similarly, provided that all expectations exist, we get for the variance—covariance matrix:

Var(X) =Ex = BE(X — B(X)) (X — B(X))")
with (4, 7)"" component

E((Xi - E(X3)) (Xj — BE(X;))) = Cov(Xi, Xj)

and with (i,7)"* component

E((X; — B(X))) (Xi — E(X;))) = Var(X;) = of.

)

Joint higher—-order moments can be defined similarly when needed.
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Note:
We are often interested in (weighted) sums of rv’s or products of rv’s and their expectations. This

will be addressed in the next two Theorems:

Theorem 4.5.2:

n
Let X;,i =1,...,n, be rv’s such that E(| X; |) < oo. Let ay,...,a, € IR and define S = ZaiXi.
i=1
Then it holds that E(| S|) < oo and

E(S) =) aE(X;).
im1

Proof:

Continuous case only:

BIS) = [ 13 e fx@dz
=1

< [ Slail il fxla)i
L
n

= Z | a; | / | €Iy | (/ f&(g)diﬁl . .d(L‘i_ld(I)i+1 . de‘n> de‘i
i=1 R R
n

= > lail / | zi | fxi (%) de;
i=1 R
n

= Y lal B(X:))
i=1

< 00

n

It follows that E(S) = Z a; E(X;) by the same argument without using the absolute values |  |.

=1

| |

Note:

If X;,i=1,...,n, are iid with E(X;) = p, then

E(X)=E(=)_X;) =) —-BE(X;)=p.
n 4 ‘—
=1 =1

| |
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Lecture 30: Monday 11/8/1999

Scribe: Jirgen Symanzik, Bill Morphet

Theorem 4.5.3:
Let X;,i = 1,...,n, be independent rv’s such that E(] X; |) < oo. Let g;,i = 1,...,n, be Borel-

measurable functions. Then
n

E([] 9:(X2)) = [ E(i(X3))
i—1

i=1
if all expectations exist.

Proof:

By Theorem 4.2.5, fx(z H fx,(zi), and by Theorem 4.2.7, ¢;(X;),7 = 1,...,n, are also inde-

i=1
pendent. Therefore,

E(i:ngz-(xz-)) = JuIlaGoise

n
/anz $7, fX i) de)
lel

n

B /R /IR ggl(xl)zzﬁf&(xz)zﬁld@

Th. 4.2.7

/R g1 (51) fx, (1) /R g(52) fx, (92)ds . /R G (0) fx, ()
= Z_Hl/mgi(xi)fxi (wi)dz;

n

= H E(gz(Xz
=1

Corollary 4.5.4:
If X,Y are independent, then Cov(X,Y) = 0. [

Theorem 4.5.5:
Two rv’s X,Y are independent iff for all pairs of Borel-measurable functions g; and g9 it holds
that E(g1(X) - g2(Y)) = E(g1(X)) - E(g92(Y)) if all expectations exist.

Proof:
“=—=": It follows from Theorem 4.5.3 and the independence of X and Y that

E(g1(X)g2(Y)) = E(91(X)) - E(g2(Y)).
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“<=": From Theorem 4.2.6, we know that X and Y are independent iff P(X € A;, Y € Ay) =
P(X € A)) P(Y € Ay) V Borel sets A; and A,.

How do we relate Theorem 4.2.6 to ¢g; and ¢g2?7 Let us define two Borel-measurable functions ¢;

and g as:
1, z€ A
= I =
91(@) (@) { 0, otherwise
17 Y€ A2
= I =
92(y) 2:(y) { 0, otherwise
Then,
E(g(X)) = 0-P(XeA))+1-P(Xe€A)=P(X € A),
E(g2(Y)) = 0-P(Y€A5)+1-P(Y € Ay) = P(Y € Ag)
and

E(gl(X)gg(Y)) =S P(XEAI,YEAZ).
— P(X € 41, € Ay) = Ber (X) - 92(¥)) "2" B(gr(X)) - Blga(Y)) = P(X € A)P(Y € Ay)
:>P(XEA1,YEA2) :P(XEAI) P(YEAQ)

= X, Y independent by Theorem 4.2.6. [ |

Definition 4.5.6:
The (i{*,44,...,i") multi-way moment of X = (X1,..., X,,) is defined as

Miyin.in = E(XilX§2 . X;'L")
if it exists.

The (it it ... it") multi-way central moment of X = (X1,...,X,,) is defined as

ivioin = B(L[(X; — E(X;)")
j=1

if it exists. []

Note:
If we set i, = i; =1 and i; =0 Vj # r, s in Definition 4.5.6, we get

1 0.0 = Hrs= CovlXn X).
1

S
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Theorem 4.5.7: Cauchy—Schwarz—Inequality
Let X,Y be 2 rv’s with finite variance. Then it holds:
(i) Cov(X,Y) exists.
(i) (B(XY))? < B(X?)E(Y?).
(iii) (E(XY))? = E(X?)E(Y?) iff there exists an (a,3) € IR? — {(0,0)} such that
PlaX + Y =0) =1.
Proof:
Assumptions: Var(X), Var(Y) < co. Then also E(X?), E(X), E(Y?), E(Y) < cc.
Result used in proof:
0<(a—0b)?%=a?—2ab+b = ab< #
0<(a+b)?=a?+2ab+b> = —ab< #

—lab| < VabeR (¥

BUXY D) = [ Loy fxr(@yde dy

(%) 172 + 2
< / Y fxy(z,y)dz dy
R 2

72
/Rz 5 —fxy(z,y)de dy+/ Xy(:E y)dy dx

= / X ( d$+/—fY

E(X?) + E(Y?)
2

= E(XY) exists
= Cov(X,Y) = E(XY)— E(X)E(Y) exists
(i) 0 < E((aX + BY)?) = a?E(X?) + 2aBE(XY) + BPE(Y* ) Va,B€ R (A)

If E(X?) =0, then X has a degenerate 1-point Dirac distribution and the inequality trivially
is true. Therefore, we can assume that E(X?2) > 0. As (A) is true for all o, 8 € IR, we can

XY
choose a = , B=1.
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E(XY))? E(XY))?
— ( E((Xz))) _ 2( E((Xz))) + E(YZ) Z 0

= —(E(XY))?+ E(Y?)E(X?) >0

= (E(XY))? < E(X?) BE(Y?)

(iii) When are the left and right sides of the inequality in (ii) equal?
Assume that E(X?2) > 0. (E(XY))? = E(X?)E(Y?) holds iff E((aX + 8Y)?) = 0. This can
only happen if P(aX + Y =0) = 1.

Otherwise, if P(aX + Y =0) = P(Y = —§X) = 1 for some (o, ) € R* —{(0,0)}, ie., ¥

is linearly dependent on X with probability 1, this implies:

—aX
(BOXY))? = (B —22))° = (5)P(BX3)? = BCP) (G B() = B BY?)
]
4.6 Multivariate Generating Functions
Definition 4.6.1:
Let X = (X1,...,X,) be an n-rv. We define the multivariate moment generating function

(mmgf) of X as

Mx(t) = E(efX) = E(exp (i tiXZ->)
=1

n
if this expectation exists for | ¢ |= th < h for some h > 0. ]
\ i=1

Definition 4.6.2:
Let X = (X1,...,Xy) be an n—rv. We define the n—dimensional characteristic function
oy :R" = Cof X as

Dy (t) = E(e*X) = E(exp (Z an thj> ).
j=1

|
Note:
(i) ®x(t) exists for any real-valued n-—rv.
(ii) If Mx (t) exists, then ®x(t) = Mx (it).
|
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Theorem 4.6.3:

(i) If Mx(t) exists, it is unique and uniquely determines the joint distribution of X. ®x(t) is

also unique and uniquely determines the joint distribution of X.

(ii) Mx(t) (if it exists) and ®x(¢) uniquely determine all marginal distributions of X, i.e.,
M, (ti) = Mx(0,;,0) and and @x;, (t;) = ®x(0,,0).

3

(iii) Joint moments of all orders (if they exist) can be obtained as

My iy, = wa(t) = E(XilX;2 X))
1.-in atzll at122 Lot T t=0 n

if the mmgf exists and

1 ai1+i2+...+in

— i1 yi2 in
ji1tia+.tin at? 375%2 ..ot ox(0) = B(Xy' Xy ... Xy).

mi..i, =
(iv) Xy,...,X, are independent rv’s iff
Mi(tla R ,tn) = Mi(tl,Q) : MX(O,tZ,Q) e MX(Q,tn) Viti,...,th € IR,
given that Mx () exists.

Similarly, X1, ..., X,, are independent rv’s iff

Qﬁ(tlaatn) :@K(tlag) @K(Oat%g) q)ﬁ(gatn) thaatn € R.

Proof:
Rohatgi, page 162: Theorem 7, Corollary, Theorem 8, and Theorem 9 (for mmgf and the case
n =2). ]

Theorem 4.6.4:
Let Xi,..., X, be independent rv’s.

n
(i) If mgf’s Mx,(t),...,Mx, (t) exist, then the mgf of ¥ = Z a; X; is
=1

n
My (t) = [] Mx; (a;t)
i=1
on the common interval where all individual mgf’s exist.

n
(ii) The characteristic function of Y = Z a; X; is
j=1

(I)y(t) = ﬁ (I)Xj (ajt)
j=1
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(iii) If mgf’s Mx, (t),..., Mx, (t) exist, then the mmgf of X is
Mx(t) = I] Mx, (t:)
i=1

on the common interval where all individual mgf’s exist.

(iv) The n—dimensional characteristic function of X is
n
ex(t) = [] ®x, ().
i=1

Proof:

Homework (parts (ii) and (iv) only)
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Lecture 31: Wednesday 11/10/1999

Scribe: Jiirgen Symanzik, Rich Madsen

Theorem 4.6.5:
Let X1,..., X, beindependent discrete rv’s on the non-negative integers with pgf’s Gx, (s), ..., Gx, (s).

n
The pgfof Y = ZXl is
i=1

Gy(s) = H GXi(S)-
=1

Proof:
Version 1:
Gx,(s) = BE(s™)
Gy(s) = E(s")
= B(sZin )
indep L
=" HE(le)
i=1
= HGXi(S)
i=1
Version 2: (case n = 2 only)
Gy(s) = PY=0+PY=1s+PY =2)s*+...

= PX;=0,Xy=0)+
(P(X;=1,X2=0)+P(X; =0,Xy =1)) s +
(P(X; =2,X2=0)+P(X; =1,X,=1) + P(X; =0, X5 =2)) s* + ...

nder- p(X, = 0)P(Xs = 0) +
(P(X1 = 1)P(Xy = 0) + P(X; = 0)P(Xs = 1)) s +
(P(X, = 2)P(Xs = 0) + P(X; = )P(Xy = 1) + P(X) = 0)P(Xs = 2)) s + ...

- (p(X1 =0)+ P(X; =1)s + P(X; =2)s* + ...

N——

(P(X2 =0)+P(Xo=1)s + P(Xy = 2)s* + .. )
= GXI(S) ' GXQ(S)
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A generalized proof for n > 3 needs to be done by induction on n. [ |

Theorem 4.6.6:
Let Xi,..., Xy be iid discrete rv’s on the non—negative integers with common pgf Gx(s). Let N
be a discrete rv on the non-negative integers with pgf Gx(s). Let N be independent of the X;’s.

N
Define Sy = ZXZ" The pgf of Sy is

=1
Gsy(s) = Gn(Gx(s)).
Proof:
P(Sy=k) = iP(SN = kN =n)-P(N =n)
n=0
= Gsy(s) = i iP(SN = kN =n)-P(N =n)-s*
k=0 n=0

= iP(N = n)ij(SN — BN =n) - s*
n=0 k=0

= iP(N = n)ip(sn =Fk)- s
n=0 k=0

n

= Y P(N=n)) PO Xi=k)-s"
n=0 k=0

=1

Th.4.6.5 ZP(N — n)HGXZ(S)
n=0 =1

ud > P(N =n)-(Gx(s)"
n=0

—  Gn(Gx(s))

Example 4.6.7:

Starting with a single cell at time 0, after one time unit there is probability p that the cell will have
split (2 cells), probability ¢ that it will survive without splitting (1 cell), and probability r that it
will have died (0 cells). It holds that p,q,r > 0 and p+ ¢+ = 1. Any surviving cells have the
same probabilities of splitting or dying. What is the pgf for the # of cells at time 27

Gx(s) = Gn(s)=ps’+qs+r
Gsy(s) = pps® +ps+r)’+qps® +ps+r)+r
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Theorem 4.6.8:

Let Xi,..., Xy be iid rv’s with common mgf Mx (¢). Let N be a discrete rv on the non—negative
N

integers with mgf My (t). Let N be independent of the X;’s. Define Sy = ZXl The mgf of Sy
i=1

is
Mg, (t) = My (In Mx(t)).
Proof:
Consider the case that the X;’s are non—negative integers:
We know that
Gx(S) = E(SY)=E("5") = BEe™9¥) = Mx(InS)
— Mx(S) = GX(eS)
= Ms, (1) = Gsy(e) "= Gr(Gx(e") = G (Mx (1)) = My (In M (1))

In the general case, i.e., if the Xs are not non—negative integers, we need results from Section 4.7

(conditional expectation) to proof this Theorem. ]
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Lecture 32: Friday 11/12/1999

Scribe: Jurgen Symanzik, Hanadi B. Eltahir

4.7 Conditional Expectation

In Section 4.1, we established that the conditional pmf of X given Y = y; (for Py (y;) > 0) is a

pmf. For continuous rv’s X and Y, when fy(y) >0, fxy(z |y) = fXJ;’Y/((Z)’y), and fxy and fy are

continuous, then fx|y(z | y) is a pdf and it is the conditional pdf of X given Y = y.

Definition 4.7.1:

Let X,Y berv’son (2, L, P). Let h be a Borel-measurable function. Assume that E(h(X)) exists.
Then the conditional expectation of h(X) given Y, i.e., E(h(X) | Y), is a rv that takes the
value E(h(X) | y). It is defined as

Y h(x)P(X =z |Y =y), if (X,Y) is discrete and P(Y =y) >0
B0x) 1y ={ "

/ h(z) fxy (2 | y)dz, if (X,Y) is continuous and fy(y) > 0

Note:

(i) The rv E(h(X) |Y) =g(Y) is a function of Y as a rv.
(ii) The usual properties of expectations apply to the conditional expectation:

(a) E(c|Y)=c Vece R.
(b) E(aX +b|Y)=aE(X|Y)+b Va,be R.

(c) If g1, 92 are Borel-measurable functions and if E(g; (X)), E(g2(X)) exist, then
E(a191(X) 4+ a292(X) | Y) = a1 E(1(X) | Y) + a2E(92(X) | Y) Vay,a2 € R.

(d) If X >0 then E(X | Y) > 0.
(e) If X1 Z X2 then E(X1 | Y) Z E(X2 | Y)

(iii) Moments are defined in the usual way. If E(] X |") < oo, then E(X" | Y) exists and is the

rth conditional moment of X given Y.
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Example 4.7.2:

Recall Example 4.1.12:
2, O<z<y<l1

0, otherwise

fxy(z,y) = {

The conditional pdf’s fy|x(y | #) and fx|y(z | y) have been calculated as:

1
fY|X(?J|I13)=1 for z <y <1 (where 0 < z < 1)

—z
and .
fxpy(r]y)=—for 0 <z <y (where 0 <y <1).
Yy
So, y
z Y
E(X :/ —dr = =
()= [ Lde =
and

91

L1 1y
BY 9= [ 1 ydy= 2

_11—a2? 1+z
l—z 2 )

21—z 2

x

Therefore, we get the rv’s E(X |Y) = ¥ and E(Y | X) = 2.

Theorem 4.7.3:
If E(h(X)) exists, then
By (Expy (h(X) | Y)) = E(h(X)).

Proof:

Continuous case only:

By (EG(X) |Y) = [~ Bh@) | 9)fv )y

— 00

- /00 /O:O hz)fxy (@ | y)fy (y)dody

— 00

— /_0:0 h(x) /_O:o fxy (2, y)dyda

= [ b ix(e)ds

—0o0

= E(h(X))

Theorem 4.7.4:
If E(X?) exists, then

Vary (E(X |Y)) + Ey(Var(X |Y)) = Var(X).
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Proof:
Vary(E(X | Y)) + By (Var(X |Y)) = By((E(X |Y))?) - (By(E(X | Y)))?
+ By (B(X?|Y) - (B(X | Y))?)
= Ey((BE(X |Y))) - (BE(X))’ + B(X?) - By (E(X | Y))?)
= B(X?) - (BE(X))?

= Var(X)

Note:
If E(X?) exists, then Var(X) > Vary(E(X | Y)). Var(X) = Vary (E(X | Y)) iff X = g(Y). The
inequality directly follows from Theorem 4.7.4.

For equality, it is necessary that Ey (Var(X |Y)) = Ey((X — E(X | Y))? | Y) = 0 which holds if
X = B(X | Y) = g(¥).

If X,Y are independent, Fx|y(z | y) = Fx(z) Vo. Thus, if E(h(X)) exists, then E(h(X) | V) =
E(h(X)). |

4.8 Inequalities and Identities

Lemma 4.8.1:
Let a,b be positive numbers and p, ¢ > 1 such that % + % =1(ie,pg=p+qand qg= Z%). Then
it holds that

1 1
—aP +-b? > ab
p q

with equality iff a? = b9.

Proof:
Fix b. Let
1 1
gla) = —a?+-b7—ab
p q
—=g'(a) = a ' =b =0
—=b = o}
—pl = PDa_ gp
g"(a) = (p-1)a"?>0



Since g"(a) > 0, this is really a minimum. The minimum value is obtained for b = a?~! and it is

1 1 1 1 1 1
—al + —(a?™ 1) —aa?™' = —a? + —a? —a? = aP (= + - —1) = 0.
p q p q p q

Since ¢”(a) > 0, the minimum is unique and g(a) > 0. Therefore g(a) + ab = %ap + %bq >ab. =

Theorem 4.8.2: Holders Inequality
Let X,Y be 2 rv’s. Let p,q > 1 such that 1—17 + % =1 (ie, pg=p+qand q= p%l). Then it holds
that

(| XY |) < (B(| X ") (B(| Y |)s.

Proof:
In Lemma 4.8.1, let a = % and b = %
(E(XP)? (E(Y]9)9
|Y]? (XY

Lemma 4.8.1 1 |X|P 1
mae e 1 1 >
PE(XP) T BV =

(B(X|P)) P (B(Y|7)7

Taking expectations on both sides of this inequality, we get

1= % +% > E(\lXY|) .
(E(X[P)P(EY]7)
The result follows immediately when multiplying both sides with (E(| X |p))%(E(| Y |q))$ [ ]
Note:
Note that Theorem 4.5.7 (ii) (Cauchy-Schwarz-Inequality) is a special case of Theorem 4.8.2 with
p=q=2 n
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Lecture 33: Monday 11/15/1999

Scribe: Jirgen Symanzik, Bill Morphet

Theorem 4.8.3: Minkowski’s Inequality
Let X,Y be 2 rv’s. Then it holds for 1 < p < oo that

(B(| X +Y )7 < (E(| X [P))7 + (E( Y )7

Proof:

E(|X+Y P = E(|X4+Y|-|X+Y P

IN

E(| X |+]Y D [X+Y P

= B(X||X+Y P + B(Y|-|X+Y P

Th.4.8.2 1 1
(BE(XP)7-(B((X + Y [P hH))e

IN

H(EQY )7 (BC(IX + Y POT))e (4)
2 ((BAXP))r+(B(YP))?) - (B(X + Y[ ))s

Divide the left and right side of this inequality by (E(] X +Y |p))%

1

The result on the left side is (E(] X +Y |”))17% = (E(] X +Y |P))r, and the result on the right
1 1
sideis ( E(| X |P) )» + ( E(| Y |P) )». Therefore, Theorem 4.8.3 holds.

In (A), we define ¢ = £-. Therefore, £ + 1 =1 and (p — 1)g =p.
p—1 P q

%) holds since 1 4+ 1 =1, a condition to meet Holder’s Inequality. [ |
p g

Definition 4.8.4:

A function g(z) is convex if

g Az + (1 =Ny) < Ag(z)+ (1 —N)g(y) Ve,y e R YO< < 1.

Note:

(i) Geometrically, a convex function falls above all of its tangent lines. Also, a connecting line
between any pairs of points (z,g(z)) and (y,g(y)) in the 2—dimensional plane always falls

above the curve.
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(ii) A function g(z) is concave iff —g(z) is convex.

Theorem 4.8.5: Jensen’s Inequality

Let X be a rv. If g(x) is a convex function, then
E(g(X)) > 9(BE(X))

given that both expectations exist.

Proof:
Construct a tangent line [(x) to g(z) at the (constant) point zp = E(X):

[(x) = ax + b for some a,b € IR

The function g(z) is a convex function and falls above the tangent line [(z)
= g(z) > ax+b Vz e R
— B(g(X)) > B(aX +b) = aB(X) + b = [(B(X)) "% (B(X))
Therefore, Theorem 4.8.5 holds. [ |

Note:

Typical convex functions g are:

() gi(@) =[z]| = E(X])=]EX)]

(i) g2(z) =22 = E(X?)>(E(X))? = Var(X)>0.
(iii) g3(z) = L forz >0,p>0 = E(55)> W for p=1: E(%)Zﬁ
(iv) Other convex functions are z? for z > 0,p > 1; 6% for § > 1; —In(z) for z > 0; etc.
(v) Recall that if g is convex and differentiable, then ¢"(z) > 0 Vaz.

(vi) If the function g is concave, the direction of the inequality in Jensen’s Inequality is reversed,
ie., B(g(X)) < g(B(X)).

Example 4.8.6:

Given the real numbers aq,a9,...,a, > 0, we define

1
arithmetic mean : as=—(a1+a2+...+ay) = Z“l
n
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noo\w
. 1
geometric mean : ag = (a1-ag:... ap)r = (H ai>

harmonic mean : ag = - =
 ( )

Let X be a rv that takes values a1, a9,...,a, > 0 with probability % each.

(i) aa > ag:

£
Q
=
I
—
=
7N
S|
\'M:
£
N——

&
Mi

(X

I
—
=]

In concave

=
E
'

S|
=4
s

|

-
Il
_

£
N

-
Il
_

_
E

== =
B B

Si—= 3
Mi

I
f—
=
—~
—~
—=
e
<)
~
S|=
~

=1
= In(ag)
Taking the anti-log of both sides gives a4 > aq.
(ii) aA Z am:
1 B 1
as N I
3
i=1
B 1
B E(X)
1/X convex 1
< BE(%)
_ st
i1 n a;
B 1 /1 1 1 >
- n aq a9 Qg
1

Inverting both sides gives a4 > ap.
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(iii) ag > ag:

—In(ag) = In(ay")

In concave 1

i=1
= —1Inag

Multiplying both sides with —1 gives Inag < Inag. Then taking the anti-log of both sides
gives ag < ag.

In summary, ag < ag < aa. Note that it would have been sufficient to prove steps (i) and (iii)
only to establish this result. However, step (ii) has been included to provide another example how

to apply Theorem 4.8.5. [ |

Theorem 4.8.7: Covariance Inequality

Let X be a rv with finite mean p.

(i) If g(z) is non—decreasing, then
E(g(X)(X —p)) 20

if this expectation exists.
(ii) If g(z) is non—decreasing and h(z) is non—increasing, then
E(9(X)h(X)) < E(9(X))E(h(X))

if all expectations exist.

111



(iii) If g(z) and h(z) are both non—decreasing or if g(z) and h(z) are both non—increasing, then
E(9(X)h(X)) > E(9(X))E(h(X))
if all expectations exist.

Proof:

Homework -
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Stat 6710 Mathematical Statistics I Fall Semester 1999

Lecture 34: Wednesday 11/17/1999

Scribe: Jiirgen Symanzik, Rich Madsen

5 Particular Distributions

5.1 Multivariate Normal Distributions

Definition 5.1.1:
A rv X has a (univariate) Normal distribution, i.e., X ~ N(p,0?) with z € IR and o > 0, iff
it has the pdf

L s’
T) = e 202 .
o = e
X has a standard Normal distribution iff x = 0 and 0% = 1, i.e., X ~ N(0,1). [ |
Note:
If X ~ N(u,0?), then E(X) = p and Var(X) = o2 If X1 ~ N(u1,0?), Xo ~ N(pu2,03) and
c1,¢2 € R, then Y = ¢; X + coXo ~ N(c1u1 + capia, 202 + c303). ]

Definition 5.1.2:
A 2-rv (X,Y) has a bivariate Normal distribution iff there exist constants a11, a2, as1, oo, i1, 2 €
IR and iid N(0,1) rv’s Z; and Z3 such that

X =p1+anZy +aeda, Y = po+anZy + axps.

X Z
AZ(an a12>,’u:<,u1>’1:( ),Z:< 1>,
a1 a2 - w2 Y Zy

then we can write

If we define

Note:

E(X) = U1 + anE(Zl) + algE(ZQ) = M1 and E(Y) = K2 + aglE(Zl) + (ZQQE(ZQ) = l2. The
marginal distributions are X ~ N (u1,a?; +a?y) and Y ~ N(uz,a3; + a3,). Thus, X and Y have
(univariate) Normal marginal densities or degenerate marginal densities (which correspond to Dirac

distributions) if a;; = a2 = 0. [ |
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Theorem 5.1.3:

Define g : R?> = R? as g(z) = Cz+d. If X is a bivariate Normal rv, then g(X) also is a bivariate

Normal rv.
Proof:
g(X) = CX+d
= C(AZ+p)+d
= (CA) Z+ (Cu+d)
S~—— —
another matrix another vector
Note:

poioy = Cov(X,Y)

COU(a11Z1 + a12Z2, a21Z1 + a22Z2)

AZ + ft  which represents another bivariate Normal distribution

ar1a21Cov(Zy, Z1) + (ar11a22 + a12a21)Cov(Z1, Zs) + arpa22Cov(Za, Zs)

ai1a21 + a12a92

since Z1, Zy are iid N(0,1) rv’s.

Definition 5.1.4:

The variance—covariance matrix of (X,Y) is

a1l a2

EzAA'z(

a1 a22

Theorem 5.1.5:

)

a1 a1

)=

a2  a22

2 2
aiy + afy

a11a21 + a12022

Q11021 + @12622

2 2
a1 + agy

)

|
2
i 01 pPo102
o 2
pPoO102 g5
|

Assume that oy > 0,02 > 0 and | p [< 1. Then the joint pdf of X = (X,Y) = AZ + p1 (as defined

in Definition 5.1.2) is

1

1

— 1)

- _ - _ 12—1
fale) = gmew (—5a-wS
1 1
= exp | —
2mo109y/ 1 — p? P 2(1 —p?)
Proof:

The mapping Z — X is 1-to—1:

X

AZ +p

((w ;lm
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=Z = AN X -p) (requirement is that A is invertible.)
1

J — |A71| - m

Al = 142 = 4] 1AT| = \/|44T| = \/IS] = \Jot0} — p2otod = q102y/1 — 2

We can use this result to get to the second line of the theorem:

fg(&) = \/%6_?\/%6_?

fx(z)

—~

*

=

This proves the 15% line of the Theorem. Step (*) holds since
(A—I)TA—I _ (AT)—IA—I _ (AAT)—I _ 2—1.

The second line of the Theorem is based on the following transformations:

IX| = o102y/1 — p?
51— L.( —pm)
%]\ —poioy of
1 —p
_ oi(1-p?)  o102(1-p?)
- —p 1
o102(1-p?)  o3(1—p?)

=i = e L () (5 (2 - (5))

Note:
In the situation of Theorem 5.1.5, we say that (X,Y) ~ N(u1,pa,0%,03,p). [

Theorem 5.1.6:
If (X,Y) has a non-degenerate N (u1,u2,07,0%,p) distribution, then the conditional distribution
of X given Y =y is

o1

N +p -y - p2), o1 (1 = p?)).
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Proof:

Homework []

Example 5.1.7:
Let rv’s (X1,Y7) be N(0,0,1,1,0) with pdf f;(z,y) and (X2,Y3) be N(0,0,1,1, p) with pdf fo(z,y).
Let (X,Y) be the rv that corresponds to the pdf

P () = 5 aly) + 5 Falry).

(X,Y) is a bivariate Normal rv iff p = 0. However, the marginal distributions of X and Y are

always N (0, 1) distributions. See also Rohatgi, page 229, Remark 2. [
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Lecture 35: Friday 11/19/1999

Scribe: Jirgen Symanzik, Bill Morphet

Theorem 5.1.8:
The mgf Mx (t) of a bivariate Normal rv X = (X,Y) is

DN =

1
Mx (t) = Mx,y (t1,t2) = exp(p't + 5t'5t) = exp (mh + pata + 5(0% + o3ty + 200102t1t2)> :

Proof:
The mgf of a univariate Normal v X ~ N(u,0?) will be used to develop the mgf of a bivariate
Normal rv X = (X,Y):

Mx(t) = E(exp(tX))

00 1 1 )
= / exp(tx)m exp <—T‘2(x — 1) > dx

= /oo ! exp <—%[—202t$ + (z —u)2]> dx

0 1 1
= / exp <—ﬁ[—202t$ + (2% —2uz + ,u2)]> dz

o0 1
= / exp <—ﬁ[$2—2(,u + o*t)x + (p+to?)? — (p+to?)? + ,u2]> dx

1 o0 1 1
= exp (—ﬁ[—(,u +to?)? + u2]> /ﬂo — exp <_F[$ — (e + t02)]2> dx

v

~~

pdf of N(u + to?,0?), that integrates to 1

1
—m[—ﬂ? — 2/1;t0'2 — tZOA + /112]>

I

@

»

T
/N

Bivariate Normal mgf:

Mxy(ti,t2) = / / exp(tiz + t2y) fxy(z,y) dr dy
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b /Oo exp(tiz) exp(tay) fx(z) fyx(y|z) dy dz

- /.
/oo /oo exp(t2y) fyx (v | z) dy) exp(tiz) fx(z) dz
/

& oo ex 2
N (/ P tQZJ) (%) dy) exp(t1z) fx(z) dz

000'2\/1— \/271’

| Bx = po + p=2(w — 1)
o1
B) [ 1o 90
= exp | Bxto + 202(1 p )ty ) exp(tiz) fx(z) dx

o o 1
= [ e (It o2 - mlta+ 5031 - P+ i) fx(a) da

2

_ & o9 lop) 1 5 N
= exp | pats + pa—ltgm - pa—l,ultg + 502(1 —p)ts +tiz) fx(z) do

1, ) 02 oo o9

= exp 502(1 — POty + tap2 — p—puts exp { (bt +p—t2)z) fx(z)dz
01 —00 01

C 1 o o 1 o
9 exp (—a%(l — p*)t3 + tapin — p—2u1t2> - exp (Ml(tl +p—ty) + sot(t + p—2t2)2>

2 o1 01 2 g1

1 ,, 1 1 1
= exp EUZtQ 5P 02t2 + poto — M1p—t2 + pit + M1p—t2 + 201t1 + poioatits + Y4 02t2

242 212
oty + o5t5 + 2 0'10'2151152
= exp (mtl gty + LT TP

2

(A) follows from Theorem 5.1.6 since Y | X ~ N(Bx,03(1 — p?)). (B) follows when we apply our
calculations of the mgf of a N(u,0?) distribution to a N(Bx,03(1 — p?)) distribution. (C) holds
since the integral represents My (t; + pg—ftg). [

Corollary 5.1.9:
Let (X,Y) be a bivariate Normal rv. X and Y are independent iff p = 0. ]

Definition 5.1.10:
Let Z be a k-1v of k iid N(0,1) rv’s. Let A € RF** be a k x k matrix, and let u € RF be a

k-dimensional vector. Then X = AZ + p has a multivariate Normal distribution with mean

vector p and variance—covariance matrix 3 = AA’. [ |
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Note:

(i) If ¥ is non-singular, X has the joint pdf

1

1 Ie—
1x@) = G e (e -0 S e - )

(ii) If ¥ is singular, then X — u takes values in a linear subspace of IR* with probability 1.

(iii) If X is non-singular, then X has mgf

Theorem 5.1.11:
The components X1,..., X of a normally distributed k-rv X are independent iff Cov(X;, X;) =0
Vi, j=1,....k i# . m

Theorem 5.1.12:
Let X = (X1,...,X)". X has a k—dimensional Normal distribution iff every linear function of X,
ie, X't =t, X1 +1t2Xo + ...+t X}, has a univariate Normal distribution.

Proof:
The Note following Definition 5.1.1 states that any linear function of two Normal rv’s has a uni-
variate Normal distribution. By induction on k, we can show that every linear function of X, i.e.,

X't, has a univariate Normal distribution.

Conversely, if X't has a univariate Normal distribution, we know from Theorem 5.1.8 that

1
My (s) = exp (E(Xlt) s+ 5Var(£’§) - 32>
1
= exp (ﬁ'is + 5;’2@’2)

1
:Mi’t(l) = exp (ﬁ'§+ 5;’2;)
= Mx(t)

By uniqueness of the mgf and Note (iii) that follows Definition 5.1.10, X has a multivariate Normal
distribution. [
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5.2 Exponential Familty of Distributions

Definition 5.2.1:
Let ¢ be an interval on the real line. Let {f(-;0) : # € ¥} be a family of pdf’s (or pmf’s). We
assume that the set {z : f(z;0) > 0} is independent of 0, where z = (z1,...,2,). We say that

the family {f(-;0) : @ € ¥} is a one—parameter exponential family if there exist real-valued
functions Q(#) and D(#) on ¥ and Borel-measurable functions 7'(X) and S(X) on IR" such that

f(z;0) = exp(Q(0)T'(z) + D(0) + S(z)).

Note:

We can also write f(z;0) as
f(z;n) = h(z)e(n) exp(nT (z))

where h(z) = exp(S(z)), n = Q(0), and c(n) = exp(D(Q '(n))), and call this the exponential

family in canonical form for a natural parameter 7). [

Definition 5.2.2:
Let 9 C IR* be a k—dimensional interval. Let {f(:;0) : @ € 9} be a family of pdf’s (or pmf’s). We
assume that the set {z : f(z;6) > 0} is independent of , where z = (z1,...,z,). We say that the

family {f(-;0) : @ € 9} is a k—parameter exponential family if there exist real-valued functions
Q1(8),...Qr(0) and D(0) on ¥ and Borel-measurable functions 73(X),...,Tx(X) and S(X) on
IR" such that

k
flz;0) = exp (Z Qi(0)Ti(z) + D(6) + 5(£)> :
=1

Note:
Similar to the Note following Definition 5.2.1, we can express the k—parameter exponential family

in canonical form for a natural k x 1 parameter vector n = (n1,...,n%). [

Example 5.2.3:
Let X ~ N(u,0?) with both parameters p and o2 unknown. We have:

. 1 1 2 L o n w1 2
flz;0) = Wor exp —p(az—,u) =exp | —5 5% +§$—ﬁ—§ln(2wa )
0 = (0%

d = {(p,0°):p€R,0>>0}
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Therefore,

Q1(0) = —ﬁ
Ti(z) = z°
Q2(0) = %
To(z) = =«
2
b = 27;2

A
G
I
o)

Thus, this is a 2—parameter exponential family.
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Lecture 36: Monday 11/22/1999

Scribe: Jurgen Symanzik, Hanadi B. Eltahir

6 Limit Theorems

Motivation:
I found this slide from my Stat 250, Section 003, “Introductory Statistics” class (an undergraduate

class I taught at George Mason University in Spring 1999):

What does this mean at a more theoretical level???
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6.1 Modes of Convergence

Definition 6.1.1:

Let X1,...,X, beiid rv’s with common cdf Fx(x). Let T'= T(X) be any statistic, i.e., a Borel-
measurable function of X that does not involve the population parameter(s) +J, defined on the
support X of X. The induced probability distribution of T'(X) is called the sampling distribu-
tion of T'(X). ]

Note:

(i) Commonly used statistics are:

n
>x
=1

Sample Mean: X,, =

3=

n
Sample Variance: S2 = Z(Xl —X,)?
i=1
Sample Median, Order Statistics, Min, Max, etc.

(ii) Recall that if Xi,..., X, are iid and if F(X) and Var(X) exist, then E(X,) = u = E(X),
2

E(S?%) = 0% = Var(X), and Var(X,) = <.

n

(iii) Recall that if X;,..., X, are iid and if X has mgf Mx(¢) or characteristic function ®x(t)
then M (t) = (Mx ()" or %, (1) = (®x ()"

Note: Let {X,,}°2, be a sequence of rv’s on some probability space (€2, L, P). Is there any meaning

behind the expression le X, = X7 Not immediately under the usual definitions of limits. We
n o0

first need to define modes of convergence for rv’s and probabilities. [

Definition 6.1.2:
Let {X,,}22, be a sequence of rv’s with cdf’s { F},}°2; and let X be a rv with cdf F. If F},(z) — F(z)
at all continuity points of F', we say that X, converges in distribution to X (X, BN X) or

X, converges in law to X (X, L, X), or F,, converges weakly to I (F,, — F). ]

Example 6.1.3:
Let X, ~ N(0,2). Then
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ds

Pp(o0) =1, ifz>0
— Fp(z) — $(0) = 3, ifz=0
p(—o0) =0, ifz<0

1, >0

If Fx(z) = T
x(@) { 0, z<0
d(V/nz) = Fy(z) — Fx(z).
So, X, LN X, where P(X =0) =1, or X, 2, 0 since the limiting rv here is degenerate, i.e., it
has a Dirac(0) distribution. ]

the only point of discontinuity is at £ = 0. Everywhere else,

Example 6.1.4:

In this example, the sequence {F,}2°; converges pointwise to something that is not a cdf:

Let X,, ~ Dirac(n), i.e., P(X,, =n) = 1. Then,

0, z<n
Fo(z) = ’
n(@) { 1, z>n
It is Fj,(z) — 0 Vx which is not a cdf. Thus, there is no rv X such that X, 'S ]

Example 6.1.5:
Let {X,}32, be a sequence of rv’s such that P(X, = 0) =1 — 1 and P(X,, = n) = L and let
X ~ Dirac(0), i.e., P(X =0) = 1.

It is
0, z <0
Fo(z) = 1_%7 0<z<n
1, T>n
0, <0
Fx(z) = ’
x() {1, x>0

It holds that F,, = Fx but
E(Xk =n*1 4 EXF)=0.

Thus, convergence in distribution does not imply convergence of moments/means. [ |
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Note:
Convergence in distribution does not say that the X;’s are close to each other or to X. It only
means that their cdf’s are (eventually) close to some cdf F'. The X;’s do not even have to be defined

on the same probability space. [ |

Example 6.1.6:
Let X and {X,}2, be iid N(0,1). Obviously, X,, -4 X but Tim X, # X. -

Theorem 6.1.7:
Let X and {X,,}°2, be discrete rv’s with support X and {X,,}°2,, respectively. Define the count-
oo

ableset A= XU | ) X, ={ax:k=1,2,3,...}. Let p; = P(X = a;) and ppr = P(Xy, = az). Then
n=1

it holds that p.s — pr VE iff X, - X. -

Theorem 6.1.8:
Let X and {X,,}32; be continuous rv’s with pdf’s f and {f,}52,, respectively. If f,(z) = f(x) for
almost all x as n — oo then X, 4, X, [ ]

Theorem 6.1.9:
Let X and {X,}2, be rv’s such that X, ~%, X. Let ¢ € IR be a constant. Then it holds:

(i) Xp+ec-5 X+
(i) cXn L cX.

(iii) If @ — a and b, — b, then a, X, + by —— aX + b.

Proof:
Part (iii):
Suppose that a > 0,a, > 0. Let Y, = a,X,, + b, and Y =aX +b. It is
y—b y—b
Fy(y)=PY <y)=PlaX +b<y)=P(X < T) = Fx( - )

Likewise,
Yy— bn)

Gnp

Fy,(y) = Fx, (

. .. . —b
If y is a continuity point of Fy, ==

is a continuity point of Fx. Since a, — a,b, — b and
Fx,(z) — Fx(z), it follows that Fy, (y) — Fy(y) for every continuity point y of Fy. Thus,

aan+bni>aX+b. [ ]
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Lecture 37: Wednesday 11/24/1999

Scribe: Jiirgen Symanzik, Rich Madsen

Definition 6.1.10:
Let {X,}52, be a sequence of rv’s defined on a probability space (2, L, P). We say that X,
converges in probability to a rv X (X, = X, P- lim X, = X) if

n—oo

nlLrgoP(|Xn—X|>e):0 Ve > 0.

Note:
The following are equivalent:
nlggoPﬂ Xp—X1|>¢)=0& nlggoPﬂ Xp—X|<e)=1& nlggoP({w | Xn(w) — X(w) |[>€)) =0.

If X is degenerate, i.e., P(X = ¢) = 1, we say that X,, is consistent for c¢. For example, let X,
such that P(X,, =0) =1— 1 and P(X,, =1) = L. Then

1
= 0<exl1
Pl X,|>e) = ™
R F
Therefore, nlgr;o P(] X, |>¢€) =0 Ve>0. So X, 240, ie., X, is consistent for 0. [

Theorem 6.1.11:

i) X, 5 X = X,-X 50

(i) X, 5 X, X, B Y= PX=Y)=1.

(iii) X, = X, X,, = X = X,, — X, == 0 as n,m — oo.
(iv) X, 5 XV, 55V = X,+Y, 5 X+V.

(v) X, = X,k € IR a constant = kX,, 2> kX.

(vi) X, %5 k,k € R a constant = X 5 k" Vr e IN.
(vii) X, 2 a,Y, 25 b, a,be R = X,Y,, 2 ab.

(vii) X, 251 = X;' 1.
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(ix) Xo 25 a,Yn 25, a€ Rbe R~ {0} = %= 2y 0,
(x) X, 2 X,Y an arbitrary rv = X,,)Y L. xv.

(xi) X, 2 XY, 5 Y = X,Y, 2 XY.

Proof:

See Rohatgi, page 244245 for partial proofs. [ |

Theorem 6.1.12:
Let X, = X and let g be a continuous function on IR. Then g(X,) - g(X).

Proof:
Preconditions:
L) Xrv=Ve>0 Jk=k(e): P(|X|>Fk) < §
2.) ¢ is continuous on IR
= ¢ is also uniformly continuous (see Definition of u.c. in Theorem 3.3.3 (iii)) on [—k, k]

= 30 = (e, k) : | X| <k, | Xp —X| <= |g(Xpn) —g(X)]| <€

Let
A = {IX| <k} ={w: [X(w)] <k}
B = {|X\—X| <6} ={w:|X,(w) — X(w)| <}
C = Alg(Xn) —9(X)| < e} ={w: |[g(Xn(w)) —9(X(w))| <€}
Ifwe ANB
2:')> weC
= AnNnBcCC
= C°Cc(AnB)¢ = AU B°“
— P(CY) < P(AY U B®) < P(A®) + P(BY)
Now:
Pg(Xn) ~gX0)| 2 ) < PUX|>K) +  P(X\—X|>9)
<t by 1.) <t for n>ng(e,d,k) since x, 25X

N
a
¥
]
S
v
S
w
S
=
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Corollary 6.1.13:
Let X,, == ¢,¢ € IR and let g be a continuous function on IR. Then g(X,) - g(c).

Theorem 6.1.14:
X, 5 X — X, % x.

Proof:
X, B XeP(X,-X|>€¢)=0asn—o00 Ve>0

It holds:

PX<z—¢ = PX<z—¢6|X,—X|<e)+PX<z—¢€|X,—X|>¢€)

(4)
< P(X, <z)+P(|X,—X|>¢)

(A) holds since X <z — e and X,, within € of X, thus X,, < z.

Similarly, it holds:
P(X,<z) < P(X<z+¢€) +P(X,—X|>¢)
= P(Xy <3| Xu— X <)+ P(X, <2, X — X |>¢)
Combining the 2 inequalities from above gives:

PX<z—-€-P(|X,—X|>e)<P(X,<z) <P(X<z+e)+P(X, — X|>¢)

~~

—0 asS n—oo =Fn($) —0 as n—oo

Therefore,
P(X <z—¢€) <F,(z) <P(X <z+¢€)asn— oo.

Since the cdf’s F,(-) are not necessarily left continuous, we get the following result for € | 0:
P(X < ) < Fu(2) < P(X < ) = Fx(x)
Let z be a continuity point of F'. Then it holds:
F(z) = P(X < 5) < Fy(2) < F(a)

— X, L X
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Theorem 6.1.15:
Let ¢ € IR be a constant. Then it holds:

d
Xn—>c<:>Xni>c.

Example 6.1.16:

In this example, we will see that

X, -5 X = X, L X

for some rv X. Let X, be identically distributed rv’s and let (X,,X) have the following joint

distribution:

X
"o 1
X
0 0 5|3
1 3 03
1 1
7 2|1

Obviously, X, % X since all have exactly the same cdf, but for any € € (0,1), it is
PlX,—X|>e)=P(|X,—X|=1)=1 Vn,

so lim P(| X, — X |> €) # 0. Therefore, X,, 2> X. m

n—0o0

Theorem 6.1.17:
Let {X,}52, and {Y,}°2, be sequences of rv’s and X be a rv defined on a probability space
(Q, L, P). Then it holds:

Y, L X, | Xp— Y, |- 0= X, -5 X.

Proof:
Similar to the proof of Theorem 6.1.14. See also Rohatgi, page 253, Theorem 14. [ |
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Theorem 6.1.18: Slutsky’s Theorem
Let (X,,)02, and (Y5)52; be sequences of rv’s and X be a rv defined on a probability space (€2, L, P).
Let ¢ € IR be a constant. Then it holds:

() X, S XV, D e= X, +Y, 5 X +c.

(il) Xn -5 X, Y, 2 c = X,¥, -5 cX.
If ¢ = 0, then also X,,Y, Ls0.

(i) X, -5 X, Y, Dre= % L Xifczo.

Proof:
() Y, 2y e MOy o2y
= V,—c=Y,+(Xpn—Xp)—c=(Xn+Y,) - (Xp+c) =0 (4)
X, L x T x Lo x4 (B)

Combining (A) and (B), it follows from Theorem 6.1.17:
X, +Y, % X+
(ii) Case ¢ =0:
Ve >0 VEk >0, it is

€

P XY, |>¢) = P(XoY,|>e Y, < %) +P(| XY |> € Yo > 2)

IN

€ €
P X,— P(Y, > -
(| Xuf > €) + P(¥a > )

€
< P X > k) + P( Yo > )
Since X, %5 X and Y, 2 0, it follows
nll)rgoP(| X Yo |>e) <P(| Xy |[>k) = 0as k — oc.

Therefore,
X,Y, 2 0.
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Case ¢ # 0:
Since X, -5 X and Y;, -2 ¢, it follows X, Y;, — cX,, = X, (Y, — ¢) -2 0.

= X,Y, = cX,,

Th.6.1.14 d
= X, Y, — cX,

Since cX, —& cX by Theorem 6.1.9 (ii), it follows from Theorem 6.1.17:

X, Y, % X

(iii) Let Z, — 1 and let Y, = ¢Z,,.

0 1 1 1
C

Yo ~ Zn

Th,6111(’U,’UZZZ) 1 P 1

With part (ii) above, it follows:
Xn 4y X and YLn 2, %

Xp 4, X

Y. c

Definition 6.1.19:
Let (X,)5, be a sequence of rv’s such that E(] X, |[") < oo for some r > 0. We say that X,
converges in the r'» mean to a rv X (X, — X) if E(| X |") < oo and

lim E( X, — X ) =0.

n—00
|
Example 6.1.20:
Let (X,)52, be a sequence of rv’s defined by P(X, =0) =1— 1 and P(X, =1) = L.
It is E(| X, |") =2 V¥r > 0. Therefore, X,, — 0 Vr > 0. ]

Note:
The special cases 7 = 1 and r = 2 are called convergence in absolute mean for r =1 (X,, — X)

. 2
and convergence in mean square for r = 2 (X, == X or X,, — X). |

Theorem 6.1.21:
Assume that X, —— X for some r > 0. Then X,, - X.

Proof:
Using Markov’s Inequality (Corollary 3.5.2), it holds for any € > 0:
E(| X, —X )

67‘

> P(] X, — X [>¢)
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X, = X= lim E(|] X, - X|)=0
n—o00

E(|X,— X
= lim P(| X, — X [>¢) < lim M:o
n—00 n—00 er
— X, 5 X n

Example 6.1.22:
Let (X,,)52, be a sequence of rv’s defined by P(X, =0) =1— L and P(X,, = n) = -1 for some
r > 0.

For any € > 0, P(| X,, |> €) = 0 as n — c0; s0 X,, == 0.

For0<s<r, B(| X, |*) = 5 = 0asn — 00;50 X, = 0. But E(| X, |") =14 0 as n — oo;

n’V‘—S

so X,, /= 0. [ |

Theorem 6.1.23:
If X,, — X, then it holds:

- " -~
(i) lim E(| X, [") = E(] X |"); and
(ii) X, = X for 0 < s < r.

Proof:

(i) For 0 < r <1, it holds:
E(|Xn[)=E(| Xn =X+ X|) <E(| Xp =X [ +[X])
= E(| X [") - E(| X |") < E(| Xp — X [")
= Jim F( X ') = Jim B X ) < lim B X=X 1) =0
— lim B( X, ) S E(X[) (4)
Similarly,
E( XN =E(X-Xo+Xp[") <E(| Xpn =X |"+[ X, ")
= E( X |") - E( Xo [") < E(| Xn = X[")
— Tim B( X ")~ lim B(| X, ) < lim B( X, X [") =0
— B(X[)< lim B( Xa ) (B)
Combining (A) and (B) gives
lim E(] X, ") = E(| X [')

n— 00
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For r > 1, it follows from Minkowski’s Inequality (Theorem 4.8.3):
1 1k 1k
[E(l X = X+ Xp )] <[E(| X = X5 [N)]7 + [E(| Xn )7
1 1 1
= [E(| X )] = [E( Xa )] <[E(| X = Xn [7)]"

= [B(| X |)]* = Jim [B(| X, [)]* < lim [B(| X, — X [")]7 =0 since X, —» X

= =

= [E(| X [)]7 < lim [B(| X, |")]

T n—oo

(©)

Similarly,

=N =

[B(| X — X + X N)]7 < [B(| Xo = X |)]7 +[B( X |")]

=S =

= lim [E(] Xy, [")]7 = lim [E(] X M) < Jim [E(] Xp,—X |")]" =0 since X, X

=S =

= lim [E(] X, [N]* < [BE( X [N]7 (D)
Combining (C) and (D) gives
Tim [B(] X, [)]" = [B( X )]

— lim B(| X, |") = E( X |")

(ii) For 1 < s < r, it follows from Lyapunov’s Inequality (Theorem 3.5.4):
1 1
[E(| Xn — X )]s <[B(| Xn— X |")]7
= B(| X — X ") <[B(| Xo = X )]
— lim E(| X, — X |*) < lim [E(| X, - X |")]* =0 since X,, — X
n—o00 n—00

= X, > X

An additional proof is required for 0 < s < r < 1.

133



Stat 6710 Mathematical Statistics I Fall Semester 1999

Lectures 39 & 40: Wednesday 12/1/1999 & Friday 12/3/1999

Scribe: Jurgen Symanzik, Hanadi B. Eltahir

Definition 6.1.24:

Let {X,}>2, be a sequence of rv’s on (2, L, P). We say that X,, converges almost surely to

arv X (X, % X) or X,, converges with probability 1 to X (X, wed X) or X,, converges

strongly to X iff
Pw: Xp(w) = X(w) asn — oo}) = 1.

Note:

An interesting characterization of convergence with probability 1 and convergence in probability
can be found in Parzen (1960) “Modern Probability Theory and Its Applications” on page 416 (see
Handout). ]

Example 6.1.25:
Let © =[0,1] and P a uniform distribution on €. Let X, (v) = w + w" and X (v) = w.

For w € [0,1), w™ — 0 as n — 00. So X, (w) = X (w) VYw € [0,1).
However, for w =1, X,,(1) =2 # 1 = X(1) Vn, i.e., convergence fails at w = 1.
Anyway, since P({w : X, (w) = X(w) as n — oo}) = P({w €[0,1)}) = 1, it is X,, &5 X. |

Theorem 6.1.26:
X, %5 X = X, 2 X.

Proof:
Choose € > 0 and ¢ > 0. Find ng = ng(e, d) such that

P(ﬁ{an—X|§6}>21—5.

n=no

o0
Since () {| Xn — X [<€} C{| X, — X [< €} Vn>ng,itis

n=no
o0
P({|Xn—X|§e})2P< N {|Xn—X|§e}> >1—6 VYn>ng.
n=no
Therefore, P({| X, — X |< €}) = 1 as n — co. Thus, X,, — X. m
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Example 6.1.27:
X, 5 X &= X, 5 X:

Let © = (0,1] and P a uniform distribution on 2.

Define A,, by
A;=(0,3], A2 = (3,1]
Az = (0.3 As = (1,3, 45 = (5, 3. 45 = (3.1
A7 = (0,5), As = (5, 3,

Let X, (w) =14, (w).
It is P(| X;, —0|>¢€) = 0 Ve > 0 since X,, is 0 except on A, and P(4,) | 0. Thus X, Ls0.

But P({w : Xp(w) — 0}) = 0 (and not 1) because any w keeps being in some A,, beyond any ny,
i.e., X, (w) looks like 0...010...010...010..., so X, £ 0. n

Example 6.1.28:
X, = X &= X, 25 X:

Let X, be independent rv’s such that P(X, =0) =1 — % and P(X, =1) =

S|=

Itis B(| X, —0|")=E(| X, ") =E(| X»|) =21 —=0asn— 00,50 X, — 0 Vr>0.

—n

But

el 1 m—1 m m+1 ng—2,,ng—1 m—1
(=0 ¥m<n<ng) = J[ (0= 0) = (7)) G o) = =
As ng — 00, it is P(X,, =0 Vm <n <ng) =0 Vm, so X, 2> 0. n

Example 6.1.29:
X, X = X, 5 X:

Let © =[0,1] and P a uniform distribution on .

Let A, = [0, -1-].

»Inn
Let X, (w) = nlya, (w) and X (w) = 0.

It holds that Vw >0 3ng: —— < w = X,(w) =0 ¥Yn >ng and P(w =0) = 0. Thus, X, ase .

Inng

But E(| X, —0]") = &~ = 00 Vr>0,s0 X, /A X. u

" Inn
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6.2 Weak Laws of Large Numbers

Theorem 6.2.1: WLLN: Version 1
Let {X;}°; be a sequence of iid rv’s with mean E(X;) = p and variance Var(X;) = 02 < co. Let
n
X, =LY X;. Then it holds
i=1
Jim P(| Xp —p|z¢€) =0,
ie., X, 2, L
Proof:
By Markov’s Inequality, it holds for all € > 0:

P(| X,—pl|>e) < E((YZ{”)‘) Vare(ZX n) :T‘L’—:Q—>0asn—>oo [ |

Note:

For iid rv’s with finite variance, X, is consistent for .

A more general way to derive a “WLLN” follows in the next Definition. [ |

Definition 6.2.2:

Let {X;}2, be a sequence of rv's. Let T, = ZX We say that {X;} obeys the WLLN with
i=1
respect to a sequence of norming constants {B;}2,, B; > 0, B; 1 oo, if there exists a sequence

of centering constants {A4;}°, such that

B, (T, — 4,) 2 0.

Theorem 6.2.3:

Let {X }22, be a sequence of pairwise uncorrelated rv's with E(X ) pi and Var(X;) = o2,

1€ IN.

IfZa — 00 as n — 00, we can choose An—z,ul and Bn:Za and get
i=1 =1 i=1



Proof:
By Markov’s Inequality, it holds for all € > 0:

n

P(|ZX7;—Z,U,7;|>GZO'Z-2)S = = — — 0asn — oo |
= ; ; 2

Note:
To obtain Theorem 6.2.1, we choose A,, = ny and B, = no?. [ ]
Theorem 6.2.4:

n
Let {X;}?°, be a sequence of rv’s. Let X, = %Z . A necessary and sufficient condition for

1=1
{X;} to obey the WLLN with respect to B,, = n is that

-0
1+ X

as n — 0o.
Proof:
Rohatgi, page 258, Theorem 2. [ |

Example 6.2.5:
Let (X1,...,X,) be jointly Normal with E(X;) = 0, E(X?) = 1 for all 4, and Cov(X;, X;) = p if
|i—j|=1and Cou(X;,X;) =0if | i—j|> L Then, Ty ~ N(0,n +2(n — 1)p) = N(0,02). It is

X, T
E —2 = El— 2
l—i-Xn n +Tn
2 0o g2 _a? T dz
= o2 = — = —
27ra/0 n? + 2" wrdr |y o’ dy o

2
Yy

2
2 d
\/27r/0 n2+02y2€ y

B / (n+2(n—1p)y*
V21 n? 4+ (n+2(n—1)p)y?
—_ o0 2
< —n+2(nz De / 2 ety
n 0 V2w B
=1, since Var of ]‘\’I(O,l) distribution
— 0 as n — oo
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Note:
We would like to have a WLLN that just depends on means but does not depend on the existence

of finite variances. To approach this, we consider the following:

n
Let {X;}2, be a sequence of rv’s. Let T}, = Z X;. We truncate each X; at ¢ > 0 and get
i=1

X = Xi, | X |§‘c
0, otherwise

n n

Let T¢ = > X{ and my, = Y E(XY). ]
i=1 i=1

Lemma 6.2.6:

For T,,, T and m,, as defined in the Note above, it holds:

n

P(|Tn—mn|>e)§P(|T£—mn|>e)+ZP(|X1~|>c) Ve >0

=1
Proof:
It holds for all € > O:
P(|T,—mp|>€ = P(T,—myp|>ecand | X;|<c Vie{l,...,n})+

P(| T, —my, |> e and | X; |> c for at least one ¢ € {1,...,n}

—~
*
~

< P(| T —my |>€)+ P(| X; |> c for at least one i € {1,...,n})
n
< P(T5—mn|>€)+ > Pl Xi|>c¢)
i=1
(*) holds since T); = T,, when | X; |[< ¢ Vie{l,...,n}. |

Note:
If the X;’s are identically distributed, then

P(| T, —my |>¢€) < P(| Ty —myp |[>€) +nP(| X1 |>¢) Ve>0.

If the X;’s are iid, then

nE((X{)?)

P(| T, —my |>¢€) < 2 +nP(| X1 |>¢) Ve>0 (x).

Note that P(| X; |> ¢) = P(| X1 |> ¢) Vi € IN if the X;’s are identically distributed and that
E((X§)?) = BE((X{)?) Vi€ IN if the X;’s are iid. n
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Theorem 6.2.7: Khintchine’s WLLIN

Let {X;}?2, be a sequence of iid rv’s with finite mean E(X;) = u. Then it holds:
— 1,
Xp=-T,—p
n

Proof:

If we take ¢ = n and replace € by ne in (x) in the Note above, we get
E((X" 2
P(| T, — my |> ne) < ((7;)) +nP(] X1 |>n).
ne

Since E(| X1 |) < o0, it is nP(| X1 |> n) — 0 as n — oo by Theorem 3.1.9. From Corollary 3.1.12
we know that E(| X |%) / £ 'P(| X |> z)dz. Therefore,

E((X7)?)

2/ 2P(| X7 |> 2)dz
0

A n
= 2/ zP(] X7 |> :E)d:v—i-Q/ zP(] X1 |> z)dx
0 A

(+) n

< K+5/ dx
A

< K+nd

n (+), A is chosen sufficiently large such that 2P(| X7 |> z) < § Va > A for an arbitrary constant
0 >0 and K > 0 a constant.

Therefore,
E(X?)?) _ k ¢
2 < ne | €2

ne €

Since § is arbitrary, we can make the right hand side of this last inequality arbitrarily small for

sufficiently large n.

Since E(X;) = p Vi, it is & — p as n — oo, ]
Note:
Theorem 6.2.7 meets the previously stated goal of not having a finite variance requirement. [ |
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6.3 Strong Laws of Large Numbers

Definition 6.3.1:
n
Let {X;}°, be a sequence of rv’s. Let T;, = ZXZ" We say that {X;} obeys the SLLN with

=1
respect to a sequence of norming constants {B;}>°,, B; > 0,B; 1 oo, if there exists a sequence

of centering constants {A4;}:°, such that

B, (T, — A,) “5 0.

Note:

Unless otherwise specified, we will only use the case that B, = n in this section. [ |

Theorem 6.3.2:
X, 25 X <= lim P(sup | X, — X |[>€) =0 Ve > 0.
n—oo mzn

Proof: (see also Rohatgi, page 249, Theorem 11)
WLOG, we can assume that X = 0 since X,, =% X implies X,, — X <% 0. Thus, we have to prove:

X, 250 = HIEEOP(SHP|XM|>6):0 Ve >0

m>n
“:>”:
Choose € > 0 and define
Aa(e) = {sup | X [> €}
m>n

C = {lim X, =0}

n— 00

We know that P(C) = 1 and therefore P(C¢) = 0.

o0
Let By(e) = C N Ap(e). Note that By11(€) C By(e) and for the limit set ﬂ By (€) = @. Tt follows

that - "
lim P(Bn(e)) = P( () Bule)) = 0.
n=1



We also have

P(By(¢)) = P(A,N0O)
~ - PCeU A
= 1-P(C% —P(AS) + P(C° N AS)
H:,O—/ :VO

= P(An)

= lim P(A4,(¢)) =0

n—o0

“<:”:
Assume that nli_)noloP(An(e)) =0 Ve > 0 and define D(e) = {nll)ngo | X, |> €}. Since D(e) C
Ap(e) Vn € IN, it follows that P(D(e)) =0 Ve > 0. Also,

: R p— 1
C¢={lim X, #0} C ,H{nlgﬁ.lo | Xn [> 2}

Note:

(i) X, % 0 implies that Ve >0V >0 Ing € IN : P(sup | X, |>¢€) < 0.

n>no

(ii) Recall that for a given sequence of events {4, }52,,

— o0 o0 o0
A:nlggoAn:nl%UAk: N U 4

k=n n=1k=n

is the event that infinitely many of the A, occur. We write P(A) = P(A, i.0.) where i.o.

stands for “infinitely often”.

(iii) Using the terminology defined in (ii) above, we can rewrite Theorem 6.3.2 as

X, 250 <= P(| X, |>e€i0)=0 VYe>0.
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Theorem 6.3.3: Borel-Cantelli Lemma

(i) 1°** BC-Lemma:
oo
Let {A,}5°; be a sequence of events such that Z P(A;) < co. Then P(A) =0.
n=1
(ii) 2" BC-Lemma:
o
Let {A4,}72, be a sequence of independent events such that Z P(A;) = oco. Then P(A) = 1.

n=1

Proof:

ﬁ): 00
P(4) = P(lim [ Ap)
k=n

n—00

= lim P(Ej Ag)

n—00
k=n

S P(Ay)

lim
n—oo
k=n

00 n—1
= lim (Z P(Ap) =Y P(Ak)>
k=1

k=1

IN

= 0

o o
(ii): We have A° = U ﬂ Af.. Therefore,
n=1k=n
oo

P(A°) = P(lim (] Af) = lim P([) Af).
k=n

n— 00 n— 00
k=n

If we choose ng > n, it holds that

00 no
(N 45 € [ 4%
k=n k=n

Therefore,
o0 no
P(()47) < lim P([) A
k=n k=n
no
= ngl_f)nookl:[ (1= P(Ag))
indep. . 0
2 o5
k=n
= 0
= P(A) =1 ]
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Example 6.3.4:

Independence is necessary for 2"¢ BC-Lemma:
Let Q = (0,1) and P a uniform distribution on €.

Let A, = I(O’L)(w). Therefore,

o0

=1
P(A,) = Z — = 0.
n=1 n=1 n
But for any w € 2, A,, occurs only for 1,2,..., L%J, where L%J denotes the largest integer (“floor”)
that is < % Therefore, P(A) = P(A,, i.0.) = 0. ]

Lemma 6.3.5: Kolmogorov’s Inequality

Let {X;}%°, be a sequence of independent rv’s with common mean 0 and variances o?. Let T, =

n
Z X;. Then it holds:

i=1
n
> o}
P Tp|>e) <=L Ve>0
(max | Tp |2 €) < =5~ Ve>
Proof:
See Rohatgi, page 268, Lemma 2. [ |

Lemma 6.3.6: Kronecker’s Lemma

o
If ZXz converges to s < co and B),, T 0o, then it holds:
i=1
1

n
5> BiXp =0

=1

Proof:

See Rohatgi, page 269, Lemma 3. [ |
Theorem 6.3.7: Cauchy Criterion

X, X — lim P(sup | Xpim — Xn [<€) =1 Ve > 0.
m

Proof:

See Rohatgi, page 270, Theorem 5. [ |
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Theorem 6.3.8:

oo o0
If Z Var(X,) < oo, then Z(Xn — E(Xy,)) converges almost surely.
n=1 n=1

Proof:

See Rohatgi, page 272, Theorem 6.
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Corollary 6.3.9:
Let {X;}52, bea sequence of independent rv’s. Let {B;}2,, B; > 0, B; T 00, a sequence of norming

V
constants. Let T}, = ZX If Z ar( i) < oo then it holds:
=1 =1 Z
Tn__EXJ%) a.s,
—— =0
By,

Proof:
This Corollary follows directly from Theorem 6.3.8 and Lemma 6.3.6. |

Lemma 6.3.10: Equivalence Lemma

n n
Let {X;}2, and {X]}22, be sequences of rv’s. Let T}, = ZXl and T} = ZX{
i=1 '

o0

If the series Z P(X; # X]) < oo, then the series {X;} and {X/} are tail-equivalent and T;, and
i=1

T! are convergence—equivalent, i.e., for B,, T oo the sequences B%LTTL and B%LT,’L converge on the

same event and to the same limit, except for a null set.

Proof:
See Rohatgi, page 266, Lemma 1. [ |

Lemma 6.3.11:
Let X be a rv with E(| X |) < co. Then it holds:

S PUX[2n)<BE(X) <1+ P(X]|>n)
n=1 n=1

Proof:
Continuous case only:

Let X have a pdf f. Then it holds:

BIX)= [ l2]fG w—z/ f(a)da

<\x\<k+1
o0 o
= Y kPk<|X|[<k+1)<E(|X|) <Y (k+1)P(k<| X [<k+1)
k=0 k=0
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It is

00 © k
kP <X |<k+1) = Y > PE<LIXISk+])
k=0 k=0n=1

= iip(kglmgkﬂ)

n=1k=n
o0

= Y. P(X|zn)

n=1

Similarly,

o o0 o
Yk+1)Pk<|X|<k+1) = Y P(X[>n)+) PE<|X|<k+1)
k=0 n=1 k=0

Theorem 6.3.12: Kolmogorov’s SLLN
n
Let {X;}2, be a sequence of iid rv’s. Let T, = Z X;. Then it holds:

=1

T —

L =X, p<o0 < E(| X|) < oo (and then u = E(X))
n

Proof:

“:>”:

Suppose that X, 2% 1 < co. It is

n—1

n
To=) Xi=) Xi+Xp=Tp1+ Xy
=1 =1

Xo T _n=1 T as

_ = — — [ — 0
" n n n—1
a.s.u —1 a.s.u

o
By 1°! Borel-Cantelli Lemma, we must have »  P(| X, [> n) < cc.

n=1

Lemrg;i.i}.ll E(| X |) < 00

Th. 6.2%WLLN) 7 i> E(X)
n

Since X,, =% p, it holds that X,, - p. Therefore, it must hold that p = E(X).
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“¢”:
Let E(] X |) < oo. Define truncated rv’s:

, Xk, if | Xy |<Ek
X, = .
0, otherwise
n
T, = Y X
k=1
— T
X, = ;"
Then it holds:
(o0} o0
> P(Xy # Xp) = Y P(| Xi|> k)
k=1 k=1
..d w
= Y P X |>k)
k=1
Lemma 6.3.11
< E(| X )
< 00

By Lemma 6.3.10, it follows that T}, and 7, are convergence-equivalent. Thus, it is sufficient to
prove that Yln 2% B(X).

We now establish the conditions needed in Corollary 6.3.9. It is

Var(X,) < E((X))?

= / 22 fx (z)dx
—n

n—1

_ Z/ 22 fx (o)de
ko k<l <k+1
n—1

< (k+1)2Pk<| X |<k+1)
k=0

:Zﬁvar(x;l) < >N — Pk<|X|<k+1)
n=1 n=1k=0

X & (k+1)2 =1

= Y Y ——5—PEk<|X|<k+1)+ )Y SPO<|X|<1)

n n

n=1k=1 n=1

= (k+1)2P(k§|X|<k+1)< —>+2P(0§|X|<1) (A)
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< 1 )
(%) holds since Z — = % ~ 1.65 < 2 and the first two sums can be rearranged as follows:
n

n=1

n k k n
1] 1 111,2,3,...
21 1,2 — 2| 2,3,...
311,2,3 31 3.
It is
i1 S U S SR
— = — 5 5t
—n k> (k+1) (k+2)
< Ly L L +
- k2 kk+1)  (k+1D(k+2) T
1 > 1
2 —
k n:k+1n(n 1)
From Bronstein, page 30, # 7, we know that
LTI S S S
1.2 72-3 3.4 777 " n(n+1) T
1 1 1 1 > 1
- 12723 73a" +(k—1) k+n§+1n(n—1)
> 1 1 1 1 1
— — 1— — — — —
; n(n —1) 1-2 2.3 3-4 (k—1)-k
n=k+1
_ vt 1
2 2.3 3.4 (k—1)-k
_ Lot L
3 3.4 (k—1)-k
_ 1
4 (BE-1) -k
1
-k
<1 1 > 1
=25 < Et X
=n k i n(n —1)
_ 11
k2 k
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I

Using this result in (A4), we get

o 1 : o (k+1)
z:lﬁVar(Xn) < 2y Pk <[ X [<k+1)+2P(0 <[ X [<1)
n= k=1

= 2 kP <X |<k+1)+4) Ph<|X|<k+1)
k=0 k=1

o
1
+2ZEP(I<:§|X|<k+1)+2P(0§|X|< 1)
k=1

(B)
< 2B(|X|)+4+2+2

< o0

To establish (B), we use an inequality from the Proof of Lemma 6.3.11.
Thus, the conditions needed in Corollary 6.3.9 are met. It follows that

1 1
7 _ I (T a.s,

Since E(X},) — E(X) as n — oo, it follows by Kronecker’s Lemma (6.3.6) that 1 E(T) — E(X).
Thus, when we replace L E(T}) by E(X) in (C), we get:

1 1
—7! &3 p(x) Pemmedsit g 8% px)
n n

Merry Xmas and a Happy New Millennium!

149



