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1 Axioms of Probability

1.1 o-Fields

Let © be the sample space of all possible outcomes of a chance experiment. Let w € Q (or

x € Q) be any outcome.

Example:
Count # of heads in n coin tosses. Q ={0,1,2,...,n}.

Any subset A of Q is called an event.

For each event A C Q, we would like to assign a number (i.e., a probability). Unfortunately,

we cannot always do this for every subset of €.

Instead, we consider classes of subsets of 2 called fields and o—fields.

Definition 1.1.1:
A class L of subsets of 2 is called a field if 2 € L and L is closed under complements and

finite unions, i.e., L satisfies
(i) el
(ii) Ac L= A€ L

(iii) A,Be L= AUBE€ L

|
Since Q¢ = @, (i) and (ii) imply @ € L. Therefore, (i)": @ € L [can replace (i)].
Note: De Morgan’s Laws
For any class A of sets, and sets A € A, it holds:
U A=() A% and [ A=(J 49°.
AeA AeA AeA AeA
|

Note:
So (ii), (iii) imply (iii): A, B € L = AN B € L [can replace (iii)].
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Proof:

ABeL ™ A¢ BC e L Y (40 uB%Y e ¥ (ACuB)C e 28 AnBeL

Definition 1.1.2:
A class L of subsets of Q is called a o—field (Borel field, o—algebra) if it is a field and closed
under countable unions, i.e.,

o0
(iv) {An}2, e L= |J An € L. ]

n=1

Note:
(iv) implies (iii) by taking A, = @ for n > 3.

Example 1.1.3:

For some (2, let L contain all finite and all cofinite sets (A is cofinite if A® is finite — for
example, if @ = IN, A = {z | z > ¢} is not finite but since A = {z | z < ¢} is finite, A is
cofinite). Then L is a field. But L is a o—field iff (if and only if) © is finite.

o0
For example, let Q = Z. Take A,, = {n}, each finite, so A,, € L. But U A, =Z" ¢ L, since

n=1

oo
the set is not finite (it is infinite) and also not cofinite (( U A,)¢ = Zj is infinite, too).
n=1

Question: Does this construction work for Q = Z+ 77 [ |
Note:

The largest ofield in €2 is the power set P(€2) of all subsets of . The smallest o-field is
L={0,0}. |
Terminology:

A set A € L is said to be “measurable L”. [
Note:

We often begin with a class of sets, say a, which may not be a field or a o—field. [

Definition 1.1.4:

The o—field generated by a, o(a), is the smallest o-field containing a, or the intersection

of all o—fields containing a. [



Note:
(1) Such o-fields containing a always exist (e.g., P(€2)), and (ii) the intersection of an arbitrary

# of ofields is always a o—field.

Proof:
(ii) Suppose L = ﬂLg. We have to show that conditions (i) and (ii) of Def. 1.1.1 and (iv) of

Def. 1.1.2 are fulﬁelled:

(i) Qe Ly V0= Qe L

(ii)Let A€cL= A€ Ly V0= A € Ly ¥V —= A c L

(iv) Let A, €L Vn= A, €Ly V9 Vn=|JA, €Ly V0 = |JA, €L m
n n
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2 =1{0,1,2,3},a = {{0}},b = {{0},{0, 1}}.

What is o(a)?

o(a): must include Q, 0, {0}

also: {1,2,3} by 1.1.1 (ii)

Since all unions are included, we have o(a) = {Q, 0, {0},{1,2,3}}

What is o(b)?

o(b): must include Q,0,{0},{0,1}
also: {1,2,3},{2,3} by L.1.1 (ii)
{0,2,3) by L.1.1 (iii)

{1} by L.1.1 (i)

Since all unions are included, we have o(b) = {2, 0, {0},{1},{0,1},{2,3},{0,2,3},{1,2,3}}
|

Note:
If Q is finite or countable, we will usually use L = P(Q2). If | Q |=n < oo, then | L |= 2"

If Q is uncountable, P(2) may be too large to be useful and we may have to use some smaller
o—field. [



Definition 1.1.6:

If Q = IR, an important special case is the Borel o—field, i.e., the o-field generated from all

half-open intervals of the form (a, b], denoted B or By. The sets of B are called Borel sets.

The Borel ofield on IR? (By) is the o-field generated by d-dimensional rectangles of the form

{(‘/E17$27"'7$d)|ai<xi§bi;i:1727"'7d}‘ u
Note:
o0
. . 1
B contains all points: {z} = ﬂ (x — —, ]
n
n=1

closed intervals: [z,y] = (z,y] + {z} = (z,y] U {z}

open intervals: (z,9) = (z,9] — {y} = (z,9] N {y}“

oo
and semi-infinite intervals: (z,00) = U (z,z + n] |
n=1
Note:
We now have a measurable space (2, L). We next define a probability measure P(-) on (2, L)
to obtain a probability space (2, L, P). [

Definition 1.1.7: Kolmogorov Axioms of Probability

A probability measure (pm), P, on (2, L) is a set function P : L — IR satisfying
(i) 0< P(A) VA€ L
(i) P(Q) =1
(iii) If {A4,}22, are disjoint sets in L and Ej Ay, € L, then P(Ej Ap) = i P(Ay).
n=1

n=1 n=1

Note:
o0
U A, € L holds automatically if L is a o—field but it is needed as a precondition in the case

n=1
that L is just a field. Property (iii) is called countable additivity. [ ]



1.2 Manipulating Probability

Theorem 1.2.1:
For P a pm on (£, L), it holds:

(i) P(®) =0
(i) P(AY) =1—P(A) VA€ L
(i) P(A) <1 VAelL
(iv) P(AUB) = P(A) + P(B) — P(ANB) YA,B€ L

(v) If AC B, then P(A) < P(B).

Proof:

(i) 4, =0 Vn= (J A, =0 € L.

n=1

ANA =0N0 =0 Vi,j = A, are disjoint Vn.
o Def1.1.7(iii) >

F“QD)::})(LJ An) = E:‘P(Aﬂ):: §:~P(Q”
n=1 n=1 n=1

This can only hold if P(®) = 0.

(i) A =A,Ay=A° A, =0 Vn>3.
o0 o0
Q= U A, =A1UAU U A, =A1UAUOD.

n=1 n=3

AiNAy=A1NO=4N0=0 = AI,AQ,Q are disjoint.
00
i=p@ = P A
n=1
Def1.1.7(iii) i
= P(An)
n=1
= P(A1) + P(A2) + ) P(A,)
n=3

P(Ay) + P(45)
= P(A) + P(A°)



(iii) By Th. 1.2.1 (ii) P(A) = 1 — P(A%)
— P(A) <1 VA€ L since P(A®) > 0 by Def. 1.1.7 (i).

(iv) AUB = (ANBY)U (AN B)U (BN AY). So, (AU B) can be written as a union of
disjoint sets (AN BY), (AN B), (BN A°).

= P(AUB) = P
Def.1.1.7(iii)

(ANBY)U(ANB)U (BN A%))

(
P(ANBY) 4+ P(ANB)+ P(Bn A°)

= P(ANBY) 4+ P(ANB)+P(BNA®) + P(ANB) — P(AN B)
= (P(ANBY)+ P(ANB)) + (P(BN A°) + P(ANB)) — P(AN B)

PHLTE p4) 4 P(B) - P(AN B)

(v) B=(Bn A%) U A where (BN A%) and A are disjoint sets.

Lecture 04:
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P(B) = P(BN AC) U 4) "L pB A AC) + P(A)
= P(A) = P(B) — P(Bn AY)
= P(A) < P(B) since P(BN A®) >0 by Def. 1.1.7 (i).

Theorem 1.2.2: Principle of Inclusion—Exclusion
Let Ay, Ao, ..., A, € L. Then

n n

n n n
Pl 4r) =Y P(Ap)— > P(AeNAg)+ > P(AgNApNAg)—. . +(=1)"P([) Ap)
k=1 k=1 k1<ks k1<ka<ks k=1

Proof:
n =1 is trivial
n = 2 is Theorem 1.2.1 (iv)

Use induction for higher n (Homework). ]

Note:

A proof by induction consists of two steps:

First, we have to establish the induction base. For example, if we state that something
holds for all non—negative integers, then we have to show that it holds for n = 0. Similarly, if
we state that something holds for all integers, then we have to show that it holds for n = 1.
Formally, it is sufficient to verify a claim for the smallest valid integer only. However, to get
some feeling how the proof from n to n 4+ 1 might work, it is sometimes beneficial to verify a

claim for 1,2, or 3 as well.




In the second step, we have to establish the result in the induction step, showing that some-
thing holds for n + 1, using the fact that it holds for n (alternatively, we can show that it
holds for n, using the fact that it holds for n — 1). [ ]

Theorem 1.2.3: Bonferroni’s Inequality
Let Ay, As,..., A, € L. Then

n n n
Y P(A) =Y P(4;nA) < P(|J 4) <> P(A)
i=1 i<j i=1 =1
Proof:
n n
Right side: P(| ] 4;) <> P(4;)
=1 i=1

Induction Base:
For n = 1, the right side evaluates to P(A;) < P(A;), which is true.

Formally, the next step is not required. However, it does not harm to verify the claim for
n = 2 as well. For n = 2, the right side evaluates to P(A; U As) < P(A1) + P(A3).

P(A, U Ay) TEY) Ay & P(Ay) — P(A1 N As) < P(Ay) + P(As) since P(A; N As) > 0
by Def. 1.1.7 (i).

This establishes the induction base for the right side.

Induction Step:

We assume the right side is true for n and show that it is true for n + 1:

n+1 n
P(U4) = P(U4) U4
i=1 =1
THAZH (] A3) + P(Ani) = PO A9) 0 Anir)
i=1 =1
Def.1.1.7(7) "
< P(U A;) + P(Apt1)
i=1
1.B. "
2 > P(4;) + P(Any1)
i=1
n+1
= > P4y
i=1

n n
Left side: Y P(A4;) =Y P(4;n 4;) < P(|J 4)
i=1 i<j i=1
Induction Base:

For n = 1, the left side evaluates to P(A;) < P(A;), which is true.




For n = 2, the left side evaluates to P(A;) + P(As) — P(A1 N Ay) < P(A;UAy), which is true
by Th. 1.2.1 (iv).
For n = 3, the left side evaluates to
P(Ay) + P(Ay) + P(A3) — P(A1NA) — P(A1NA3) — P(As N A3) < P(A; UAy U A3).
This holds since
P(A; U Ay U Ajg)

= P((A1 U A2) U A3)

TRLZI0) gL U Ag) + P(A) — P((A U As) 0 As)
= P(A1 UAy) + P(A3) — P((A1 N A3) U (42 N 43))
T2 b)) + P(Ag) — P(Ay N Ag) + P(As) — P(A; N A3) — P(A; N As)
+P((A1 N Az) N (A2 N A43))

= P(A))+ P(As) + P(A3) — P(A1NAg) —P(A1NA3) — P(As N A3) + P(A1 N AN A3)
Def1.1.7(3)
> P(A1)+ P(Ay) + P(A3) — P(A1 N Ag) — P(A1 N A3) — P(Ay N Ajg)

This establishes the induction base for the left side.

Induction Step:

We assume the left side is true for n and show that it is true for n + 1:

n+1

P4 = P(UA) U
i=1 i=1
= P(J Ai) + P(An11) = P((|J Ai) N Anya)
=1 i=1
left 1.B. n n n
> ZP(Az)_ZP(AznA])+P(An+1)_P((U Ai)mAn-i-l)
i=1 i<j i=1
n+1 n n
- > P(A) =Y P(4i N A7) = P({J(Ai N Anya))
i=1 i<j i=1
Th.1.2.3 right side 711 n n
2 > P(A) =Y P(AiNAj) = > P(AiN Apy)
i—1 i<y =1
n+1 n+1
i=1 i<j



Theorem 1.2.4: Boole’s Inequality
Let A,B € L. Then

(i) P(ANB) > P(A) + P(B) — 1

(ii) P(ANB) > 1 - P(AY) — P(BY)

Proof:

Homework

Definition 1.2.5: Continuity of sets

For a sequence of sets {4,}>2,,A, € L and A € L, we say

o0
(i) Ay T Aif Ay C A CA3C...and A= | 4,.

n=1

o0
(i) Ay JAif Ay DA DA3D ... and A= () A4y,

n=1

Theorem 1.2.6:
If {A,}52,, A, € L and A € L, then nlggo P(A,) =P(A) if 1.2.5 (i) or 1.2.5 (ii) holds.

Proof:
Part (i): Assume that 1.2.5 (i) holds.
Let By = Ay and By = A, — Ap_1 = A N AkC,1 Vk > 2

By construction, B; N Bj = O for i # j
o0 o0
Itis A= | A, = | Ba
n=1 n=1
n n
and also A,, = U A; = U B;
i=1 i=1

PA) = P(|) B ) ™2 S P(Be) = T[S P(By)
k=1 k=1 k=1

PEET dim [P By)] = lim [P(J 4p)] = lim P(A,)
k=1 -

n—00 n— 00
k=1

n
The last step is possible since A,, = U Ay
k=1



Part (ii): Assume that 1.2.5 (ii) holds.
Then, AlchQCQAgQ...andAC ﬂA ¢ De Morgan UAC

n=1

P(AC) Y lim P(AF)

So1—P(AY) =1— lim P(AY)
n—oo

= P(4) = lim (1 - P(AY)) = lim P(4,)

Theorem 1.2.7:

(i) Countable unions of probability 0 sets have probability 0.

(ii) Countable intersections of probability 1 sets have probability 1.

Proof:
Part (i):
Let {A4,}5°, € L, P(4,) =0 Vn
Def. 1.7.7 (i) o0 . e
P(U Tk 123ZP ZOZO
n=1 n=1

Therefore P( U Ap) =0.
n=1
Part (ii):
Let {Ap}52, €L, P(4,) =1 Vn

Th.g (ii) P(ATCL’) _ 0 v Th. 127() U AC De Morga,n ﬂ A _ 1

10
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1.3 Combinatorics and Counting

For now, we restrict ourselves to sample spaces containing a finite number of points.

Let Q@ = {w1,...,w,} and L = P(Q). For any A € L, P(A) = Z P(wj).
w]'EA

Definition 1.3.1:
We say the elements of  are equally likely (or occur with uniform probability) if
Pwj)=2% vi=1,... n n

n

Note: -
If this is true, P(A) = mlmger wj in A
number w; in €2

need to be able to count elements accurately.

Therefore, to calculate such probabilities, we just

Theorem 1.3.2: Fundamental Theorem of Counting
If we wish to select one element (a;) out of n; choices, a second element (ay) out of ny choices,

and so on for a total of k elements, there are

1 Xng Xng X... XNk

ways to do it.
Proof: (By Induction)

Induction Base:
k = 1: trivial

k = 2: ny ways to choose a;. For each, no ways to choose as.

Total # of ways = no +no + ... 4+ ng = ny X no.

n1 t}rmes
Induction Step:
Suppose it is true for (k — 1). We show that it is true for k = (k — 1) + 1.

There are ny X ng X ng X ... X ng_1 ways to select one element (a;) out of n; choices, a
second element (ay) out of ny choices, and so on, up to the (k — 1) element (ay_;) out of
ng_1 choices. For each of these n; X no X ng X ... X ni_; possible ways, we can select the Eth
element (ax) out of ny choices. Thus, the total # of ways = (n1 X no X ng X ... X ng_1) X ng.

|

11



Definition 1.3.3:
For positive integer n, we define n factorial as n! = nx(n—1)x(n—2)x...x2x1 =nx(n—1)!
and 0! = 1. ]

Definition 1.3.4:

For nonnegative integers n > r, we define the binomial coefficient (read as n choose r) as

<n> n! n-n—1)-n—=2)-...-(n—r+1)

r ri(n —r)! 1-2-3-...-r '
| ]
Note:
A useful extension for the binomial coefficient for n < r is
n n-(n—1)-...-0-...-(n—r+1)
= =0.
T 1-2-...-7r
| ]

Note:
Most counting problems consist of drawing a fixed number of times from a set of elements

(e.g., {1,2,3,4,5,6}). To solve such problems, we need to know

(i) the size of the set, n;
(ii) the size of the sample, r;
(iii) whether the result will be ordered (i.e., is {1,2} different from {2,1}); and

(iv) whether the draws are with replacement (i.e, can results like {1,1} occur?).

Theorem 1.3.5:

The number of ways to draw r elements from a set of n, if

(i) ordered, without replacement, is (n’_“r)!;
(ii) ordered, with replacement, is n";
(iii) unordered, without replacement, is r!(:ir)! = (7);

(iv) unordered, with replacement, is

T = (7,

12



Proof:

(i)

(if)

(iii)

(iv)

n choices to select 15

n — 1 choices to select 2¢

n — r + 1 choices to select rt"

n—1)x..X(n—=r+1)x(n—r)!
(n—r)!

By Theorem 1.3.2, there are n x (n—1) x...x (n—r+1) = nx(

(nﬁ!r)! ways to do so.

Corollary:

The number of permutations of n objects is n!.

n choices to select 15

n choices to select 24

n choices to select rth

By Theorem 1.3.2, there are n X n X ... x n =n" ways to do so.
~—_—

r times

We know from (i) above that there are (n”f'r), ways to draw r elements out of n elements
without replacement in the ordered case. However, for each unordered set of size r,

there are r! related ordered sets that consist of the same elements. Thus, there are

unordered case.

) ways to draw r elements out of n elements without replacement in the

There is no immediate direct way to show this part. We have to come up with some
extra motivation. We assume that there are (n — 1) walls that separate the n bins of
possible outcomes and there are r markers. If we shake everything, there are (n—1+r)!
permutations to arrange these (n — 1) walls and r markers according to the Corollary.
Since the r markers are indistinguishable and the (n—1) walls are also indistinguishable,
we have to divide the number of permutations by 7! to get rid of identical permutations

where only the markers are changed and by (n — 1)! to get rid of identical permutations
(n—14r)! (n+r71
rl(n—1)! — T

elements out of n elements with replacement in the unordered case.

where only the walls are changed. Thus, there are ) ways to draw r

13



Theorem 1.3.6: The Binomial Theorem

If n is a non—negative integer, then

Proof: (By Induction)

Induction Base:

n=01=(1+2)°= <2>$’":<8>$0:1

r=0
n=1: (1+x)lzz<i>f: <é>x0+ <1>$1:1+.’E

r=

o

(=)

Induction Step:

Suppose it is true for k. We show that it is true for k£ + 1.

1+ = (1

I
7N
Eal
o +
—
HO
+
-

(*) Here we use Theorem 1.3.8 (i). Since the proof of Theorem 1.3.8 (i) only needs algebraic

transformations without using the Binomial Theorem, part (i) of Theorem 1.3.8 can be ap-

plied here.

14



Corollary 1.3.7:
For a non—negative integer n, it holds:

) <§>+<’1’>+...+<2> o
o (3)- () G)-

w 3
N—
+

+

|

=
S
R
S 3
N—
Il

o

Proof:
Use the Binomial Theorem:

(i) Let z = 1. Then

(ii) Let z = —1. Then

(i) L1+ =2£>" (77:") z"

r=0

= n(l+z)" = zn:r : (Z) !

Substitute = 1, then

r=1
(iv) Substitute z = —1 in (iii) above, then
—1 o n r = n r—1
O=nl+(-1)" = "r . ()" =>r . (—1)
r=1 r=1

since for >~ a; = 0 also >>(—a;) = 0.

15

Lecture 06:
Mo 09/11/00




Theorem 1.3.8:

For non—negative integers, n,m,r, it holds:

o (") (=)= 0)

.. n\[(m n m n\[(m m-+mn
o ()0 )2 o ) - (77
.y (O 1 2 n\ [(n+1

(i) T * T * T ot r]  \r+1

Proof:

Homework
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1.4 Conditional Probability and Independence

So far, we have computed probability based only on the information that Q is used for a
probability space (€2, L, P). Suppose, instead, we know that event H € L has happened.
What statement should we then make about the chance of an event A € L ?

Definition 1.4.1:
Given (2, L,P) and H € L, P(H) > 0, and A € L, we define

P(ANH)
P(A|H) = ——— = Py(A
() = ZF s = Pu(4)
and call this the conditional probability of A given H. [
Note:
P(A|H) is undefined if P(H) = 0. ]

Theorem 1.4.2:
In the situation of Definition 1.4.1, (2, L, Py ) is a probability space.

Proof:
If Py is a probability measure, it must satisfy Def. 1.1.7.

(i) P(H) >0 and by Def. 1.1.7 (i) P(AN H) > 0 = Py(A) = T3l >0 vAe L

(i) Pu() =255 = 20 =1

)

(iii) Let {A4,}22, be a sequence of disjoint sets. Then,

P(({J 4n) N H)
Def.1.4.1 n=1

Def1.1.7(ii0)  p—1

17



Note:

What we have done is to move to a new sample space H and a new o-field Ly = L N H of
subsets ANH for A € L. We thus have a new measurable space (H, L) and a new probability
space (H, Ly, Py). [

Note:
From Definition 1.4.1, if A, B € L, P(A) > 0, and P(B) > 0, then

P(ANB) = P(A)P(B|A) = P(B)P(A|B),

which generalizes to the following Theorem. |

Theorem 1.4.3: Multiplication Rule

n—1
If Ay,..., Ay € Land P(()] 4;) > 0, then
7j=1

n n—1
P({) 4j) = P(A1) - P(As|A1) - P(A3]A1 N Ag) - ... - P(Ay| [ 4))-
j=1 J=1
Proof:

Homework -

Definition 1.4.4:
A collection of subsets {A,}52; of Q form a partition of Q if

(i) J 4n =9, and

n=1

(i) A4;NAj =0 Vi#j,ie., elements are pairwise disjoint.

Theorem 1.4.5: Law of Total Probability
If {H;}32, is a partition of 2, and P(H;) >0 Vj, then, for A € L,
o o0
P(A) =) P(ANH;) =) P(H))P(AH).
j=1 j=1

Proof:
By the Note preceding Theorem 1.4.3, the summands on both sides are equal
= the right side of Th. 1.4.5 is true.

18



The left side proof:
Hj are disjoint = AN H; are disjoint

o
A=AnQ "B A0 UH U@nHy)
j=1 j=1
— P(A) = P(|J(AanH) "TE S pan )
7j=1 7j=1

Theorem 1.4.6: Bayes’ Rule
Let {H;}72, be a partition of (2, and P(H;) >0 Vj. Let A€ L and P(A) > 0. Then

Pl ) = PHEIPAIH)
ZP P(A|H,)

Proof:

P(H; N A) "B P4) - P(H;|A) = P(H;) - P(AH;)

— P(H;|A) = P(H. ZI)DZDA(;HHZ) Thl45 _ P(H;)-P(AlH;)
ZP P(A|H, )

Definition 1.4.7:
For A,B € L, A and B are independent iff P(A N B) = P(A)P(B).

Note:

e There are no restrictions on P(A) or P(B).

e If A and B are independent, then P(A|B) = P(A) (given that P(B) > 0) and P(B|A)

P(B) (given that P(A) > 0).

e If A and B are independent, then the following events are independent as well: A and

BY; A€ and B; A® and B¢.

Definition 1.4.8:

Let A be a collection of L-sets. The events of 4 are pairwise independent iff for every

distinct Al, Ay € A it holds P(A1 N Ag) = P(Al)P(AQ)

19
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Definition 1.4.9:
Let A be a collection of L—sets. The events of A are mutually independent (or completely
independent) iff for every finite subcollection {4;,,..., 4;, }, A;; € A, it holds

k k
P(() 4;) = I P(4;)
j=1 j=1
|
Note:
To check for mutually independence of n events {44,..., Ay} € L, there are 2" —n — 1 rela-
tions (i.e., all subcollections of size 2 or more) to check. ]

Example 1.4.10:

Flip a fair coin twice. Q = {HH,HT,TH,TT}.
A = “H on 1st toss”

Ay = “H on 2nd toss”

Az = “Exactly one H”

Obviously, P(A4;) = P(As) = P(A3) = 1.

Question: Are Al, A; and As pairwise independent and also mutually independent?
P(A1 N A2) =.26=.5-5= P(Al) . P(Ag) = Al, A2 are independent.
P(A1 N A3) =.25=.5-5= P(Al) . P(Ag) = Ay, A3 are independent.
P(A2 N A3) =.25=.5-5= P(AQ) . P(Ag) = Ay, A3 are independent.

Thus, A;, Ay, A3 are pairwise independent.

P(A1 N A2 N A3) =0 75 D-5H-b = P(Al) . P(Ag) . P(Ag) = Al,AQ,Ag are not mutually
independent. [ |

Example 1.4.11: (from Rohatgi, page 37, Example 5)

e r students. 365 possible birthdays for each student that are equally likely.
e One student at a time is asked for his/her birthday.

e If one of the other students hears this birthday and it matches his/her birthday, this
other student has to raise his/her hand — if at least one other student raises his/her

hand, the procedure is over.

20



e We are interested in

pr = P(procedure terminates at the kth student)
= P(a hand is first risen when the kth student is asked for his/her birthday)

It is

p1 = P(at least 1 other from the (r — 1) students has a birthday on this particular day.)
= 1— P(all (r — 1) students have a birthday on the remaining 364 out of 365 days)
_ (364)”
N 365

p2 = P(no student has a birthday matching the first student and at least one

of the other (r — 2) students has a b-day matching the second student)

Let A = No student has a b-day matching the 18tstudent
Let B = At least one of the other (r — 2) has b-day matching ond

Sops = P(ANDB)
= P(A)-P(B|4)

= P 15t

(

no student has a matching b-day with the 1°"student ) x

P(at least one of the remaining students has a matching b-day with the second,
given that no one matched the first.)

= (1 —=p1)[1 = P(all (r — 2) students have a b-day on the remaining 363 out of 364 days)
_ ey [y
— \365 364
_ r—1 r—2

T AECAK

365 364
_ 3 <1 _ L)H 1 (@)H
365 365 364
B < e > <1_ 2—1>T2+1 L ( 365 — 2 >T2
— \(365)21 365 365 —2 1 1

Formally, we have to write this sequence of equalities in this order. However, it often might

be easier to first work from both sides towards a particular result and combine partial results

afterwards. Here, one might decide to stop at (x) with the “forward” direction of the equalities

21



and first work “backwards” from the book, which makes things a lot simpler:

< s65Py_ 1 ) < 2— 1>T—2+1 ( 365 — 2 )H
P2 = (et ) |1 = 1— (o
(365)2—1 365 365 —2+ 1

- (0 L)” - (@)”

365 365 364

- <365_1>T‘1 1_ <@>T2

N 365 364

We see that this is the same result as (x).

Now let us consider ps:

ps = P(No one has same b-day as first and no one same as second, and at least one of the

remaining (r — 3) has a matching b-day with the 3rd student)

Let A = No one has the same b-day as the first student
Let B = No one has the same b-day as the second student
Let C = At least one of the other (r — 3) has the same b-day as the third students

Now:
p3 = P(A NnBN C)
= P(A)-P(B|A)- P(C|ANB)

364 363\" 2
365) <36—4> -[1 = P(all (r — 3) students have a b-day on the remaining 362 out of 363 days]

364>r 1 <@>T—2 - (@)T—iﬁ
365 364 363

_(364) 1 (363) ll - <362>7«_3]

/\/\

(365)" =1 (364)7— 363
- 3641" 1 3637‘72 1_ (@)7‘3
 \ 36472 ) \ 36571 363
() (3) -G
365/ \ 36572 363
- (S G -G
- 365 365 363

22




= () () ()|
- (E) (-5%) T - (@SR

Once again, working “backwards” from the book should help to better understand these

transformations.

For general p; and restrictions on r and k£ see Homework. [ |
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2 Random Variables

2.1 Measurable Functions

Definition 2.1.1:

e A random variable (rv) is a set function from  to IR.

e More formally: Let (€2, L, P) be any probability space. Suppose X : Q — IR and that

X is a measurable function, then we call X a random variable.

o More generally: If X : @ — IRF, we call X arandom vector, X = (X;(w), X2(w), ..., Xp(w)).

What does it mean to say that a function is measurable?

Definition 2.1.2:

Suppose (€2, L) and (S,B) are two measurable spaces and X : @ — S is a mapping from
Q to S. We say that X is measurable L — B if X~'(B) € L for every set B € B, where
X YB)={weQ: X(w) € B}.

Example 2.1.3:

Record the opinion of 50 people: “yes” (y) or “no” (n).
Q = {All 2°° possible sequences of y/n} — HUGE !
L=7P(Q)

X : Q — S= {All 2°° possible sequences of 1 (=y) and 0 (=n)}
B="7P(S)

X is a random vector since each element in S has a corresponding element in 2, for B €
B, X Y(B) e L="P9).

Consider X : Q@ - S§={0,1,2,...,50}, where X(w) = “# of y’s in w” is a more manageable

random variable.

A simple function, which takes only finite many values zi,...,x; is measurable iff
X_l(xi) € L Vz;.

Here, X~1(k) = {w € Q : # 1’s in sequence w = k} is a subset of {2, so itisin L =P(2) m

24



Example 2.1.4:
Let 2 = “infinite fair coin tossing space”, i.e., infinite sequence of H’s and T’s.
Let L, be a o-field for the 1st n tosses.

Define L = o( | J Ln).

n=1
Let X, : Q — IR be X,,(w) = “proportion of H’s in 1st n tosses”.
For each n, X, (-) is simple (values {0, %, %, ...,n}) and X;l(%) €L, VE=0,1,...,n.
Therefore, X1 (£) € L.

So every random variable X, (-) is measurable L —B. Now we have a sequence of rv’s { X, } 72 ;.
We will show later that P({w : X,(w) — 3}) = 1, ie., the Strong Law of Large Numbers
(SLLN). n

Some Technical Points about Measurable Functions

2.1.5:

Suppose (£2, L) and (S, B) are measure spaces and that a collection of sets A generates B, i.e.,
o(A)=B. Let X:Q — S. If X"1(A) € L VA € A, then X is measurable L — B.

This means we only have to check measurability on a basis collection .A. The usage is: B on
IR is generated by {(—o0,z] : z € IR}.

2.1.6:

If (Q,L), (Y, L"), and (", L") are measure spaces and X : Q@ — Q" and Y : Q' — Q" are
measurable, then the composition (Y X) : Q — Q" is measurable L — L".

2.1.7:

If f: IR® — IR* is a continuous function, then f is measurable B* — BF.

2.1.8:
ffj:Q—=R,j=1,...kand g: IR* — IR are measurable, then g(fi(-),..., fx(-)) is measur-
able.

The usage is: g could be sum, average, difference, product, (finite) maximums and minimums

of z1,...,xx, etc.

25



2.1.9:

Limits: Extend the real line to [—o0, 00] = IR U {—00, c0}.
We say f:Q — IR is measurable L — B if

(i) fY(B) € L VB € B, and

(i) f (—o0), f 1(o0) € L also.

2.1.10:
Suppose f1, fo,... is a sequence of real-valued measurable functions (2, L) — (IR, B). Then
it holds:

(i) sup fn,i%f fn, limsup fp, lim i%f fn, are measurable.
n n
(ii) If f = li7;Ln fn exists, then f is measurable.
(iii) The set {w : f,(w) converges} € L.

(iv) If f is any measurable function, the set {w: f,(w) = f(w)} € L.

26



2.2 Probability Distribution of a Random Variable

The definition of a random variable X : (2,L) — (S, B) makes no mention of P. We now

introduce a probability measure on (S, B).

Theorem 2.2.1:
A random variable X on (Q, L, P) induces a probability measure on a space (IR, B, Q) with
the probability distribution @) of X defined by

Q(B)=P(X Y(B))=P({w: X(w) € B}) VBeB.

Note:
By the definition of a random variable, X '(B) € L VB € B. @ is called induced proba-
bility.

Proof:

If X induces a probability measure @ on (IR, B), then ( must satisfy the Kolmogorov Axioms
of probability.

X:(QL)— (S,B). Xisarv=X (B)={w:X(w)eB}=A€L VBeB.

Def.1.1.7(i)
(i) Q(B)=P(X '(B)) = Pw: X(w) € B}) =P(A) > 0 VBeB

(i) QUR) = P(X~H(R)) =" P(Q) 1

(iii) Let {B,}22, € B,B;NBj =@ Vi # j. Then,

AU B.) =P B2) Y p( U @) ) el 1L z_j B) = 3 A

(¥) holds since X ~!(-) commutes with unions/intersections and preserves disjointedness.

Definition 2.2.2:

A real-valued function F' on (—o0, 00) that is non-decreasing, right—continuous, and satisfies

F(—o00) =0,F(c0) =1

is called a cumulative distribution function (cdf) on IR. ]
Note:
No mention of probability space or measure P in Definition 2.2.2 above. [ |
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Definition 2.2.3:

Let P be a probability measure on (IR, B). The cdf associated with P is

F(z) = Fp(w) = P((—00,a]) = P({w : X(w) < #}) = P(X < 2)

for a random variable X defined on (IR, B, P). ]

Note:

F(-) defined as in Definition 2.2.3 above indeed is a cdf.

Proof (of Note):

(i)

(if)

Let 1 < z9

= (_OOV/EI] - (—OO,.’EQ]
Th.1.2.1(v)
= F(z1) = P{w: X(w) < z1}) < P{w: X(w) < z9}) = F(x2)
Thus, since 21 < 3 and F(x1) < F(x3), F(.) is non-decreasing.

Since F' is non-decreasing, it is sufficient to show that F'(.) is right—continuous if for any
sequence of numbers x, — z+ (which means that z, is approaching z from the right)
withaz) >z0>...> 2, > ... >z : F(z,) = F(z).

Let A, = {w: X(w) € (z,2,]} € L and A, | O. None of the intervals (z, z,] contains z.
As x, — x4+, the number of points w in A, diminishes until the set is empty. Formally,
n o
nlgrolo A, = nlgrolo QAi = ﬂl A, =0.
= n=

By Theorem 1.2.6 it follows that
lim P(A,) = P(lim A,) = P(Q)=0.

It is
P(A,) =P{w: X(w) <zp}) — P{w: X(w) <z}) = F(z,) — F(x).

= (HILH;O F(zy)) — F(z) = nan&O(F(xn) — F(x)) = nlgrolo P(A,)=0

= lim F(zy) = F(x)

= F(z) is right—continuous.
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F(—o00) = lim F(—n)

n— 00

= lim P{w: X(w) < —n})

n—0o0

= P(lim{w: X(w) < —n})

n—00

— P(0)

Def. 2.2.3

F(oco) = lim F(n)

= lim P({w: X(w) <n})
= P(nlgrgo{w : X(w) < n})
= P(Q)

=1

Note that (iii) and (iv) implicitly use Theorem 1.2.6. In (iii), we use A, = (—oo0, —n) where
Ap D Apyq and A, | O. In (iv), we use A, = (—oo,n) where A, C A,+1 and A, T R. [ |

Definition 2.2.4:
If a random variable X : Q@ — IR has induced a probability measure Py on (IR, B) with cdf

F(x), we say

(i) rv X is continuous if F'(z) is continuous in z.

(ii) rv X is discrete if F'(z) is a step function in z.

Note:

There are rvs that are mixtures of continuous and discrete rvs. One such example is a trun-
cated failure time distribution. We assume a continuous distribution (e.g., exponential) up
to a given truncation point x and assign the “remaining” probability to the truncation point.

Thus, a single point has a probability > 0 and F'(z) jumps at the truncation point z. [ |
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Definition 2.2.5:
Two random variables X and Y are identically distributed iff

Px(X € A)=Py(Y € A) VA€ L.

|
Note:
Def. 2.2.5 does not mean that X (w) =Y (w) Vw € Q. For example,
X = # H in 3 coin tosses
Y = # T in 3 coin tosses
X,Y are both Bin(3,0.5), i.e., identically distributed, but for w = (H, H,T), X (w) =2 # 1 =
Y(w), e, X #Y. [
Theorem 2.2.6:
The following two statements are equivalent:
(i) X,Y are identically distributed.
(ii) Fx(z) = Fy(z) Vz € R.
Proof:
(i) = (ii):
Fx(x) = Px ((—00,z])
= P({w: X(w) € (o0, 2]})
PP P({w: Y () € (~o0,al))

= Py ((—o0, z])

= Fy(X)
(ii) = (i):
Requires extra knowledge from measure theory. [ |
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2.3 Discrete and Continuous Random Variables

We now extend Definition 2.2.4 to make our definitions a little bit more formal.

Definition 2.3.1:

Let X be a real-valued random variable with cdf F on (2, L, P). X is discrete if there exists
a countable set £ C IR such that P(X € E) =1, i.e., P({w: X(w) € E}) = 1. The points of E
which have positive probability are the jump points of the step function F, i.e., the cdf of X.

o
Define p; = P{w : X (w) = zj,z; € E}) = Px(X = z;) Vi > 1. Then, p; > O,Zpi =1.

=1

We call {p; : p; > 0} the probability mass function (pmf) (also: probability frequency

function) of X. m
Note:
o
Given any set of numbers {p,}5°,,pp, >0 Vn > 1, Z pn =1, {pp}5, is the pmf of some rv
n=1
X. [

Note:

The issue of continuous rv’s and probability density functions (pdfs) is more complicated. A
rv X : Q@ — IR always has a cdf F'. Whether there exists a function f such that f integrates
to F and F’ exists and equals f (almost everywhere) depends on something stronger than

just continuity. n

Definition 2.3.2:

A real-valued function F' is continuous in zy € IR iff

Ve>0 30>0 Vo: |z—x|<0=|F(zx)— F(xo) |[<e.

F' is continuous iff F' is continuous in all z € R. [ ]
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Definition 2.3.3:

A real-valued function F' defined on [a, b] is absolutely continuous on [a, b] iff

Ve >0 30 > 0 V finite subcollection of disjoint subintervals [a;, b;],i =1,...,n:

n

Z(bz_az)<5:>Z|F(bz)_F(az) |<€.

=1 =1

Note:

Absolute continuity implies continuity. [

Theorem 2.3.4:

(i) If F is absolutely continuous, then F’ exists almost everywhere.

(ii) A function F is an indefinite integral iff it is absolutely continuous. Thus, every abso-

lutely continuous function F is the indefinite integral of its derivative F’.

Definition 2.3.5:
Let X be a random variable on (2, L, P) with cdf F'. We say X is a continuous rv iff F

is absolutely continuous. In this case, there exists a non—negative integrable function f, the

probability density function (pdf) of X, such that
T
Flz) = / F(t)dt = P(X < 1),
From this it follows that, if a,b € IR,a < b, then
b
Py(a< X <b) = F(b) — Fla) = / F(t)dt
a

exists and is well defined. []

Theorem 2.3.6:
Let X be a continuous random variable with pdf f. Then it holds:

(i) For every Borel set B € B, P(B) = / f(t)dt.
B

(i) If F' is absolutely continuous and f is continuous at x, then F'(z) = == = f(x).
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Proof:
Part (i): From Definition 2.3.5 above.
Part (ii): By Fundamental Theorem of Calculus. ]

Note:

As already stated in the Note following Definition 2.2.4, not every rv will fall into one of
these two (or if you prefer — three —, i.e., discrete, continuous/absolutely continuous) classes.
However, most rv which arise in practice will. We look at one example that is unlikely to

occur in practice in the next Homework assignment.

However, note that every cdf F' can be written as
F(z) = aFy(z) + (1 — a)Fe(z), 0<a <1,

where Fj is the cdf of a discrete rv and F, is a continuous (but not necessarily absolute

continuous) cdf.

Some authors, such as Marek Fisz Wahrscheinlichkeitsrechnung und mathematische Statistik,
VEB Deutscher Verlag der Wissenschaften, Berlin, 1989, are even more specific. There it is

stated that every cdf F' can be written as
F(z) = a1 Fy(z) + asFe(z) + a3Fs(z), a1,a2,a3 > 0,a1 + a2 +a3 =1.

Here, Fy(z) and F.(x) are discrete and absolute continuous cdfs. Fs(z) is called a singu-
lar cdf. Singular means that F(z) is continuous and its derivative F'(z) equals 0 almost
everywhere (i.e., everywhere but in those points that belong to a Borel-measurable set of
probability 0).

Question: Does “continuous” but “not absolutely continuous” mean “singular”? — We will

(hopefully) see later. .. [ ]

Example 2.3.7:

Consider
0, z <0
1/2 =0
Fay={ /* N
1/2+z/2, 0<z<1
1, z>1

We can write F'(z) as aFy(z) + (1 —a)F.(z),0 < a < 1. How?

Since F'(z) has only one jump at 2 = 0, it is reasonable to get started with a pmf py = 1 and
corresponding cdf

0, <0

1, >0

Fy(z) = {
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Since F(z) = 0 for z < 0 and F(z) = 1 for x > 1, it must clearly hold that F,.(x) = 0 for
z < 0 and F.(x) =1 for x > 1. In addition F(z) increases linearly in 0 < z < 1. A good
guess would be a pdf f.(z) =1- Iy 1)(z) and corresponding cdf

0, <0
F(z)=} z, 0<z<1
1, z>1

Knowing that F'(0) = 1/2, we have at least to multiply Fy(z) by 1/2. And, indeed, F(z) can

be written as

1 1
|
Definition 2.3.8:
The two—valued function I4(z) is called indicator function and it is defined as follows:
In(r) =1ifr € Aand I4(z) =0 if z € A for any set A. ]
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An Excursion into Logic

When proving theorems we only used direct methods so far. We used induction proofs to
show that something holds for arbitrary n. To show that a statement A implies a statement
B, ie., A = B, we used proofs of the type A = A1 = Ay = ... = A,_1 = A, = B where
one step directly follows from the previous step. However, there are different approaches to

obtain the same result.

Implication: (A implies B)

A = B is equivalent to =B = —A is equivalent to -A V B:

A|B|A=B|-A|-B|-B=-A|-AVB
1|1 1 0 0 1 1
110 0 0|1 0 0
01 1 110 1 1
00 1 111 1 1

Lecture 11:

Equivalence: (A is equivalent to B) Fr 09/22/00
A & B is equivalent to (A = B) A (B = A) is equivalent to (mAV B) A (AV —B):
A|B||A©B|A=B|B=A|(A=B)AN(B=A)|-AVB|AV-B|(nAVB)A(AV-B)

1)1 1 1 1 1 1 1 1

110 0 0 1 0 0 1 0

01 0 1 0 0 1 0 0

010 1 1 1 1 1 1 1

Negations of Quantifiers:

-V € X : B(x) is equivalent to 3z € X : —B(x)
-3z € X : B(z) is equivalent to Vz € X : —B(z)

dre XVyeY : B(zr,y) impliesVye Y 3z € X : B(z,y)
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2.4 Transformations of Random Variables

Let X be a real-valued random variable on (2, L, P), i.e., X : (2,L) — (IR,B). Let g be
any Borel-measurable real-valued function on IR. Then, by statement 2.1.6, Y = ¢g(X) is a

random variable.

Theorem 2.4.1:
Given a random rariable X with known induced distribution and a Borel-measurable function

g, then the distribution of the random variable Y = g(X) is determined.

Proof:
Fy(y) = Py(Y <y)
= P({w:g(X(w)) <y})
= P({w:X(w) € B,}) where B, =g '((—o0,y]) € B since g is Borel-measureable.
= P(Xil(By)
|
Note:

From now on, we restrict ourselves to real-valued (vector-valued) functions that are Borel-

measurable, i.e., measurable with respect to (IR, B) or (IR¥, B).

More generally, Py (Y € C) = Px(X € g (C)) VC € B. [ ]

Example 2.4.2:
Suppose X is a discrete random variable. Let A be a countable set such that P(X € A) =1
and P(X =z) >0 Vz € A.

Let Y = g(X). Obviously, the sample space of Y is also countable. Then,

Pr(Y=y)= Y Px(X=z)= > Px(X=uz) VyegyA).
zeg—({y}) {z:g(z)=y}

Example 2.4.3:

X ~U(-1,1) so the pdf of X is fx(x) = 1/2I[_y 1)(z), which, according to Definition 2.3.8,
reads as fx(z) =1/2 for —1 <z <1 and 0 otherwise.

z, >0

Let Y = X1 = )
0, otherwise
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Then,

0, y <0
1/2, =0
Friy) =Py <=1 1 ’
1/24y/2, 0<y<1
L, y=>1
This is the mixed discrete/continuous distribution from Example 2.3.7. [

Note:
We need to put some conditions on g to ensure g(X) is continuous if X is continuous and

avoid cases as in Example 2.4.3 above. [ |

Definition 2.4.4:

For a random variable X from (€2, L, P) to (IR, B), the support of X (or P) is any set A € L
for which P(A) = 1. For a continuous random variable X with pdf f, we can think of the
support of X as X = X ({z : fx(x) > 0}). [ ]

Definition 2.4.5:

Let f be a real-valued function defined on D C IR, D € B. We say:

f is (strictly) non—decreasing if z <y = f(z) (<) < f(y) Vz,y € D
f is (strictly) non—increasing if + < y = f(z) (>) > f(y) Vz,y € D

f is monotonic on D if f is either increasing or decreasing and write f 1 or f |. [ |

Theorem 2.4.6:
Let X be a continuous rv with pdf fx and support X. Let y = g(x) be differentiable for all =
and either (i) ¢'(z) > 0 or (i) ¢'(z) < 0 for all z.
Then, Y = g(X) is also a continuous rv with pdf
Fol) = Fxlo™ ) | oo™ W) | )
y\y) =Jix\g Yy dyg Y g(H\Y)-

Proof:
Part (i): ¢'(z) >0Vz e X
So g is strictly increasing and continuous.

Therefore, z = g~!(y) exists and it is also strictly increasing and also differentiable.
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Then, from Rohatgi, page 9, Theorem 15:
d _ d !
d_yg "y) = <%9($) |wg1(y)> >0

We get Fy(y) = Py (Y <y) = Py(9(X) <y) = Px(X < g '(y)) = Fx(g'(y)) for y € g(X)
and, by differentiation,

fr(y) = Fy(y) = diy(Fx(gl(y))) TR (g (W) - d—yg’l(y)

Part (ii): ¢'(z) <0Vz € X
So g is strictly decreasing and continuous.
Therefore, z = g~ '(y) exists and it is also strictly decreasing and also differentiable.

Then, from Rohatgi, page 9, Theorem 15:

d _ d !
d_yg Hy) = (@g(z’f) |wg—1(y)> <0

We get Fy(y) = Pr(Y <y) = Pr(9(X) <y) =Px(X 2g7'(y) =1 - Px(X <g7'(y) =
1 — Fx(g '(y)) for y € g(X) and, by differentiation,

d d

) = F(0) = 2-(0=Fx (™ ) ™ =™ (™ )07 0) = fxl™ @) (— oo™ )

Since d% g~ (y) <0, the negative sign will cancel out, always giving us a positive value. Hence
the need for the absolute value signs.

Combining parts (i) and (ii), we can therefore write

i) = fxlo™ () d%g—l(y) Lo (¥)-

Note:

In Theorem 2.4.6, we can also write

W) = —Zas ,y € (%)
| “a | z=g~"(y)

If g is monotonic over disjoint intervals, we can also get an expression for the pdf/cdf of
Y = ¢g(X) as stated in the following Theorem. |
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Theorem 2.4.7:
Let Y = g(X) where X is a rv with pdf fx(z) on support X. Suppose there exists a partition
Ap, A1, ..., A of X such that P(X € Ap) = 0 and fx(z) is continuous on each A;. Suppose
there exist functions g1 (z), ..., gx(x) defined on A; through A, respectively, satisfying

(i) g9(z) = gi(z) Vo€ 4,

(ii) gi(z) is monotonic on A;,

(iii) the set ¥ = g;(4;) = {y : y = gi(z) for some z € A;} is the same for each i = 1,...,k,

and
(iv) g; '(y) has a continuous derivative on Y for each i = 1,...,k.
Then,
i d
Fr(w) =3 Fxlo ) | o' )] -Iy(v)
i=1
|
Note:

Rohatgi, page 73, Theorem 4, removes condition (iii) by definingn = n(y) and z1(y), ..., z,(y).
|

Example 2.4.8:
Let X be a rv with pdf fx () = 2 - I(g» ().

™

Let Y = sin(X). What is fy(y)?

Since sin is not monotonic on (0, 7), Theorem 2.4.6 cannot be used to determine the pdf of
Y.

Two possible approaches:

Method 1: cdfs

For 0 <y < 1 we have
Fy(y) = Py(Y <y)
= Px(sinX <y)
= Px([0< X <sin~!(y)] or [r —sin"(y) < X < 7))

= Fx(sin *(y)) + (1 — Fx(m —sin *(y)))
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since [0 < X <sin!(y)] and [r —sin"!(y) < X < 7] are disjoint sets. Then,

fry) = Fy(y)

. 1 . -1
= fx(sin™'(y)) =+ (—1) fx (m —sin~'(y)) S
l—y l—y
1 . .
= = (Fx(sin™ (1) + fx(r —sin™ (1))
1 <z(sin1(y)) 2(m — sinl(y))>
= 2 + 2
1-— y2 T s
! 2
= —F— 27
_ # T ( )
o=y Y
Method 2: Use of Theorem 2.4.7
Let A1 = (0, %), A2 = (%,T{'), and AO = {%}
Let g; ' (y) = sin *(y) and g, ' (y) = = — sin" ! (y).
It is o1 (y) = ek — 95" (y) and ¥ = (0,1).
Thus, by use of Theorem 2.4.7, we get
2 d
rly) = Y fxlg' W) | d—ygfl(y) | Ty(y)
=1
2sin 1(y) 1 2(r —sin l(y)) 1
= 2 = o1y (y) + 2 = o1y ()
27 1
= 3 T, 1io,1)(y)
2

s i T, (y)

Obviously, both results are identical.
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Theorem 2.4.9:
Let X be a rv with a continuous cdf Fx(z) and let Y = Fx(X). Then, Y ~ U(0,1).

Proof:
We have to consider two possible cases:
(a) Fx is strictly increasing, i.e., Fy (r1) < Fx(z2) for 21 < z2, and
(b) Fx is non—decreasing, i.e., there exists 1 < 9 and Fx(z1) = Fx(z2). Assume that

x1 is the infimum and x5 the supremum of those values for which Fx(z1) = Fx(z2) holds.
In (a), Fy'(y) is uniquely defined. In (b), we define F\y'(y) = inf{z : Fx(z) >y}
Without loss of generality:

Fy'(1) = +o0 if Fx(z) <1 Vz € R and
F'(0) = —c0 if Fx(z) >0 V2 € R.

For Y = Fx(X) and 0 < y < 1, we have

PY<y) = PFx(X)<y)

=  P(X <F'(y)
= Fx(Fx'(y)
=y

At the endpoints, we have P(Y <y)=1ify >1and P(Y <y) =0if y <0.

But why is (*) true? — In (a), if Fx is strictly increasing and continuous, it is certainly
v = Fy'(Fx(x)).

In (b), if Fyx(z1) = Fx(z9) for 11 < z < 9, it may be that Fy'(Fx(z)) # z. But by
definition, Fy'(Fx(z)) = x1 V& € [1,22]. (¥) holds since on [z1,z2], it is P(X < z) =
P(X < x1) Vz € [z1,22]. The flat cdf denotes Fx(z2) — Fx(z1) = P(z1 < X < x3) =0 by
definition. ]

Note:
This proof also holds if there exist multiple intervals with z; < z; and Fx(z;) = Fx(z;), i.e.,

if the support of X is split in more than just 2 disjoint intervals. [
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3 Moments and Generating Functions

3.1 Expectation

Definition 3.1.1:
Let X be a real-valued rv with cdf Fx and pdf fx if X is continuous (or pmf fx and support

X if X is discrete). The expected value (mean) of a measurable function g(-) of X is

/ 9(xz) fx (z)dz, if X is continuous

E(g(X)) =

Z g9(z) fx(x), if X is discrete

zeX
if E(] g(X) |) < oo; otherwise E(g(X)) is undefined, i.e., it does not exist. |
Example:
X ~ Cauchy, fx(z) = m,—oo <z < oo

E(|X|) = 2/00 S l[1og(1 + 22|37 = o0
™Jo 1422 s 0

So, E(X) does not exist for the Cauchy distribution. ]

Theorem 3.1.2:
If E(X) exists and a and b are finite constants, then E(aX + b) exists and equals a E(X) + b.

Proof:

Continuous case only:

Existence:

E(laX +b]) = /oo Lz +b | fx(e)de

= /_o:o(|a|'|$|+|b|)fx(x)dx
- |a|/o:o|x|fX(x)dx+|b|/o:ofX(x)dx

= [alE(X)+|0]
< o0
Numerical Result:
E(aX +b) = / (ax +b) fx(x)dx

= a/_oo x X(x)dm—l—b/_oo fx(z)dz
= aE(X)+0
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Theorem 3.1.3:

If X is bounded (i.e., there exists a M, 0 < M < oo, such that P(| X |< M) = 1), then E(X)

exists. [ |
Definition 3.1.4:
The £ moment of X, if it exists, is my = E(X¥).
The k' central moment of X, if it exists, is up = E((X — E(X))F). n
Definition 3.1.5:
The variance of X, if it exists, is the second central moment of X, i.e.,
Var(X) = E(X — E(X))?).
|
Theorem 3.1.6:
Var(X) = BE(X?) - (E(X))?.
Proof:
Var(X) = E((X - EB(X))?)
= E(X?-2XE(X) + (E(X))?%)
= B(X?) -2B(X)E(X) + (B(X))
= B(X?) - (BE(X))?
|

Theorem 3.1.7:
If Var(X) exists and a and b
a*Var(X).

Proof:

Existence & Numerical Result:

are finite constants, then Var(aX + b) exists and equals

Var(aX +b) = E (((aX +b) — E(aX +b))?) exists if E (] ((aX +b) — E(aX +b))? |) exists.
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It holds that

E (| ((aX +b) — E(aX + b))? |)
= E(((eX +b) - B(aX +1))?)

= Var(aX +b)
2L B((aX +b)?) — (B(aX +b))?
Th312 0 Ba2X? 4 2abX + %) — (aE(X) + b)?
Th.3.1.2

=% @2B(X?) 4 2abE(X) +b? — a*(E(X))? — 2abE(X) — b?

= d(B(X?) - (E(X))?)
=" CLZVG,’)"(X)

< oo since Var(X) exists

Theorem 3.1.8:

If the t** moment of a rv X exists, then all moments of order 0 < s < ¢ exist.

Proof:

Continuous case only:

BIXP) = [ el ix@dot [ ol @)
|z]<1 |z|>1

IN

/ 1. fx(z)de + |2 | fx(2)ds
lz|<1 |z|>1

< P(XISD+E(X])

N

o0

Theorem 3.1.9:

If the t*" moment of a rv X exists, then

lim n'P(| X |>n) = 0.

n—00
Proof:
Continuous case only:
t . t

00 > T z)dr = lim x z)dz

J 1 oy =t [ )

= lim x|t z)dz =0

Jm [ el fx(@)

. t . t T t _

But, lim o |z | fx(z)dz > lim n /I>n fx(x)dz = Jim n Pl X |>n)=0
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Note:

The inverse is not necessarily true, i.e., if le n'P(] X |> n) =0, then the #" moment of a
n o0

rv X does not necessarily exist. We can only approach ¢ up to some § > 0 as the following

Theorem 3.1.10 indicates. u

Theorem 3.1.10:
Let X be a rv with a distribution such that lim n'P(] X |>n) = 0 for some ¢ > 0. Then,

E(X ) <oo VO<s<t.

|
Note:
To prove this Theorem, we need Lemma 3.1.11 and Corollary 3.1.12. |
Lemma 3.1.11:

Let X be a non—negative rv with cdf F. Then,
o0
B(X) = / (1 — Fy())dz
0

(if either side exists).

Proof:

Continuous case only:

To prove that the left side implies that the right side is finite and both sides are identical, we
assume that F(X) exists. It is

n

E(X) :/Oooxfx(x)dx = lim zfx(z)dzx

n— 00 0
Replace the expression for the right side integral using integration by parts.

Let u = z and dv = fx(x)dz, then
/" ofx (2)de = (2F(2)) |2 —/n Fy (2)dz
0 0
— nFy(n) — 0Fy (0) — /0 " Py (2)de
=nFx(n)—n+n— /On Fx(z)dzx

— nFyx(n) —n+ /Onu _ Fy(a)|de
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= n[Fx(n) — 1] + /On[l — Fx(z)]dz
= —n[l — Fx(n)] + /On[l — Fx(z)]dz

— _nP(X > ) + /Onu — Fy(2))de

20 _nlp(|X| > n) + /On[l — Fx(z)]dz

n—0o0

— B(X') = lim [-n!P(|X| > n) + /0"[1 — Fy(2)]da]

Thus, the existence of E(X) implies that / [l — Fx(z)]dz is finite and that both sides are
0

identical.

We still have to show the converse implication:

o0

If/ [1 — Fx(z)]dz is finite, then E(X) exists, i.e., E(| X |) = E(X) < oo, and both sides
0

are identical. It is
/" ofx(@)dz =0 /n & | fx(2)de = —n[l — Fx (n)] + /"[1 — Py (a)]dz
0 0 0

as seen above.

Since —n[l — Fx(n)] <0, we get

/On|x|fx(x)dxg/On[l—FX(x)]dxg/ooo[l—FX(x)]dx<oo Vi

Thus,
n oo oo
im [ | 2| fx(z) = / |2 | fx(z)de < / 1 — Fy(a)]dz < oo
= FE(X) exists and is identical to / [1 — Fx(x)]dz as seen above. |
0
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Corollary 3.1.12:

BUX ) =s [Ty POX > )y

Proof: - -
B( X ) Lemmy'-l-“/[] [1—F|X‘s(z)]dz:/0 P X |*> 2)dz

Let z = y°. Then g—; = sy*~! and dz = sy*~'dy. Therefore,
o0 o
[TPux s ade = [TPUX Sy dy
0 0
— o sflp X |® 5\
s |y PUX > yh)dy

monotonic T o s—1
= s) v PIX>y)dy

Proof (of Theorem 3.1.10):

For any given € > 0, choose IV such that the tail probability P(] X [>n) <5 Vn > N.
o
B X ) 2 [Ty X > gy

N 0
=5 [T POX B pdy+s [y POX 1> )y

N 0 €
< / sy’ =t 1 dy + s/ ys_l—tdy
0 N Y

N * 1
=y’ |y + 56/ ysfl—tdy
N Yy
o0
=N°+ se/ y* L tdy
N

It is

1
/OO yedy = IR, £ -
N Iny |3, c=-1

LNt <00, e< -1

_ {oo, c>—1
Tl

Thus, for E(| X |°) < oo, it must hold that s — 1 — ¢ < —1, or equivalently, s < t. So

E(] X °) < o0, i.e., it exists, for every s with 0 < s < ¢ for a rv X with a distribution such

that lim n‘P(] X |>n) = 0 for some ¢ > 0. ]
n—00
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Theorem 3.1.13:
Let X be a rv such that

Lecture 17:
Fr 10/06/00

. P(| X |> ak)
lim —————* = 1.
PP X s k) D e
Then, all moments of X exist.
Proof:
e For ¢ > 0, we select some kg such that
P(] X |> ak)
———— <€ Vk > k.
P(X >k ~° ="
e Select k) such that P(| X |[> k) <e Vk > k.
e Select N = max(ko, k1).
e If we have some fixed positive integer r:
P(X|>ak) _ P(X|[>ak) P(X[>0%%) P(|X|[>c’k)  P(X|[>dk)
P(|X|>k)  P(|X|>k) P(|X|>ak) P(X|>ca?k) ~~ P(X|>a1k)
_ P X [>ak) P(X[>a- (k) PX|>a- (k) - P(X > (a" k)
P(|X|>k) P(|X|>1-(ak)) P(XI|>1-(a2k)) ~~ P(|X|>1 (o 1k))

e Note: Each of these r terms on the right side is < € by our original statement of selecting

some kg such that % < e Yk > kp and since a > 1 and therefore ok > k.
e Now we get for our entire expression that %

k> ko) and o > 1.

< €" for k > N (since in this case also

e Overall, we have P(| X |> o'k) < €"P(| X |> k) < " *! for kK > N (since in this case also
k> k).

e For a fixed positive integer n:

0 N 00
E(| X |") Cor3.1.12 n-/x”_lP(| X |>z)dz = n/w"_lP(| X |> z)dx +n/x”_1P(| X |> z)dx
0 0 N

e We know that:
N N
n/x"ilP(| X |> z)dz < /nm"*1d$ =" ['=N" <oo
0 0

but is

o0
n/w”flP(| X |>z)de <oo ?
N
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e To check the second part, we use:

00 o a'N
/”1P(|X|>x => / 2" P(] X |> z)de
N r=lrZ1y
e We know that:
a" N a" N
/ 2" P(| X |> 2)de < € / A
a’™ 1IN a’™ 1IN

This step is possible since ¢ > P(] X |> o""!N) > P(] X |> z) > P(| X |> o'N)
Vz € (a""IN,a"N) and N = max(ko, k).

e Since (" I!N)"" L < 2"l < (o' N)"! Vz € (@""IN,a"N), we get:

o N o N
€ / 2" tdr < €(a"N)"! / ldz < €(a"N)" Ya"N) = € (a"N)"
ar"1N ar"1N

e Now we go back to our original inequality:

0 00 a" N 00 00
/x”flP(| X |>z)dr < Z € / " tdr < Z €(a"N)" = N" Z(e o)’
N r=1 Q"1 N r=1 r=1
N"ea™ 1
=1 ean if ea”™ < 1 or, equivalently, if € < —
— e «
n n
e Since — is finite, all moments E(| X |") exist. |
—ex
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3.2 Generating Functions

Definition 3.2.1:
Let X be a rv with cdf Fx. The moment generating function (mgf) of X is defined as

Mx(t) = B(e")

provided that this expectation exists in an (open) interval around 0, i.e., for —h < ¢ < h for

some h > 0. []

Theorem 3.2.2:
If a rv X has a mgf M (¢) that exists for —h < ¢ < h for some h > 0, then
dn

B(X") =My (0) = 2=

M (t) |1=o -

Proof:
We assume that we can differentiate under the integral sign. If, and when, this really is true

will be discussed later in this section.

%Mx(t) _ %/_O:Oetxfx(x)dx
© 9
= | (G rx(a)da
= /O:oxemfx(x)dx
= E(Xe¥)

Evaluating this at t = 0, we get: %MX (t) |t=0= E(X)

By induction, we get for n > 2:

dn d [ dt
ﬁMx(t) = 7 <dt”1 MX(t)>
d o0
= 5 (/_oo x"letmfx(x)d,x)
= [T e @)
T ) Ot X
= / z"e® fx (z)dx
— E(XnetX)
Evaluating this at t = 0, we get: i—ZMX(t) lt—o= E(X™) ]
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Example 3.2.3:

X ~Ul(a,b), where a < b; fx(x)= ﬁ g p) ().
Then,
b 6ta: etb _ eta
x(®) /ab—aqj t(b—a)
0
L'Hospital  be'® — ae'®
N b—a
t=0

etb _ 6ta
So Mx(0) =1 and since h—a)

fact, it exists for every ¢t € IR).

is continuous, it also exists in an open interval around 0 (in

(bet® — ae!®)t(b —a) — (e — ) (b — a)

My(t) =

t2(b — a)?
t(betb _ aeta) _ (etb _ 6ta)
- 22(b—a)
—BX) = M{O)=g

LHospital bef? — ae!® + tb%e!® — ta?e!® — bet® + ael®

2t(b—a) o

th2ett — tg2eto
2t(b —a)

t=0

—a’e

2(b—a)

b2 6tb 2 ta

t=0
b2 — o2
2(b—a)
b+ a
2
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Note:
In the previous example, we made use of L’Hospital’s rule. This rule gives conditions under
which we can resolve indefinite expressions of the type “ig” and “ig”.

(i) Let f and g be functions that are differentiable in an open interval around z(, say

in (g — 0,29 + d), but not necessarily differentiable in xg. Let f(zg) = g(zg) = 0

/
and ¢'(z) # 0 Vz € (xg — 0,290 + 0) — {zp}. Then, lim J(z) = A implies that also
=10 g ( )
lim =) = A. The same holds for the cases lim f(z) = lim g(z) = oo and z — x{
T—TQ g([L‘) T—TQ T—TQ
or £ — I .

(ii) Let f and g be functions that are differentiable for z >
. . . . . / .
xll)m f(z) = hnc}og(x) = 0 and xlggog () # 0. Then, lim
)

also hm =
xr—r

()

(iii) We can iterate this process as long as the required conditions are met and derivatives

(@ > 0). Let

= A implies that

exist, e.g., if the first derivatives still result in an indefinite expression, we can look at

the second derivatives, then at the third derivatives, and so on.

(iv) It is recommended to keep expressions as simple as possible. If we have identical factors
in the numerator and denominator, we can exclude them from both and continue with

the simpler functions.

(v) Indefinite expressions of the form “0-0c0” can be handled by rearranging them to “1/%”
and lim /(@) can be handled by use of the rules for lim f(—x).
L % g(—z)
|
N Lecture 19:
~ote: We 10/11/00

The following Theorems provide us with rules that tell us when we can differentiate under
the integral sign. Theorem 3.2.4 relates to finite integral bounds a(#) and b(#) and Theorems
3.2.5 and 3.2.6 to infinite bounds. ]

Theorem 3.2.4: Leibnitz’s Rule
If f(z,0),a(0), and b(#) are differentiable with respect to 6 (for all z) and —oco < a(f) <
b(f) < oo, then

d 0)d b09db9 0), i 8
0 L) 100 = 100),0) 500 ~ (a0 +/ d.
The first 2 terms are vanishing if a(f) and b(#) are constant in 6.
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Proof:

Uses the Fundamental Theorem of Calculus and the chain rule. []

Theorem 3.2.5: Lebesque’s Dominated Convergence Theorem

o0
Let g be an integrable function such that / g(z)dz < oo. If | f, |< g almost everywhere

—00
(i.e., except for a set of Borel-measure 0) and if f, — f almost everywhere, then f,, and f

are integrable and

||
Note:
If f is differentiable with respect to 6, then
0. . f@0+06) —f(z,0)
a7 (#:6) = iy 5
and [0+ )~ f(2,0)
& & . z, - z,
%f(x 0)dz — KW lim k dx
while o [(2,0+6) = [(x,0)
o . o0 x, - z,
%/_oof(x,t?)dx—%l_%/_oo 5 dx
||

Theorem 3.2.6:

Let fn(z,60) = f(x’0°+6g3_f(x’0°) for some 6. Suppose there exists an integrable function g(x)
o0

such that / g(x)dz < oo and | frn(x,0) |< g(z) Vz, then

[d% /_O:Of(x,e)dx 00, - /_o:o {%f(x,e) lo=g, | dz

Usually, if f is differentiable for all 8, we write

d [ ~ 9
@[wf(x,e)dx = [ 5l o)

Corollary 3.2.7:
Let f(x,0) be differentiable for all #. Suppose there exists an integrable function g(z,#) such

that / g(z,0)dr < co and ‘aaf z,0) |g=9,| < g(z,0) Yz VB, in some e-neighborhood of 0,
—00
then

d [ © 9
@/_oof(x,a)dx = [ 5l @0a.
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More on Moment Generating Functions

Consider

‘ e fx(z) lev | =| 7 | "' fx (z) for |t —t|< do.

Choose t,dy small enough such that ¢ + dg € (—h,h) and t — §y € (—h, h), or, equivalently,
| t+ & |< h and | t — g |< h. Then,

‘ e fx () |i=v| < g(z,1)

where

ooy = { 17160 L x(@), w20
’ |z | et=0)7fx (), =<0

To verify [ g(z,t)dz < 0o, we need to know fx(z).

Suppose mgf Mx (t) exists for | ¢ |[< h* for some h* > 1, where h*—1 > h. Then | t+dp+1 |< h*
and |t —dp — 1 |< h*. Since | z |[< el*l Vi, we get

( t) < €(t+50+1):va(x), T Z 0
x’ —
I =0T f (), 2 <0

o0 0
Then, / g(z,t)dr < Mx(t+ 69 + 1) < oo and / g(z,t)dr < Mx(t —dp — 1) < oo and,
0 —00

o0

therefore, / g(z)dz < 0.

— 00
Together with Corollary 3.2.7, this establishes that we can differentiate under the integral in
the Proof of Theorem 3.2.2.

If h* < 1, we may need to check more carefully to see if the condition holds.

Note:

If Mx(t) exists for t € (—h, h), then we have an infinite collection of moments.

Does a collection of integer moments {my, : k = 1,2,3,...} completely characterize the distri-

bution, i.e., cdf, of X7 — Unfortunately not, as Example 3.2.8 shows. [ |

Example 3.2.8:
Let X7 and X5 be rv’s with pdfs

and
fx.(®) = fx,(x) - (1 +sin(27 log 2)) - 1(9,00)(2)
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It is B(XT) = B(X5) = e"/? for r = 0,1,2, ... as you have to show in the Homeworks.

Two different pdfs/cdfs have the same moment sequence! What went wrong? In this example,

M, (t) does not exist as shown in the Homeworks! ]

Lecture 20:

Theorem 3.2.9:
e —— Fr 10/13/00

Let X and Y be 2 rv’s with cdf’s F'x and Fy for which all moments exist.

(i) If Fx and Fy have bounded support, then Fy(u) = Fy(u) Yu iff E(X") = E(Y") for
r=20,1,2,....

(ii) If both mgt’s exist, i.e., Mx(t) = My (t) for ¢ in some neighborhood of 0, then Fx(u) =
Fy (u) Vu.

Note:
The existence of moments is not equivalent to the existence of a mgf as seen in Example 3.2.8

above and some of the Homework assignments. [ |

Theorem 3.2.10:

Suppose rv’s { X;}9°, have mgf’s My, (t) and that lim My, (t) = Mx(t) ¥Vt € (—h,h) for some
71— 00

h >0 and that Mx(t) itself is a mgf. Then, there exists a cdf Fx whose moments are deter-

mined by Mx(¢) and for all continuity points z of Fx(z) it holds that lim Fx,(z) = Fx(z),
11— 00

i.e., the convergence of mgf’s implies the convergence of cdf’s.

Proof:

Uniqueness of Laplace transformations, etc. [ |

Theorem 3.2.11:
For constants ¢ and b, the mgf of ¥ = aX + b is

My (t) = " My (at),
given that My (t) exists.
Proof:
My(t) = B(elXH)
—  B(e"NtM)
= BN

= " My(at)
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3.3 Complex—Valued Random Variables and Characteristic Functions

Recall the following facts regarding complex numbers:

V=410 =/—1;i%2 = —1;4% = —i;i* = +1; etc.

in the planar Gauss’ian number plane it holds that ¢ = (0,1)
z=a+1ib=r(cos ¢+ ising)

r=|z|= Va2 +

tan ¢ = %

Euler’s Relation: z = r(cos ¢ + isin¢) = re'®

Mathematical Operations on Complex Numbers:

2129 = (a1 + ag) + i(bl + bg)
21 - 29 = r1reet®1H02) = ¢ 1ro (cos(py 4 d) + isin(py + o))
L = Deild1m92) = Ll(cos(¢1 — o) +isin(p1 — do))

Moivre’s Theorem: z™ = (r(cos ¢ + isin )™ = r™(cos(ned) + i sin(ne))
Yz = Ya+ib= Yr (cos(%%oo) +isin(%3600)) for k = 0,1,...,(n — 1) and the main

value for k=0

Inz =In(a +b) =In(] z |) + i¢ £ i2n7 where ¢ = arctang and the main value for n =0

Conjugate Complex Numbers:

For z = a + ib, we define the conjugate complex number z = a — 1b. It holds:
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Definition 3.3.1:
Let (€2, L, P) be a probability space and X and Y real-valued rv’s, i.e., X, Y : (Q,L) — (IR, B)

(i) Z=X+1iY : (Q,L) — (T, Bg) is called a complex—valued random variable (C-rv).

(i) If E(X) and E(Y) exist, then E(Z) is defined as E(Z) = E(X) +iE(Y) € C.

|
Note:
E(Z) exists iff E(] X |) and E(| Y |) exist. It also holds that if E(Z) exists, then | E(Z) |<
E(| Z|) (see Homework). ]

Definition 3.3.2:
Let X be a real-valued rv on (Q, L, P). Then, ®x () : IR — @ with ®x(t) = E(e"¥) is called

the characteristic function of X. [ |
Note:
(i) Dx(t) = / 7 [ (2)da = / cos(tx) fx (z)da + i / sin(tz) fx () dz

if X is continuous.

(ii) ®x(t) = Z PP(X =z) = Z cos(tz)P(X =x) +1i Z sin(tx)P(X = z)(x)
zelX zeX zeX
if X is discrete and X is the support of X.

(iii) ®x () exists for all real-valued rv’s X since | e |= 1.

Theorem 3.3.3:

Let ®x be the characteristic function of a real-valued rv X. Then it holds:
(i) ©x(0) =1.
(ii) | 2x(t) <1 Vte R.

(iii) ®x is uniformly continuous, i.e., Ye > 0 36 > 0 Vi1,t2 € R :| t1 —t2 |< § =| D(t1) —
q)(tg) |< €.

(iv) @y is a positive definite function, i.e., Vn € IN Vaq,...,a, € € Vti,...,t, € R:

n n
Z Zala_]@x(tl - tj) > 0.

1=1j=1
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(v) @x(t) = @x(-1).

(vi) If X is symmetric around 0, i.e., if X has a pdf that is symmetric around 0, then
Qx(t) € IR Vte IR.

(vii) @uxip(t) = D x (at).

Proof:

See Homework for parts (i), (ii), (iv), (v), (vi), and (vii).

Part (iii):
Known conditions:
(i) Let € > 0.
(i) 3a>0:P(~a< X <+a)>1—-Fand P(]| X |[>a) <
(i) 36>0: | D7 —1|<$ Vost. |z|<aand V(' —t) s.t. 0< (¢ —1t) < 4.

This third condition holds since | ¢? —1 |= 0 and the exponential function is continuous.

ot —t)z

Therefore, if we select (¢’ —t) and x small enough, | e —1 | will be < § for a given

€.

Let t,' € IR, t <t', and t —t < 0. Then,

ox(@) - ax)| = | [ e rsteyn - [ et i@y |

o0

+oo ,
= 1] e ey px)ds |

_ |/_a(ezt’$_ezt:1:)f ( d a we itz +oo we  atm
=1/ < (z)dz + (e ") fx (z)dx + (e e"") fx(z)dz |

—a +a

IN

|/_a(ezt’m_ezt:1;)f ( d o we  tw
B w@do |+ et - e (s |

—a

+o0 ,
+ | (e — &) fx (x)da |
+a

o8



We now take a closer look at the first and third of these absolute integrals. It is:

|/ zt' zta: fX( )d$| _ |/;: ezt’fo(x)dx_/_oz eltxfx(x)d$|
< | /_—a eltlex(x)dx | + | /__a eltwfx(x)dx |
< [rer px@de+ [ et | fx(ds

(é)/_ 1fx( dw—l—/_ e

= /7 2fx (z)dx
— 00
(A) holds due to Note (iii) that follows Definition 3.3.2.
Similarly,
+oo +oo
[ et e 1< [ 2 (@)do
+a +a
Returning to the main part of the proof, we get
—a +a y " +o00o
| Dx(t) —Ox(t) | < / 2fx(@)dz + | [ (™" —e™)fx(x)dz | + ; 2fx (z)dx
—00 —a a

= 2( 3 fx(z dac—l—/ dac) + | ( W _ Uty £ () da |

—a

+a ,
—2P( X > a) +] [ (T =) (@) |

Condition (ii) ¢ +a y '
< 21 + | (" —e") fx(z)dx |
—a

+a
=S4l emE T ) fx(@)de |

—a

€ ta

gt [ 1@ =) | fx(@)de

IN

IN

+a ,
s+ e @ =) | fx(e)de
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(B) holds due to Note (iii) that follows Definition 3.3.2 and due to condition (iii). ]

Theorem 3.3.4: Bochner’s Theorem
Let ® : IR — @ be any function with properties (i), (ii), (iii), and (iv) from Theorem 3.3.3.
Then there exists a real-valued rv X with ®x = ®. [ ]

Theorem 3.3.5:
Let X be a real-valued rv and E(X¥) exists for an integer k. Then, ®x is k times differen-
tiable and @) () = i¥ E(X*¢itX). In particular for £ = 0, it is @ (0) = i*my. =

Theorem 3.3.6:
Let X be a real-valued rv with characteristic function ® x and let ® x be k times differentiable,

where k is an even integer. Then the k** moment of X, my,, exists and it is @%)(0) =i*my,. m

Theorem 3.3.7: Levy’s Theorem
Let X be a real-valued rv with cdf Fx and characteristic function ®y. Let a,b € IR, a < b.
If P(X =a) = P(X =b) =0, i.e., Fx is continuous in @ and b, then

00 e—i a _ e—i b
F(b) - Fla) = — / T .

:% PN 1t

Theorem 3.3.8:
Let X and Y be a real-valued rv with characteristic functions ® x and ®y. If ®x = @y, then
X and Y are identically distributed. [ |
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Theorem 3.3.9: -
Let X be a real-valued rv with characteristic function ®x such that / | @x(t) | dt < oo.
oo

Then X has pdf -
1

Fx(@) = o [ O:O e 0D ().

Theorem 3.3.10:
Let X be a real-valued rv with mgf Mx(¢), i.e., the mgf exists. Then ®x(t) = Mx(it). =

Theorem 3.3.11:

Suppose real-valued rv’s { X; }$2, have cdf’s { F'x, } 72, and characteristic functions {®x;, (¢) }52;.
If lim ®x,(t) = ®x(t) Vit € (—h,h) for some h > 0 and P x(t) is itself a characteristic func-
tiolr?C(%f arv X with cdf Fy), then Z1_1>r£10 Fx,(z) = Fx(x) for all continuity points z of Fx (z),

i.e., the convergence of characteristic functions implies the convergence of cdf’s. [

Theorem 3.3.12:

Characteristic functions for some well-known distributions:

Distribution D x (1)
i) X ~ Dirac(c) ete

ii) X ~ Bin(l,p) | 1+p(e—1)

iii) X ~ Poisson(c)| exp(c(e® — 1))
eitb_eita
(b—a)it

(

(

(

(iv) X ~Ul(a,b)

(v) X ~N(0,1) exp(—t2/2)
(vi) X ~ N(u,0?) |e'™exp(—o?t?/2)
(vii) X ~T(p,q) (1-%)»

(
(

viii) X ~ Ezp(c) (1— )=t

C

ix) X ~x2 (1 — 2it)—"/?
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(iv)
(v)

@X(t) = Z eitn ) C_'e*C — B*C Z —'(C . eit)n _ 670 . ec.eit _ 60(8”*1)
n: n!

n€lNg n=0
o0 n
x
T
since — =e
>
n=0
ey 1 [eitz]®  gitb _ ita
@Xt:—/e”dx: , = —
®) = 7= a b—a | it (b — a)it
a

X ~ N(0,1) is symmetric around 0
= ®x(t) is real since there is no imaginary part according to Theorem 3.3.3 (vi)
= Dx (1) \/—/ cos(tz)e 2 dgc

Since E(X) exists, ®x(t) is differentiable according to Theorem 3.3.5 and the following
holds:

h(t) = Re(Px(t)

R itx 1 =z?
= Re /_oom e \/ﬁe 2 dx

cos(tz)+i sin(tx)

R o0 1 _mzd ) 1 _mzd
= e 12 cos(tx e 2 x—i—/ —x sin(tx e 2 ac)
<~/—oo ( )\/ 27r —00 ( )\/ 271'

2

= —sin(tz)) xe = dw u = —tcos(tx) and v = —e 2
—= | (zsintea)), Eir | (t2)
1 - 22 p
= sin(tz)e = / —tcos(tr))(—e ™2 )dx
Vo ot = (=)

=0 since sin is odd

= —t—/ cos(tz)e = da:

= —t0x(?)

Thus, @y (t) = —t®x(¢). It follows that §§—8 = —t and by integrating both sides, we
get In | @x(t) |= —1t? + c with c € R.
For ¢t = 0, we know that ®x(0) = 1 by Theorem 3.3.3 (i) and In | ®x(0) |= 0. It follows

_ 142

that 0 = 0 + ¢. Therefore, c =0 and | Px(t) |[= e 2

If we take ¢t = 0, then @ x (0) = 1 by Theorem 3.3.3 (i). Since ®x is uniformly continuous,
® x must take the value 0 before it can eventually take a negative value. However, since
e 3’ >0 Vte IR, ®x cannot take 0 as a possible value and therefore cannot pass into

the negative numbers. So, it must hold that ®x(¢) = e 2 Vte IR
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(vi) For 0 > 0, € IR, we know that if X ~ N(0,1), then 0X + pu ~ N(u,0?). By Theorem
3.3.3 (vii) we have

q)O'X—}—/L(t) — eit“@X(o—t) — 6““67%0—%2_

(vii)

m .
Px(t) = /0 "y (p, q,z)dw

/OO q_pxp—le—(q—it)xdx
o I'(p)

¢ it) P = i p—1_—(q—it)x . . . B ]
— @((I—zt) /0 (g —it)z)P e D% (g —ityda | u= (¢ —it)z, du= (q—it)dz

= L i [Tt tdu
= oyl [ e

v

~~

=I'(p)

Lecture 23:
(viii) Since an Exp(c) distribution is a I'(1, ¢) distribution, we get for X ~ Ezp(c) =T'(1,¢): | Fr 10/20/00

(ix) Since a x2 distribution (for n € IV) is a INE %) distribution, we get for X ~ x2 =
1y.

F(%a 5)' .

it

- 1/—2)’”/2 = (1 - 2it) /2

Ox(t) = (1

63



Example 3.3.13:
Since we know that m; = E(X) and my = E(X?) exist for X ~ Bin(1,p), we can determine

these moments according to Theorem 3.3.5 using the characteristic function.

It is
Ox(t) = 14p(e —1)
! it
x(t) = pie
(0) = pi
P’ ;
() = pite!
$(0) = pi®
(I’I)I((O) PZQ 2
— Var(X) = E(X?) —(BE(X))’=p-p’=p(1—p)
| ]
Note:

o0
The restriction / | ©x(t) | dt < oo in Theorem 3.3.9 works in such a way that we don’t
o0

end up with a (non-existing) pdf if X is a discrete rv. For example,

e X ~ Dirac(c):

/’|¢Xm|ﬁ — / | et | dt
—0o0 —00

o0
- [

o0

= x|—oo

which is undefined.

e Also for X ~ Bin(1,p):

o0 o .
/ | x(t) |dt = |14 p(e —1) | dt
o0

| pe’t —(p—1) | dt

o0 it

> [T Ipet = -1 |dt
—o0

> [Tpetiae- [T 1e-
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—0o0 ~ —0o0
_ (2p—1)/ 1 dt
—0oQ
= (2p— Dz |Z,

which is undefined for p # 1/2.
If p =1/2, we have

[e%e] A 9] .
/ |peit — (p—1) | dt = 1/2/ et +1]dt
o0 —0oQ

oo
= 1/2/ | cost +isint+ 1 |dt
oo

700

= 1/2/ \/(cost—l—l)Q—i—(sint)2 dt
oo

= 1/2/ \/cos2t+2cost+1+sin2tdt
—00

oo
= 1/2/ V2+2cost dt
—00

which also does not exist.

e Otherwise, X ~ N(0,1):

/OO | Ox(t) | dt = /OO exp(—t?/2)dt

= \/Q_W/:DO \/%exp(—tQ/Z)dt
= Vor
< o0
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3.4 Probability Generating Functions

Definition 3.4.1:

Let X be a discrete rv which only takes non—negative integer values, i.e., pp = P(X = k), and

o0
Zpk = 1. Then, the probability generating function (pgf) of X is defined as
k=0

o0

G(s) = Zpksk.
k=0
|

Theorem 3.4.2:
G(s) converges for | s |< 1.
Proof:

o0 o0
1G(s) 1< Ioes® €D Ime|=1 u

k=0 k=0

Theorem 3.4.3:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). Then

it holds:
1 dF

PX =k =05

G(5) [s=0

Theorem 3.4.4:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). If
E(X) exists, then it holds:

d
E X - s=
(X) = 2-G(s) o1
| ]
Definition 3.4.5:
The k" factorial moment of X is defined as
EX(X-1)(X—-2)-...- (X —k+1)]
if this expectation exists. u
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Theorem 3.4.6:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). If
E[X(X —1)(X —=2)-...- (X — k4 1)] exists, then it holds:

dk

BX(X —1)(X =2) - (X —k+ 1) = 25G(s) |

Note:
Similar to the Cauchy distribution for the continuous case, there exist discrete distributions

where the mean (or higher moments) do not exist. See Homework. |
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3.5 Moment Inequalities

Theorem 3.5.1:
Let h(X) be a non—negative Borel-measurable function of a rv X. If E(h(X)) exists, then it

holds:
P((X) > ¢) < X))

Ve >0

Proof:

Continuous case only:
E(h(X)) = h(z)fx (z)dz

- /Ah(x)fX(x)dac +/AC hz)fx (z)de | where A= {x : h(z) > €}

Therefore, P(h(X) >¢€) < E(hgx)) Ve > 0. ]

Corollary 3.5.2: Markov’s Inequality
Let h(X) =] X |" and € = k" where > 0 and k£ > 0. If E(] X |") exists, then it holds:

E(X )

P(X |2k < =2

Proof:
Since P(| X |> k) = P(]| X |"> k") for k > 0, it follows using Theorem 3.5.1:

Th351 E(| X |"
PX |2 k) = P X 25 2" EUXD)

Corollary 3.5.3: Chebychev’s Inequality
Let h(X) = (X —p)? and € = k%0? where E(X) = pu, Var(X) = 0? < 00, and k > 0. Then it
holds:

1
P(X —p|> ko) <
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Proof:
Since P(| X — pu |> ko) = P(| X — p |*> k?0?) for k > 0, it follows using Theorem 3.5.1:

Th351 B(| X — |2 X 2 1
P X —p|> ko) = P X — p P> k20?2 BUX —pl) _ Var(X) o

k202 k202 k202 k2

Theorem 3.5.4: Lyapunov’s Inequality
Let 0 < 8, = E(] X |") < oo. For arbitrary k such that 2 < k <mn, it holds that

1

(Be_1) T < (Bi)F,

Le., (B( X [F-1)7T < (B(| X |F)*.

Proof:

Continuous case only:

Let Q(u,v) = E ((u | X |k_31 +v | X |%)2> Obviously, Q(u,v) >0 Yu,v € IR. Also,

Quo) = [ (e 4ol 2P x @)

= u? /Oo |z P! fx(x)dx+2uv/oo |z |F fX(x)dx"‘UQ/ | | fx (2)de

— 00 — 00
= u?Br_1 + 2uvfy + v* By

> 0 Yu,ve R

Using the fact that Az? + 2Bzy + Cy? > 0 Vo,y € R iff A > 0 and AC — B% > 0 (see
Rohatgi, page 6, Section P2.4), we get with A = f;_1, B = (B, and C = [i41:

Br—1Bk+1 — Bz > 0

= 0; < Br-10k11

= G < ﬁz’iflﬁ'ziﬂ

This means that 87 < 8o, B3 < 8262, 35 < B3B3, and so on. Multiplying these, we get:
kel k-1 '
[167 < I8

(BoB2) (BT 53)(B3B3) (B3 Bs) - .. (BEZ2BE=T)(BEZ B )

k—2

k—2 nk—1 27

= DPoby_10B Hﬁjj
j=1
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k—2
Dividing both sides by H ﬁ?] , we get:
i=1

2k —2
k—1

Bo=1 i

— ﬁk*l
1

— ﬁk*l

1

= B3

IN

IN

IN

IN
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4 Random Vectors

4.1 Joint, Marginal, and Conditional Distributions

Definition 4.1.1:
The vector X = (X1,...,X,) on (Q, L, P) = IR" defined by X (w) = (X1 (w), ..., X, (w)),w €

Q, is an n—dimensional random vector (n—rv) if X (1) = {w: X;(w) < ay,..., X, (w) <
an} € L for all n—dimensional intervals I = {(z1,...,z,) : —0 < z; < aj,a; € R Vi =
1,...,n}. [
Note:

It follows that if Xy,..., X, are any n rv’s on (2, L, P), then X = (X1,...,X,)" is an n-—rv
on (9, L, P) since for any I, it holds:

X YD) = {w:(X1(w),..., X, () €T}

= {w: Xi(w) <ap,..., Xp(w) <ap}

€L
|
Definition 4.1.2:
For an n—rv X, a function F' defined by
F(z) = P(X <z) = P(Xy <a1,..., X < 3,) Vz € "

is the joint cumulative distribution function (joint cdf) of X. ]
Note:

(i) F is non—decreasing and right—continuous in each of its arguments z;.

i) lim Flg)=__ lim  Flg)=1land lim F(z)=0 Voi,....%51,%k+1,--, 0 €

R.

However, conditions (i) and (ii) together are not sufficient for F' to be a joint cdf. Instead we

need the conditions from the next Theorem. []
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Theorem 4.1.3:
A function F(z) = F(x1,...,xy,) is the joint cdf of some n—rv X iff

(i) F is non—decreasing and right—continuous with respect to each z;,

(ii) F(—o0,x9,...,xy) = F(x1,—00,23,...,2y) = ... = F(z1,...,2,_1,—00) = 0 and
F(o0,...,00) =1, and

(iii) Vz € R" Ve; > 0,1 = 1,...n, the following inequality holds:

n
Flz+e -— ZF(xl—1—61,...,.@;1+ei,1,xi,xi+1+ez~+1,...,xn—l—en)

=1

+ > F(miden, .. @ic1 4 61, i, Tigl + €igls- -
1<i<j<n

Tj—1+€-1,%5,Tj+1 +€41,...,Tn + en)

q:

+ (-1)"F(z)

> 0

Note:

We won’t prove this Theorem but just see why we need condition (iii) for n = 2:

Pl < X <xo,y1 <Y <) =
P(X <22,Y <yg)—P(X <21,Y <yo) —P(X <22, Y <)+ P(X <21,Y <y1) >0

Note:
We will restrict ourselves to n = 2 for most of the next Definitions and Theorems but those
can be easily generalized to n > 2. The term bivariate rv is often used to refer to a 2-rv

and multivariate rv is used to refer to an n—rv, n > 2. [ |

Definition 4.1.4:
A 2-rv (X,Y) is discrete if there exists a countable collection X of pairs (z;,y;) that has
probability 1. Let p;; = P(X = z;,Y =y;) > 0 V(z4,y;) € X. Then, Zpij =1 and {p;;} is

0
the joint probability mass function (joint pmf) of (X,Y). [
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Definition 4.1.5:
Let (X,Y) be a discrete 2-rv with joint pmf {p;;}. Define

pz—zpm—zp =Y —yj):P(X:xi)

and

ZpZJ_ZP =z, Y =y;) = P(Y = ;).

Then {p;.} is called the marginal probability mass function (marginal pmf) of X and
{p.;} is called the marginal probability mass function of Y. |

Definition 4.1.6:

A 2-rv (X,Y) is continuous if there exists a non—negative function f such that

F(z,y) = /_woo /_yoof(u,v) dv du Y(z,y) € IR?

where F' is the joint cdf of (X,Y). We call f the joint probability density function (joint
pdf) of (X,Y). ]

Note:

If F' is continuous at (z,y), then

d’F(x
# = f(z,y).
|
Definition 4.1.7:
Let (X,Y) be a continuous 2-rv with joint pdf f. Then fx(z / f(x,y)dy is called the
marginal probability density function (marginal pdf) of X and fy (y / fx,y)d
is called the marginal probability density function of Y. [ |

Note:

(i)

/_o:ofX(x)dx = /_o:o (/_Zf(x,y)dy) dr = F(o0,00) =1 =
[ ([ twae)dy= [~ sy

and fx(z) >0 Vz € IR and fy(y) >0 Vy € R.
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(ii) Given a 2-rv (X,Y) with joint cdf F(z,y), how do we generate a marginal cdf
Fx(z) = P(X <) ? — The answer is P(X < z) = P(X < z,—00 <Y < o0) =
F(z,00).

Definition 4.1.8:
If Fx(z1,...,2,) = Fx(z) is the joint cdf of an n1v X = (X;,...,X,,), then the marginal
cumulative distribution function (marginal cdf) of (X;,,...,X;,),1 <k <n-1,1<

11 <19 <...<1 <n,is given by

lim  Fx(z) = Fx(00,...,00,%j,00,...,00,Ljy,00,...,00,Lj,00,...,00).
T;—>00,6F0] yeenyle
|
Note:
In Definition 1.4.1, we defined conditional probability distributions in some probability space
(Q, L, P). This definition extends to conditional distributions of 2-rv’s (X,Y). ]

Definition 4.1.9:
Let (X,Y) be a discrete 2-1v. If P(Y = y;) = p.; > 0, then the conditional probability

mass function (conditional pmf) of X given Y = y; (for fixed j) is defined as

P(Y =y;) D.j

Note:

For a continuous 2-rv (X,Y) with pdf f, P(X <z | Y = y) is not defined. Let ¢ > 0 and
suppose that P(y —e <Y <y+¢€) > 0. For every = and every interval (y — €,y + €], consider
the conditional probability of X <z given Y € (y — ¢,y + €¢]. We have

P X <z,y—e<Y <y+e)

PX<z|y—e<Y<y+e= Ply—c<V <yt

which is well-defined if P(y —e <Y < y+¢) > 0 holds.

So, when does
lim P(X <z|Y€e(y—ey+e])

e—0t

exist? See the next definition. []
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Definition 4.1.10:
The conditional cumulative distribution function (conditional cdf) of a rv X given
that Y = y is defined to be

Fxiy(z |y) :el_ig{rP(X <z|Ye(y—eyte)

provided that this limit exists. If it does exist, the conditional probability density func-
tion (conditional pdf) of X given that Y = y is any non-negative function fxy(z | y)

satisfying
Fxy(z|y) = /IOO fxyy(tly)dt Vz € R.
|
Note: 00
For fixed y, fxy(z | y) > 0 and /OO fxy(z [ y)dz =1. So it is really a pdf. [

Theorem 4.1.11:
Let (X,Y') be a continuous 2-rv with joint pdf fx y. It holds that at every point (z,y) where

f is continuous and the marginal pdf fy(y) > 0, we have

P(XS.’E,YE(y—G,y—’—E])

F = |l
X‘Y($|y) e~l>%1+ P(YE(y_€7y+€])
) T y+e
%€ / fX,Y(ua Q))dl) du
— lim e
e—0+ 1 yte

o fy(v)dv
y—e€
/_x fxy(u,y)du
Ty (y)
T fxy(u,y)
~/—oo fY(y) du-

Thus, fxy(z | y) exists and equals ! ngi((;)’y), provided that fy(y) > 0. Furthermore, since

[ fertuy)du = fy ) Fxy(e] v),

we get the following marginal cdf of X:

@) = [ ([ prtwpidn)dy= [ fr)Fayie [ nay

— 00 —
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Example 4.1.12:

Consider

2, O<r<y<l1

0, otherwise

fxy(zy) = {
We calculate the marginal pdf’s fx(z) and fy (y) first:

fx(z) = /jo fxy(z,y)dy = /1 2dy =2(1—z)for0<z <1

and - y
fy(y) = / Ixy(z,y)de = / 2dr =2y for0 <y <1
—00 0

The conditional pdf’s fyx(y | ¥) and fx|y(z | y) are calculated as follows:

fX,Y(x7y) 2 1
fyix(y|z) = (@) = 20— =12 forz <y <1 (where 0 < z < 1)
e fxyley) 2 1
T,y
f xy:L:—:—for0<x<y where 0 <y <1
Xl ) = = Ty Ty ( )
Thus, it holds that Y | X =z ~ U(z,1) and X | Y =y ~ U(0,y), i.e., both conditional pdf’s
are related to uniform distributions. [ |
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4.2 Independent Random Variables

Example 4.2.1: (from Rohatgi, page 119, Example 1)
Let f1, fo, f3 be 3 pdf’s with cdf’s Fy, Fy, F3 and let | « |< 1. Define

fa(xl,xg,.’lig) = fl(xl)fg(xg)fg(xg) . (1 + 01(2F1 (1131) - 1)(2F2($2) - 1)(2F3($3) - 1))
We can show
(i) fo is a pdffor all « € [—1,1].

(ii) {fa: —1 < a < 1} all have marginal pdf’s f1, fo, f3.

See book for proof and further discussion — but when do the marginal distributions uniquely

determine the joint distribution? [ |

Definition 4.2.2:
Let Fxy(z,y) be the joint cdf and Fx(z) and Fy(y) be the marginal cdf’s of a 2-1v (X,Y').
X and Y are independent iff

Fxy(z,y) = Fx(2)Fy(y) V(z,y) € R*.

|
Lemma 4.2.3:
If X and Y are independent, a,b,c,d € IR, and ¢ < b and ¢ < d, then
Pla< X <bc<Y <d)=Pla<X <bP(c<Y <d).
Proof:
P(a<X§b,C<Y§d) = F)(yy(b d) ny( ,d) ny(b C)+ny( )
= Fx(0)Fy(d) — Fx(a)Fy(d) — Fx(b)Fy (c) + Fx(a)Fy (c)
= (Fx(b) = Fx(a))(Fy(d) — Fy(c))
= Pla< X <bP(c<Y <d) -
Definition 4.2.4:
A collection of rv’s X1,..., X, with joint cdf Fx (z) and marginal cdf’s Fx, (z;) are mutually
(or completely) independent iff
i=1
|
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Note:
We often simply say that the rv’s Xi,..., X, are independent when we really mean that

they are mutually independent. [ |

Theorem 4.2.5: Factorization Theorem

(i) A necessary and sufficient condition for discrete rv’s Xi,..., X, to be independent is
that

PX=z)=PXi=x1,...,Xp=2,) = [[P(Xi =) VzeX
where X C IR" is the countable support of X.

(ii) For an absolutely continuous n—rv X = (Xy,...,X,), X1,..., X, are independent iff

n
Fx(@) = Fxpxn @1, mn) = [ fxi (),
i=1
where fx is the joint pdf and fx,,..., fx, are the marginal pdfs of X.
Proof:

(i) Discrete case:

Let X be a random vector whose components are independent random variables of the
discrete type with P(X = b) > 0. Lemma 4.2.3 extends to:

lIimPla< X <b) = lim Plag < X1 <by, ag < Xo < Dby, ..., ap < X, <Dby)
ath a;th; Vie{l,...,n}

= PXi=b, Xo=by, ..., X, =bp)

= P(X =0b)

ndep- [ P(x; =b:)
=1

Before considering the converse factorization of the joint cdf of an n-rv, recall that
independence allows each value in the support of a component to combine with each
of all possible combinations of the other component values: a 3-dimensional vector
where the first component has support {z14, Z1p, 1.}, the second component has support
{24, T, T2c}, and the third component has support {zsq, 3p, 3.}, has 3 x 3 x 3 =27
points in its support. Due to independence, all these vectors can be arranged into three
sets: the first set having z,, the second set having x1;, and the third set having x.,

with each set having 9 combinations of x5 and z3.
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More generally, for n dimensions, let z; = (zj1, 2, ..., Tin), B = {z; : xj1 < 1, xj2 <
T2, ..., Tin < Tn}, B € X. Then it holds:

Fy(z) = ) PX=uz)

z;€EB
= Y P(Xi = za, X2 = 32, ..., X = Tin)
z,€B
indep.
=N P(X) = 2a)P(Xs = 3, ., X = i)
z,€EB
= Z P(X1 :le)P(XQ = Ti2y -y anxm)
Ti1 < X1y ey Tin < Tn
= > P(Xy=uzq) > P(Xy =g, -, Xy = Tin)
zi1 < x1 ZTi2 < X2, ey Tin < Tp
= Fx,(n) > P(X2 =z, ..., Xy = Tin)
Ti2 < T2, ooy Tin < Tn
indep.
"EP Fx(m) Y. P(X2 =) > P(X3 =3, ..., X, =xin)
zi2 < T2 i3 < X3, ey Tin < Ty
= FXl(xl)FX2(x2) Z P(Xg = T3y .-y Xn :wm)
ziz < X3, -0y Tin < Tn

= Fx,(z1)Fx,(z2)... Fx,(zy)

= H FXi ($Z)
=1

(ii) Continuous case: Homework
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Theorem 4.2.6:
n
X1,...,X, are independent iff P(X; € A;, i =1,...,n) = H P(X; € A;) VBorel sets A; € B

i=1
(i.e., rv’s are independent iff all events involving these rv’s are independent).

Proof:

Lemma 4.2.3 and definition of Borel sets. [ ]

Theorem 4.2.7:
Let X4,...,X, be independent rv’'s and g¢i,...,9, be Borel-measurable functions. Then

91(X1),92(X2),...,9,(Xy) are independent.

Proof:

Fy (x1),02(50)ngn(5) (B1s Doy Bn) = Pg1(X1) < hi,g2(X2) < hg, ... gn(Xn) < hy)

(%) holds since g; ' ((—o0, h1]) € B,..., g, ((—o0, hy]) € B u

Theorem 4.2.8:
If Xi,..., X, are independent, then also every subcollection X;,,...,X;,, k=2,...,n —1,
1<i1 <ig... <1 <mn,is independent. [ ]

Definition 4.2.9:
A set (or a sequence) of rv’s {X,,}°2 is independent iff every finite subcollection is indepen-
dent. [ ]
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Note:
Recall that X and Y are identically distributed iff Fx(x) = Fy(z) Vz € IR according to
Definition 2.2.5 and Theorem 2.2.6. |

Definition 4.2.10:
We say that {X,,}5°, is a set (or a sequence) of independent identically distributed (iid)

rv’s if {X,,}2°, is independent and all X, are identically distributed. ]
Note:
Recall that X and Y being identically distributed does not say that X =Y with probability
1. If this happens, we say that X and Y are equivalent rv’s. [ |
Note:

We can also extend the defintion of independence to 2 random vectors X™*! and Y"*!: X
and Y are independent iff Fx y (z,y) = Fx(z)Fy(y) Vz,y € R".

This does not mean that the components X; of X or the components Y; of Y are independent.
However, it does mean that each pair of components (X;,Y;) are independent, any subcollec-
tions (Xj,,...,X;,) and (Yj,,...,Y],) are independent, and any Borel-measurable functions
f(X) and g(Y) are independent. ]

Corollary 4.2.11: (to Factorization Theorem 4.2.5)
If X and Y are independent rv’s, then

FX\Y(x | y) = Fx(z) Vz,

and
Fyix(y | z) = Fy(y) Vy.
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4.3 Functions of Random Vectors

Theorem 4.3.1:
If X and Y are rv’s on (Q, L, P) — IR, then

(i) X £Y isarv.
(i) XY isarv.

(iii) If {w: Y (w) =0} = O, then 3 is a rv.

Theorem 4.3.2:
Let X1,...,X, berv’son (Q,L, P) — IR. Define

MAX;, =max{Xy,...,Xp} = X

by
MAX,(v) = max{X;(w),...,Xp(w)} Yw e N
and
MIN, = min{Xy,..., Xy} = X(1) = —max{—-X1,..., - X, }
by
MIN,(w) = min{X; (w), ..., Xp(w)} Yw e Q.
Then,

(i) MIN, and MAX,, are rv’s.

(ii) If Xy,..., X, are independent, then
n
Fyax,(z) = PIMAX, <z)=P(X;<zVi=1,...,n) = [[ Fx.(?)
=1

and

n
Fuin,(2) = P(MIN, <z)=1-P(X; > zVi=1,...,n) =1 - [[(1 - Fx,(2)).
i=1
(iii) If {X;}7-, are iid rv’s with common cdf Fx, then

Fyax, (z) = Fx(z)

and
Fyin,(2) =1— (1 —Fx(2))".
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If Fx is absolutely continuous with pdf fx, then the pdfs of M AX,, and MIN,, are
fuax,(z) =n-Fx '(2) - fx(2)
and
Fuin,(2) =n- (1= Fx(2))" " - fx(2)

for all continuity points of Fx. [ |

Note:

Using Theorem 4.3.2, it is easy to derive the joint cdf and pdf of M AX,, and MIN,, for iid
rv’'s {X1,...,Xp}. For example, if the X;’s are iid with cdf Fx and pdf fx, then the joint
pdf of MAX,, and MIN,, is

0, r <y
n(n—1)- (Fx(x) — Fx(y)" % fx(@)fx(y), >y

However, note that M AX,, and MIN,, are not independent. See Rohatgi, page 129, Corollary,

fvax, min, (2,y) = {

for more details. u
Note:
The previous transformations are special cases of the following Theorem 4.3.3. [ |

Theorem 4.3.3:
If g : R® — IR™ is a Borel-measurable function (i.e., VB € B™ : g~'(B) € B") and if
X =(Xy,...,X,) is an n—rv, then ¢g(X) is an m-rv.

Proof:
If B € B™, then {w: ¢g(X(w)) € B} = {w: X(w) € g7 (B)} € B". |

Question: How do we handle more general transformations of X ?

Discrete Case:
Let X = (Xy,...,X,) be a discrete n—rv and X C IR" be the countable support of X, i.e.,
PXeX)=1land P(X =2) >0 Vz € X.

Define u; = gi(z1,...,2n),i = 1,...,n to be 1-to—1-mappings of X onto B. Let u =
(u1y...,up). Then

P(Q:ﬂ) :P(gl(&) :Ula---agn(&) :Un) :P(Xl :hl(ﬂ)u---aXn :hn(ﬂ)) Vu € B
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where z; = hj(u),7 = 1,...,n, is the inverse transformation (and P(U =u) =0 VYu & B).

The joint marginal pmf of any subcollection of u;’s is now obtained by summing over the other

remaining u;’s.

Example 4.3.4:
Let X,Y beiid ~ Bin(n,p),0 <p<1. Let U =27 and V =Y + 1.

Then X = UV and Y =V — 1. So the joint pmf of U,V is

P(U =u, V= 1)) — (;:)>puv(1 _p)n—uv (v i 1>pv—1(1 _p)n—l—l—v

— <n> ( n >puu+v1(1 o p)2n+17uv7u
uv [ \v—1

forve{l,2,...,n+ 1} and uwv € {0,1,...,n}. [ ]

Lecture 28:

Continuous Case: We 11/01/00

Let X = (X1,...,X,) be a continuous n-rv with joint cdf Fx and joint pdf fyx.

Let
Ui g1(X)

U= = g(&) = )
Un gn(X)
ie., U; = g;(X), be a mapping from IR" into R".

If B € B", then

PU€B)=PXeg ' (B) = meffi@)d@) gfl Bf)f dez

where ¢ 1(B) = {z = (21,...,2,) € R" : g(z) € B}.

Suppose we define B as the half-infinite n—-dimensional interval
By, = {(u},...,up) s —oo <wj <wu; Vi=1,...,n}
for any u € IR". Then the joint cdf of U is

Gu) = PU € By) = P(ou(X) Sy rygn(X) S un) = ) 1y (@)de).
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If G happens to be absolutely continuous, the joint pdf of U will be given by fy(u) =
0" G(u)

Ju0us-.0u, b every continuity point of fu.

Under certain conditions, we can write fy in terms of the original pdf fx of X as stated in

the next Theorem:

Theorem 4.3.5: Multivariate Transformation

Let X = (Xy,...,X,) be a continuous n—rv with joint pdf fx.

(i) Let
U 91(X)
U=| : |=9X)= : ,
Un gn(X)
(i.e., Ui = gi(X)) be a 1-to-1-mapping from IR" into IR", i.e., there exist inverses h;,
i =1,...,n, such that z; = hj(u) = h;(u1,...,uy),s = 1,...,n, over the range of the

transformation g.

(ii) Assume both g and h are continuous.

. . ) oh; . . .
(iii) Assume partial derivatives g—gé = au(-g)v 1,7 =1,...,n, exist and are continuous.
J J

(iv) Assume that the Jacobian of the inverse transformation

oxy oxy oxy oxy
(9($ T ) ou1 Tt Oun ou1 Tt Oun
o () g [
b »omn Oxn Oxn Oxn Oxn
our " Oup our " Oup

is different from 0 for all » in the range of g.

Then the n—rv U = ¢g(X) has a joint absolutely continuous cdf with corresponding joint pdf
folw) = T | fx(hi(w), ..., hn(w).

Proof:
Let u € IR"™ and
By ={(uy,...,up) : —oo < wj <w; Yi=1,...,n}

Then,

B [...f
Gu(u) = g,l(Bg)fg(z)d(z)

= Lo pet) ) 17| dw)
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The result follows from differentiation of Gy .

For additional steps of the proof see Rohatgi (page 135 and Theorem 17 on page 10) or a book

on multivariate calculus. ]

Theorem 4.3.6:
Let X = (X1,...,X,) be a continuous n-rv with joint pdf fx.

(i)

Let
U 91(X)
U=| | =9&X)= : :
Un gn(X)
(i.e., U; = gi(X)) be a mapping from IR" into IR".
Let X = {z: fx(z) > 0} be the support of X.

Suppose that for each u € B = {u € R" : u = g(z) for some z € X} there is a finite
number k£ = k(u) of inverses.

Suppose we can partition X into Xp, Xq,..., X s.t.

(a) P(X € &p) =0.
(b) U = g(X) is a 1-to-1-mapping from A; onto B for all [ = 1,...,k, with inverse

hiy (w)
transformation h;(u) = : ,u € B, i.e., for each u € B, hy(u) is the unique
hln (Q)
z € X} such that u = g(z).
. . . Oxr; __ ah“(y) o .. .
Assume partial derivatives s = ou, Il =1,...,k, 7,7 = 1,...,n, exist and are
continuous.

Assume the Jacobian of each of the inverse transformations

% % 8}1,[1 8}1,[1 ahu ahu
our Tt Oun ouq e O, ou1 T O,
Jy=det| © | =det| S I C |, l=1,...
Oy Oy Ohyy, Ohyy, Ohiy, Ohiy,
ouq Tt Oun ouq T O, ou1 T O,

is different from 0 for all u in the range of g.

Then the joint pdf of U is given by

k
fulw) =31 | fx (@), ... hun (w))-

=1
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Example 4.3.7:
Let X,Y beiid ~ N(0,1). Define

S, Y #0
U=qg(X,Y)=< Y’
a(X,Y) {0, Y =0

and
V=g(X,Y)=|Y].

X = IR%, but U, V are not 1-to-1 mappings since (U, V) (z,y) = (U, V)(—=z, —y), i.e., conditions
do not apply for the use of Theorem 4.3.5. Let

Xo = {(z,y):y=0}
X = {(z,y):y >0}
Xo = {(z,y) 1y <0}

Then P((X,Y) € &p) = 0.

Let B = {(u,v) : v > 0} = g(X1) = g(X2).

Inverses:
B— X :x = hi(u,v) =uv
y = hy(u,v) =v
B—=Xy:x = hgl(u,v):_UU
y = hp(u,v)=—v
v U
J1 = = |Ji| =| v
L= | Y s =
v —u
Jo = = || =|v
> ‘ N BT
1 —z2/2 —y%/2
fxy(zy) = s—e /%
27
fUV(U,'U) — | v | Le—(uu)z/Qe—UZ/Z_'_ | v | ie_(_uv)z/Qe_(_v)Q/Q
’ 27 o’
v e
= —e 2z , —oo<u<oo, 0<wv<oo
s
Marginal:
Xy —@+1.? 240102 d
fulu) = A DAy, zsz%lgaE£:0ﬂ+Dv

B T
—Jo 7r(u2+1)6 ?
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1 N
~ e,
1

- —— —, —o<u<
(1 + u?) oSS

Thus, the ratio of two iid N(0,1) rv’s is a rv that has a Cauchy distribution.
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4.4 Order Statistics

Definition 4.4.1:

Let (X1,...,X,) bean n-rv. The k" order statistic X (k) is the k™ smallest of the X!s, i.e.,
Xy = min{Xy,..., Xp}, Xy = min{{X1,..., Xp} — Xy}, ..., X = max{Xy,..., Xy}
It is Xy < Xy < ... < Xy and {X(1), X(2),- .-, X(n)} 18 the set of order statistics for
(X1,...,Xn). ]

Note:
As shown in Theorem 4.3.2, X(;) and X, are rv’s. This result will be extended in the fol-

lowing Theorem:

Theorem 4.4.2:
Let (X1,...,X,) be an n-rv. Then the k' order statistic Xy, k=1,...,n, is also an rv.
| |

Theorem 4.4.3:
Let Xi,..., X, be continuous iid rv’s with pdf fx. The joint pdf of X(y),..., X, is

n
n! [[ fx(zi), z1<z2<...<my
fX(l),...,X(n)(x17"'7xn) = =1

0, otherwise

Proof:

For the case n = 3, look at the following scenario how X7, X2, and X3 can be possibly ordered
to yield X (1) < X(9) < X(3). Columns represent X (1), X(2), and X(3). Rows represent X1, X,
and Xj3:

0 0

X1 < X9 < X3 1
0 01
0 0

X1 < X3 <Xy 0
01 0
01 0

X2<X1<X3 0
0 01
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0 01
Xo<Xg< Xy @ |10
0
0 1 0
X3 < X1 <Xy 0 01
0
0
X3<X2<X1 : 0 1 0
0

For n = 3, there are 3! = 6 possible arrangements.

In general, there are n! arrangements of X1,..., X,, for each (X(l), . ,X(n)). This mapping
is not 1-to—1. For each mapping, we have a n X n matrix J that results from an n x n identity

matrix through the rearrangement of rows. Therefore, | J |= 1. By Theorem 4.3.6, we get

fX(l),...,X(n)(x(l)a---ax(n)) = n!fxl,...,xn(w(kl),x(k2)a---afE(kn))

= nl H in(x(ki))
=1

= n! ﬁ fx(mz)

=1
|

Theorem 4.4.4: Let Xy,...,X, be continuous iid rv’s with pdf fx and cdf Fx. Then the
following holds:

i) The marginal pdf of X k=1,...,n,Iis
() g b (k)» ) y 1Yy

n!

(k- Dl(n — k)

Fxu (@) = !(Fx(ff))kfl(l — Fx(2))" *fx(z).

(ii) The joint pdf of X ;) and Xy, 1 <j <k < m, is

n!
G-Dk—j—Dl(n—k!

fX(j),X(k) (xj’ xk)

(Fx (z5))H(Fx (x1) — Fx (7)) 7711 = Fx (a)™ " fx () fx (xx)

if z; <z}, and 0 otherwise.
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4.5 Multivariate Expectation

In this section, we assume that X = (Xi,...,X,,) is an n—rv and g : IR" — IR" is a Borel-

measurable function.

Definition 4.5.1:

If n =1, i.e., g is univariate, we define the following:

(i) Let X be discrete with joint pmf p; ;. = P(X1 = i, ..., Xp = m). If
Z Dityoin: | 9(Tiy, -, 24,) |< 00, we define E(g Z Dityoosin 9Ty oo Tiy)

L1 yeenyln 11 yeenybn
and this value exists.

(ii) Let X be continuous with joint pdf fx(z). If/ z) | fx(z) de < oo, we define

E(g(X)) = / . g(z) fx (z)dz and this value exists.

Note:
The above can be extended to vector—valued functions g (n > 1) in the obvious way. For

example, if g is the identity mapping from IR"™ — IR", then

E(X1) 111
E(X) = : = :
E(X5) Hn

provided that E(| X; |) <oo Vi=1,...,n

Similarly, provided that all expectations exist, we get for the variance—covariance matrix:
Var(X) = Xx = BE(X - BE(X)) (X - E(X))')

with (4, )" component
E((Xi — BE(Xy)) (Xj — E(X}))) = Cov(X;, Xj)

and with (i,7)"* component

E((X; — E(Xy)) (Xi — BE(X;))) = Var(X;) = 07

Joint higher—-order moments can be defined similarly when needed. |
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Note:
We are often interested in (weighted) sums of rv’s or products of rv’s and their expectations.

This will be addressed in the next two Theorems. [ ]

Theorem 4.5.2:
Let X;,i = 1,...,n, be rv’s such that E(| X; |) < oco. Let ay,...,a, € IR and define
n

S = ZaiXi- Then it holds that E(] S'|) < co and
i=1

E(S) =) aE(X;).
izl

Proof:

Continuous case only:

BIS) = [ 13 e | fx@d
1=1

< [ S tale I Syl
R" ;1

= Z | a; | / | z; | (/ fx(z)dzy ... .dzi1dzipq . ..dxn> dx;
i=1 It R
n

= > lai / | @ | fx,(zi)dz;
i=1 R
n

= > lai| B( X;)
=1

< o0

n

It follows that E(S) = ZaiE(XZ-) by the same argument without using the absolute values

=1

E [

Note:

If X;,i=1,...,n, are iid with E(X;) = p, then

BX) =B Y. X) =Y ~B(X) =
n — n
=1 =1

| |
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Theorem 4.5.3:
Let X;,i = 1,...,n, be independent rv’s such that E(] X; |) < oco. Let g;,i = 1,...,n, be

Borel-measurable functions. Then
n
E([] 9:(Xx0) = [] E(g:(X3))
i=1 j

if all expectations exist.
Proof:
n
By Theorem 4.2.5, fx(z) = H [x;(z;), and by Theorem 4.2.7, ¢;(X;),7 = 1,...,n, are also

i=1
independent. Therefore,

sllacn = [ Hatrcwd
S A | (CICATAERTES
=1
= /IR . l:r[lgz(xl)zzl—[lfxl(xz)l:r[ldxl
Th- 427 /IR g1 (1) Fx, (1) dary /IR g2 (02) Fy (02) dets . . /IR g () ., (00) iy
= z:f[1 Rgi(xi)in(xi)dxz’

I
s

t
)
>

-
Il
—

Corollary 4.5.4:

If X,Y are independent, then Cov(X,Y) = 0. [

Theorem 4.5.5:
Two rv’s X,Y are independent iff for all pairs of Borel-measurable functions g; and g it
holds that E(g1(X) - ¢2(Y)) = E(g1(X)) - E(g2(Y)) if all expectations exist.

Proof:
“=": It follows from Theorem 4.5.3 and the independence of X and Y that

E(91(X)g2(Y)) = E(g1(X)) - E(g2(Y)).
“«=": From Theorem 4.2.6, we know that X and Y are independent iff

P(X € Al, Y € Ag) = P(X S Al) P(Y € Ag) V Borel sets A; and As.
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How do we relate Theorem 4.2.6 to g; and ¢g2? Let us define two Borel-measurable functions

g1 and g9 as:

(@) = Lu(@)= { ;: jtiefviise
92(y) = Taaly) = { (1): Ztiefviise
Then,
E(gi(X)) = 0-P(X€Af)+1-P(X € A)=PX €A,
E(g2(Y)) = 0-PY€A5)+1-P(Y € Ay) =P(Y € Ay)
and
E(gi(X)-92(Y)) = P(XeA,Y €A,).
= P(X€A,Y€EA) = EqX) gl))
T B(9i(X) - Blga(Y)
= P(Xe€eA)P(Y € Ay)
—> X, Y independent by Theorem 4.2.6. [ |

Definition 4.5.6:
The (it* it ... it") multi-way moment of X = (Xi,...,X,,) is defined as

Miyig..i, = B(X0 X2, Xin)

if it exists.

The (i{*,44,...,i") multi-way central moment of X = (X1,...,X,,) is defined as
n
Liyis..in = E(][(X; — B(X;))")
j=1
if it exists. [ |
Note:
If we set 4, = i3 = 1l and ¢; = 0 Vj # r, s in Definition 4.5.6 for the multi-way central moment,
we get
FO..0 1 0.0 1 0.0 = Hre=CoolXnX).

1
T
S
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Theorem 4.5.7: Cauchy—Schwarz Inequality
Let X,Y be 2 rv’s with finite variance. Then it holds:
(i) Cov(X,Y) exists.
(i) (B(XY))? < B(X?)E(Y?).
(iii) (E(XY))? = E(X%)E(Y?) iff there exists an (o, 3) € IR* — {(0,0)} such that
PlaX +pY =0) =1.
Proof:
Assumptions: Var(X), Var(Y) < oco. Then also E(X?), E(X), E(Y?), E(Y) < cc.
Result used in proof:
0<(a—0)%=a?—2ab+b> = ab< #
0<(a+0b)?=a?+2ab+b = —ab< #

—lab| < VabeR (¥

BUXY D) = [ Loy fxr(@yde dy

() xZ =+ 2
< / ‘ Y fxy(z,y)dz dy
R? 2

.T2 y2
/ —[xy(z,y)de dy+/ S fxy(z,y)dy dx
R 2 2 2

= /—fX dw+/—fy

E(X?) + E(Y?)
2

= E(XY) exists
= Cov(X,Y) = E(XY)— E(X)E(Y) exists
(i) 0 < E((aX + BY)?) = a?E(X?) + 2aBE(XY) + BPE(Y* ) Va,B€ R (A)

If B(X?) =0, then X has a degenerate 1-point Dirac distribution and the inequality
trivially is true. Therefore, we can assume that E(X2) > 0. As (A) is true for all

XY), B=1.

a, B € IR, we can choose a = _5(()(2)
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(iii)

E(XY))? E(XY))?
— ( E(‘(XZ))) _ 2( E(‘(XZ))) + E(Y2) Z 0

= —(BE(XY))?+ E(Y?)E(X?) >0

= (B(XY))? < B(X?) E(Y?)

When are the left and right sides of the inequality in (ii) equal?

Assume that E(X?) > 0. (E(XY))? = E(X?)E(Y?) holds iff E((aX +3Y)?) = 0 based
on (ii). It is therefore sufficient to show that E((aX +8Y)?) = 0 iff P(aX+8Y =0) = 1:
“:>77:

Let Z = aX + BY. Since E((aX + BY)?) = E(Z?) = Var(Z) + (E(Z))? = 0 and
Var(Z) >0 and (E(Z))? > 0, it follows that E(Z) = 0 and Var(Z) = 0.

This means that Z has a degenerate 1-point Dirac(0) distribution with P(Z = 0) =
P(aX +BY =0) = 1.

[ ”.
<"

If P(@X +pY =0) = P(Y = —§X) = 1 for some (a, ) € R* —{(0,0)}, ie., Y is

linearly dependent on X with probability 1, this implies:

(BXY)P = (B(X - =55 = (R(BCE) = B

a

ﬁ)QE(XQ) = E(X*)B(Y?)
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4.6 Multivariate Generating Functions

Definition 4.6.1:

Let X = (X1,...,X,) be an n-rv. We define the multivariate moment generating func-

tion (mmgf) of X as

0 505 o (00
=1

n
if this expectation exists for | £ |= Zt? < h for some h > 0. ]
\ i=1

Definition 4.6.2:
Let X = (X1,...,X,) be an n—rv. We define the n—dimensional characteristic function
Oy :R" = Cof X as

dy(t) = E(etX)=FE (exp (z z": thj)> .
j=1

|
Note:
(i) ®x(t) exists for any real-valued n-—rv.
(ii) If Mx (t) exists, then ®x(t) = Mx (it).
|

Theorem 4.6.3:

(i) If Mx(t) exists, it is unique and uniquely determines the joint distribution of X. ®x (%)

is also unique and uniquely determines the joint distribution of X.

(ii) Mx(t) (if it exists) and ®x () uniquely determine all marginal distributions of X, i.e.,
MXi(ti) = M&(Q, ti,Q) and and (I)Xi(ti) = (I)X(Q, ti,Q).

(iii) Joint moments of all orders (if they exist) can be obtained as

8i1+i2+---+in i i i
e Mx(t)| =B(XIXP.. X0
oo ony ) - (X X% X

mi..i, =

if the mmgf exists and

1 8i1+i2+~~~+in i i i
_ 1 2 n
girtiz+...+in 6#; at? o 6t%n (I)—‘( (Q) - E(X1 Xo - Xy )

My, . iy =
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(iv) Xy,..., X, are independent rv’s iff

Mx(t1, ... ta) = Mx(t1,0) - Mx(0,22,0) ... - Mx(0,tn) Vti,...,tn € R,

given that Mx () exists.

Similarly, X1, ..., X, are independent rv’s iff

(I)K(tla 7tn) = q)ﬁ(tlug) : @X(O,tQ,Q) et (I)K(Qatn) thw"

Proof:

o € IR.

Rohatgi, page 162: Theorem 7, Corollary, Theorem 8, and Theorem 9 (for mmgf and the case

n=2).

Theorem 4.6.4:
Let Xi,...,X, be independent rv’s.

n
(i) If mgf’s Mx, (t),..., Mx,(t) exist, then the mgf of ¥ = Zain' is
i=1

n
My (1) = [T Mx; (ait)
i=1
on the common interval where all individual mgf’s exist.

n
(ii) The characteristic function of Y = Z a; X; is
i=1

By (1) = [T @x, (a1
j=1

(iii) If mgf’s Mx, (t),..., Mx, (t) exist, then the mmgf of X is

n

Mx(t) = [] Mx. (t:)
=1

on the common interval where all individual mgf’s exist.

(iv) The n—dimensional characteristic function of X is

Dx(t) = ﬁ D, (t)-
j=1
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Proof:

Homework (parts (ii) and (iv) only) ]

Theorem 4.6.5:
Let Xi,..., X, beindependent discrete rv’s on the non-negative integers with pgf’s Gx, (s), ..., Gx, (s).

n
The pgfof Y = ZXl is
i=1

Gy(S) = H GXi(S)-
i=1

Proof:
Version 1:
Gxi(s) = B(s™)
Gy(s) = E(s")
= B(sXi=m Xy
indep -
=P HE(SXZ)
i=1
= HGXi(S)
i=1
Version 2: (case n = 2 only)
Gy(s) = PY=0+PY=1s+PY =2)s+...

= PX;=0,Xy=0)+
(P(X;=1,X2=0)+P(X; =0,Xy =1)) s +
(P(X1 =2,X2=0)+P(X; =1,X=1) + P(X; =0, X5 =2)) s* + ...

il p(X, = 0)P(Xs = 0) +
(P(X; =1)P(Xo=0)+P(X; =0)P(X2=1))s+
(P(X; =2)P(Xy =0)+ P(X; =1)P(Xy =1) + P(X; = 0)P(Xy =2)) s* +...
= (P =0+ P =1)s+ P(X; =2)5"+...)
(P(X2 =0)+P(Xo=1)s+ P(Xy = 2)s> + .. )
= Gx(s)-Gx,()
A generalized proof for n > 3 needs to be done by induction on n. [ |
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Theorem 4.6.6:
Let X1,...,Xn be iid discrete rv’s on the non—negative integers with common pgf Gx(s).
Let N be a discrete rv on the non-negative integers with pgf G (s). Let N be independent

N
of the X;’s. Define Sy = ZXZ" The pgf of Sy is

i=1
Gsy(s) = Gh(Gx(s))-
Proof:

P(Sy =k) = iP(SN:MN:n)-P(N:n)

n=0
= Gsy(5) = i": iP(SN:MN:n)-P(N: ) - s*

k=0 n=0
= iP(N = n)iP(SN = Kk|N =n)-s*
n=0 k=0

= iP(N = n)iP(Sn =k)-s"
n=0 k=0
= Y PWN=n)dPY Xi=k-s"
n=0 k=0 =1
Th.4.6.5 f:P(N _ n)ﬁGXi(S)
n=0 =1

“ N P(N=n)- (Gx(s)"
n=0

—  Gn(Gx(s)

Example 4.6.7:

Starting with a single cell at time 0, after one time unit there is probability p that the cell will
have split (2 cells), probability ¢ that it will survive without splitting (1 cell), and probability
r that it will have died (0 cells). It holds that p,q,r > 0 and p + ¢ + r = 1. Any surviving
cells have the same probabilities of splitting or dying. What is the pgf for the # of cells at

time 27

GX(S) = GN(S) :p32+q8+7«
Gsy(s) = P(P82 + ps—+ r)2 + q(ps2 +ps+r)+r
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Theorem 4.6.8:

Let X1,...,Xn be iid rv’s with common mgf Mx(¢). Let N be a discrete rv on the non—
N

negative integers with mgf My (¢). Let N be independent of the X;’s. Define Sy = ZXZ"
i=1
The mgf of Sy is l

Mg, (t) = My (In Mx (2)).

Proof:

Consider the case that the X;’s are non—negative integers:

We know that

Gx(s) = BE(s*)=E("") = B(e")¥) = Mx(Ins)
— Mx(s) = G)((es)
= Mgy (t) = Gsy(e) "2 Gn(Gx(eh) = Gn(Mx (1)) = My(In Mx(2))

In the general case, i.e., if the X|s are not non—negative integers, we need results from Section

4.7 (conditional expectation) to proof this Theorem. ]
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4.7 Conditional Expectation

In Section 4.1, we established that the conditional pmf of X given Y = y; (for Py (y;) > 0)
is a pmf. For continuous rv’s X and Y, when fy(y) > 0, fxjy(z | y) = f);c’yyi((f)’y), and fxy

and fy are continuous, then fx|y(z | y) is a pdf and it is the conditional pdf of X given Y = y.

Definition 4.7.1:

Let X,Y berv’s on (£2, L, P). Let h be a Borel-measurable function. Assume that E(h(X))
exists. Then the conditional expectation of h(X) given Y, i.e., E(h(X) | Y), is a rv that
takes the value E(h(X) | y). It is defined as

Z h(z)P(X =z |Y =y), if (X,Y) is discrete and P(Y =y) >0
B [ = "

oo
/ h(z) fxy (x| y)dz, if (X,Y) is continuous and fy (y) > 0
—00

Note:

(i) Therv E(h(X) | Y) = g(Y) is a function of Y as a rv.

(ii) The usual properties of expectations apply to the conditional expectation:
(a) E(c|Y)=c Vece R.
(b) E(aX +b|Y)=aE(X|Y)+b Va,be R.

(c) If g1, 92 are Borel-measurable functions and if E(g; (X)), E(g2(X)) exist, then
E(a191(X) + a202(X) | Y) = a1 E(91(X) | Y) + a2 E(g2(X) | Y) Vay, a2 € R.

(d) If X >0 then E(X | Y) > 0.
(e) If X1 Z X2 then E(X1 | Y) Z E(X2 | Y)

(iii) Moments are defined in the usual way. If E(] X |") < oo, then E(X" | Y) exists and is

the 7" conditional moment of X given Y.
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Example 4.7.2:

Recall Example 4.1.12:
2, 0<z<y«<l1

0, otherwise

fxy(z,y) = {

The conditional pdf’s fy|x(y | #) and fx|y(z | y) have been calculated as:

1
fY\X(y|$)=1 forz <y <1 (where 0 <z < 1)

— X
and )
fX|y(x|y):§f0r0<x<y(where0<y<1).
So, y
e
0 Y
and )
| 1 g2 11—2?> 1+z
(¥]z) /961—xyy I—z2| 21—z 2

Therefore, we get the rv’s E(X |Y) = % and E(Y | X) = #

Theorem 4.7.3:
If E(h(X)) exists, then
By (Ex)y (h(X) | Y)) = E(h(X)).

Proof:

Continuous case only:

By (B((X) V) = [ O:o B(h(x) | 9)fy (v)dy
N /_o:o /_o:o h(@) fxy (@ | y)fy (y)dzdy
- /_o:o h(z) /_o:o fxy(z,y)dydz

— [ ha)ix(@yis
B(h(xX)
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Theorem 4.7.4:
If E(X?) exists, then

Vary (BE(X |Y))+ Ey(Var(X |Y)) = Var(X).

Proof:
Vary(E(X | Y)) + By (Var(X |Y)) = By((B(X |Y))?) - (By(E(X | Y)))?
+ By (B(X?|Y) - (B(X | Y))?)
= Ey((BE(X |Y))*) - (BE(X))* + BE(X?) - Ey(E(X | Y))?)
= B(X?) - (B(X))?

= Var(X)

Note:
If E(X?) exists, then Var(X) > Vary (E(X |Y)). Var(X) = Vary(E(X | Y)) iff X = g(Y).
The inequality directly follows from Theorem 4.7.4.

For equality, it is necessary that Ey(Var(X | Y)) = Ey((X — E(X | Y))? | Y) = 0 which
holds if X = E(X | Y) = g(Y).

If X,Y are independent, Fxy (7 |y) = Fx(z) V.
Thus, if E(h(X)) exists, then E(h(X) |Y) = E(h(X)). ]

Proof: (of Theorem 4.6.8)

Ms,(t) " BEy)
N
= E exp(tZXz)
i=1
“h(X)N
N
AT g By (exp(tZXi) | N>
Y Xi|N i=1
=1
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First consider

N
Ey (eXP(tZXz’) | n)

Y Xi|N =1
=1

I
o]

3
N
@

b
5
=2
M=
>
~

N
= Mg, (t) = En (H Mx(t)>

= Ex((Mx(t)N)
= En(exp(NInMx(t)))
= My (In Mx (1))

(%) holds since My (k) = En(exp(N - k)).
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4.8 Inequalities and Identities

Lemma 4.8.1:

Let a, b be positive numbers and p,q > 1 such that }% + % =1 (ie,pg=p+qandq= 5T

Then it holds that ) )
—aPl + -b? > ab
p q

with equality iff a? = b9.

Proof:
Fix b. Let
1 1
gla) = —ad’+-b1—ab
p q
—g'(a) = a1 —b 20
=b = a!
—pl = glPDe P
g"(a) = (p—1)a"*>0

Since ¢"(a) > 0, this is really a minimum. The minimum value is obtained for b = a?~! and

it 1is

1 1 1 1 1

—a” + =(a? 1) —aa? = —a? + —a? —a? = af (= + = —1) = 0.

p
Since ¢"(a) > 0, the minimum is unique and g(a) > 0. Therefore,

1 1
g(a) +ab= —a? + -b? > ab.
p q

Theorem 4.8.2: Holder’s Inequality

Let X,Y be 2 rv’s. Let p,q > 1 such that % + % =1(ie,pg=p+qand q= p%l). Then it

holds that
E(| XY |) < (E( X [P))#(E( Y ).
Proof:
In Lemma 4.8.1, let
a:7|X| - and b:7|y| T
(E(| X |7)7 (E(| Y |0)s
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Lemma 4.8.11 |X|p 1 |Y|q > |XY|
pE(X ) qB(Y 1)~ (B( X |p)7 (B( Y |9)

Taking expectations on both sides of this inequality, we get

1 1 E(| XY
L1 (1 XY )

P4 (B( X P)r(E( Y |9)

The result follows immediately when multiplying both sides with (E(| X [))?(E(| Y |7))s. m

Note:
Note that Theorem 4.5.7 (ii) (Cauchy-Schwarz Inequality) is a special case of Theorem 4.8.2
with p = ¢ = 2. [ |

Theorem 4.8.3: Minkowski’s Inequality
Let X,Y be 2 rv’s. Then it holds for 1 < p < oo that

(B(| X +Y )7 < (B( X )7 + (E( Y |)7.

Proof:
E(|X+Y]P) = E(|X+Y| |X+Y Y
< EB((IX|+1YDIX+Y P
= E(X||X+Y P+ EB(Y || X+Y [
Th.4.8.2 1 1
< (BIXP)r-(E((X + Y[ hH))

F(E(Y )P (B((X + YPH)7))i (A)

G ((BOX )+ (BUY P))3)-(BIX + Y P )i

Divide the left and right side of this inequality by (E(| X +Y |P ))%

The result on the left side is (E(| X +Y |p))1_% =(E(| X+Y |p))%, and the result on the
1 1

right side is ( E(| X |P) )» + ( E(| Y |P) )». Therefore, Theorem 4.8.3 holds.

In (A), we define g = p%l. Therefore, % + % =1land (p—1)g =p.

(%) holds since % + % =1, a condition to meet Holder’s Inequality. [
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Definition 4.8.4:

A function g(z) is convex if

g Az + (1 =XNy) < Ag(z) + (1 =Ng(y) Vz,ye R YO< A< 1.

Note:

(i) Geometrically, a convex function falls above all of its tangent lines. Also, a connecting
line between any pairs of points (z, g(z)) and (y, g(y)) in the 2—dimensional plane always

falls above the curve.

(ii) A function g(z) is concave iff —g(z) is convex.

|
Theorem 4.8.5: Jensen’s Inequality
Let X be a rv. If g(x) is a convex function, then
E(9(X)) > g(E(X))
given that both expectations exist.
Proof:
Construct a tangent line [(x) to g(z) at the (constant) point zp = E(X):
I(x) = ax + b for some a,b € IR

The function g(z) is a convex function and falls above the tangent line [(z)

= g(z) > ax+b Vz e R

— B(g(X)) > B(aX +b) = aB(X) +b=(E(X)) =" g(B(X))
Therefore, Theorem 4.8.5 holds. [ |

Note:

Typical convex functions g are:

() g1(z) =[z]| = E(X]) =] EX)]
(i) go(7) =22 = E(X?)> (E(X))? = Var(X)>0.
1

(iii) g3(2) = 35 forz > 0,p>0 = E(x5) > oy for v =1t B(x) > gy

(iv) Other convex functions are zP for x > 0,p > 1; 6% for § > 1; —In(z) for = > 0; etc.
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(v) Recall that if g is convex and differentiable, then ¢”(z) >0 Vz.

(vi) If the function g is concave, the direction of the inequality in Jensen’s Inequality is
reversed, i.e., E(g(X)) < g(E(X)).

Lecture 35/1:
Example 4.8.6:

Fr 11/17/00
Given the real numbers aq,ao,...,a, > 0, we define
1 1 &
arithmetic mean : ay=—(a1 +as+...+a,) =— Zai
n n
=1
1
1 n "
geometric mean : ag = (a1 -az-... ap)n = (H ai>
i=1
. 1 1
harmonic mean : ay = : (1 : 1) =5
sl o5+ 4 1
n \ ai as an 2 _
"2

Let X be a rv that takes values ai,as,...,a, > 0 with probability % each.
(i) asq > ag:

In(aa) = In (% z”: ai>

= In(E(X

(
In concave
(

Taking the anti-log of both sides gives a4 > aq.

(ii) aA Z am:

a;
1

n

S|=

)
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X

1/X convex
< E(i
X

Inverting both sides gives a4 > ap.

(iii) ag > ag:

In concave 1

- X

=1
= —Inag

Multiplying both sides with —1 gives Inayg < Inag. Then taking the anti-log of both

sides gives ap < ag.

In summary, ag < ag < ay. Note that it would have been sufficient to prove steps (i) and
(iii) only to establish this result. However, step (ii) has been included to provide another

example how to apply Theorem 4.8.5. [ |
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Theorem 4.8.7: Covariance Inequality

Let X be a rv with finite mean pu.

(i) If g(z) is non—decreasing, then
E(g(X)(X —p)) =0
if this expectation exists.
(ii) If g(z) is non—decreasing and h(z) is non-increasing, then
E(9(X)h(X)) < E(9(X))E(h(X))

if all expectations exist.

(iii) If g(x) and h(z) are both non-decreasing or if g(x) and h(x) are both non-increasing,
then
E(g(X)h(X)) > E(9(X))E(h(X))

if all expectations exist.

Proof:

Homework -

111



5 Particular Distributions

5.1 Multivariate Normal Distributions

Definition 5.1.1:
A rv X has a (univariate) Normal distribution, i.e., X ~ N(u,0?) with 4 € IR and o > 0,
iff it has the pdf

L —shaanp?
r) = e 202 .
Ix(@) 2mwo?
X has a standard Normal distribution iff x = 0 and 0% = 1, i.e., X ~ N(0,1). [ |

Note:
If X ~ N(p,0?), then E(X) = p and Var(X) = o?.

If X1 ~ N(p1,0?), Xo~ N(uz,0%), X; and X, independent, and ¢y, ¢y € IR, then

Y =1 X1 4+ e X9 ~ N(c1p1 + copio, C%U% + 0502).

Definition 5.1.2:

Lecture 34:
We 11/15/00

A 2-rv (X,Y) has a bivariate Normal distribution iff there exist constants a11, a12, as1, a9e, i1, 2 €

IR and iid N(0,1) rv’s Z; and Z3 such that

X =p +anzi+aiaZs, Y = po+anZy + axs.

X VA
a1 a2 - 2 Y Zs

then we can write

If we define

Note:
(i) Recall that for X ~ N(u,0?), X can be defined as X = 0Z + p, where Z ~ N(0,1).

(11) E(X) = u1 + auE(Zl) + algE(Zg) = 1 and E(Y) = us + aglE(Zl) + GQQE(ZQ) = l42.
The marginal distributions are X ~ N (u1,a2; + a?y) and Y ~ N(ua, a3, + a3,). Thus,
X and Y have (univariate) Normal marginal densities or degenerate marginal densities

(which correspond to Dirac distributions) if a;; = a;2 = 0.
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(iii) There exists another (equivalent) formulation of the previous defintion using the joint
pdf (see Rohatgi, page 227).

Example:
Let X ~ N(u1,0%), Y ~ N(ug,03), X and Y independent.

X
What is the distribution of ( v ) ?

Since X ~ N(u1,0?), it follows that X = u; + 01721, where Z; ~ N(0,1).

Since Y ~ N (ug,03), it follows that Y = uy + 0225, where Zy ~ N(0,1).

X i 01 0 Zl + K1
Y 0 o2 )\ Z pa )
Since X, Y are independent, it follows by Theorem 4.2.7 that Z; = X_ll“ and Zy = X;;” are

(o

Therefore,

X
independent. Thus, Z, Zy are iid N(0,1). It follows from Definition 5.1.2 that ( v > has a

bivariate Normal distribution. [ ]

Theorem 5.1.3:
Define g : R?> - IR? as g(z) = Cz +d. If X is a bivariate Normal rv, then g(X) also is a

bivariate Normal rv.

Proof:

9(X) = CX

I
Q
=
N

+ (Cp+d)
N—— —_————

another matrix another vector

= AZ+ f& which represents another bivariate Normal distribution

Note:

poroe = Cov(X,Y) = Cov(anZi + a1222,a01 21 + azZs)
= ana2Cov(Z1,Z1) + (a11a22 + a12a21)Cov(Z1, Z3) + a12a22Cov(Za, Z3)

= 611021 + 612622

since Z1, Zy are iid N(0,1) rv’s. ]
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Definition 5.1.4:

The variance—covariance matrix of (X,Y) is

2 2 2
Y — AA — air @12 ail a1 . ai] + afy ai11a91 + a12a29 _ (oF) pPO102
- - - 2 2 - 2 )
a1 Q22 a2 a2 a11a21 + 612622 as) + a59 pPO102 05

|
Note:
det(¥) = | S| =ofos —pPoios = oio3(1 —p?),
|X| = o102¢/1 — p?
and
n-l i ( U% —pPo102 > _ ( U%(llpr) a’lo'gz{)fpz) >
R TPO102 of 0’102Z1pfp2) 03(11792)
|

Theorem 5.1.5:
Assume that o1 > 0,02 > 0 and | p |< 1. Then the joint pdf of X = (X,Y) = AZ + pu (as
defined in Definition 5.1.2) is

1

1 PR
fg(&) = mexp<—§(§—ﬁ)2 1@—&)
1

= o (e (52 2 (5 (52)+ (422))

Since ¥ is positive definite and symmetric, A is invertible.

Proof:

The mapping Z — X is 1-to-1:

X = AZ+p
= Z = AT'(X—p)
1
J = |[ATN = —
4]

Al = V14 = 4] 14T] = ]44T] = /1] = /o103 — pPotof = or0ay/1 - p*

We can use this result to get to the second line of the theorem:

) = gt Lod
z = e e
£\s 27 2
— Le—%(sz)
2T



As already stated, the mapping from Z to X is 1-to—1, so we can apply Theorem 4.3.5:

- r exp(—3 (2~ )" (A4 (2~ p)

fx(z)

—~

)

exp(— (2 — w57z — )

27r\/_ - -

This proves the 1% line of the Theorem. Step (*) holds since

A HTA =AYy A=Ay =L

The second line of the Theorem is based on the transformations stated in the Note following
Definition 5.1.4:

150 = o (s (52) - (552 (522)+ (52))

Note:
In the situation of Theorem 5.1.5, we say that (X,Y) ~ N(u1, po, 02,03, p). [

Theorem 5.1.6:
If (X,Y) has a non-degenerate N (u1,pz2,0%,02,p) distribution, then the conditional distri-
bution of X given Y =y is

N(u1+p (y p2), 071 (1 = p?)).

Proof:

Homework []

Example 5.1.7:
Let rv’s (X1,Y1) be N(0,0,1,1,0) with pdf fi(z,y) and (X2, Y2) be N(0,0,1,1,p) with pdf
fa(z,y). Let (X,Y) be the rv that corresponds to the pdf
1 1
fX,Y(x7y) = ifl(xay) + EfZ(xay)

(X,Y) is a bivariate Normal rv iff p = 0. However, the marginal distributions of X and Y are
always N (0, 1) distributions. See also Rohatgi, page 229, Remark 2. [
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Lecture 35/2:

Theorem 5.1.8: Fr 11/17/00

The mgf M (t) of a bivariate Normal rv X = (X,Y) is

My (t) = Mx y (t1,t2) = exp(p't+

1
1’21) = exp (Mltl + poto + 5(0%15% + U%t% + 2,00102t1t2)> .

N —

Proof:
The mgf of a univariate Normal rv X ~ N (u,0?) will be used to develop the mgf of a bivariate
Normal rv X = (X,Y):

Mx(t) = Blexp(tX))
= /_o:oexp(tx) 2202 exp (—%(w—,uy) dx

= /—Z\/Qit? exp( 212[ 20%ts + (x—,u)2]> dz

o0 1 1
= / ——— exp (—ﬁ[—202tx + (2% —2uz + uZ)]> dz
S o

2mwo?

o 1 1
— / exp (——2[x2—2(u + o’ + (p+to?)? — (u+to?)? + ;ﬂ]) dz
- 2no? 20

1 o0 1 1
= exp <_ﬁ[_(“ +to?)? + ,u2]> Vot exp (—ﬁ[aﬁ —(p+ toz)]2> dx

v

pdf of N(u + to?,0?), that integrates to 1

1
= exp <—W[—,u2 — 2uto? — t?ot + ,u2]>

—2uto? — t?o*
= eXp T

1
= exp <ut + 502152)

Bivariate Normal mgf:

Mny(tl,tg) = E(B.Tp(th + t2Y))

exp(tiz + ta2y) fx,v(z,y) dx dy

o0

exp(tiz) exp(tay) fx(z) fyx(y|z) dy dx

.1
- L
/ﬂo </OO exp(t2y) fyx (v | z) dy> exp(t1z) fx(z) dz

o0
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(4) 0 o eXP(t2y) M exp(tiz z) dz
4 /OO( e (202( p2)> dy> p(tr2) fx(x) d

| Bx = p2+ p2(z— )
o1
B [ 1, 24,2
2" exp (Bxte+ 5030 - 83) exp(tio) fx(o) do
0 1
= / exp ([Mg + pZ—i(w — p1)]ta + 50%(1 — Pt + tlac) fx(z) dz

= exp | pate + pa—ltgac — pa—l,ultg + 502(1 — Ity +tiz ) fx(x) dx

—00
1 0 02
= exp 50 pH)t5 + tops — p H1t2 / exp ( (t1 + p—t2)z | fx(z) dz
%) o1
(@) 1 09 1 2 09 2
= exp | z05(1 — p*)t5 + tapo — p H1t2 -exp | pi(ty + p—t2) + s01(t1 + p—t2)
2 o] 2 o1
242 1 1 2 2,2
= exp Uztg 2t2 + poto — M1P—t2 + pit + M1P—t2 + 201t1 + poioatits + 5,0 oty

P17 + o5t + 2 t1t
= exp <N1t1 gty + L2 5 S Ll
(A) follows from Theorem 5.1.6 since Y | X ~ N(Bx,03(1 — p?)). (B) follows when we apply
our calculations of the mgf of a N (u,0?) distribution to a N (Bx,03(1— p?)) distribution. (C)

holds since the integral represents Mx (1 + pg—ftg). [ ]

Lecture 36:

Corollary 5.1.9: Mo 11/20/00

Let (X,Y) be a bivariate Normal rv. X and Y are independent iff p = 0. ]

Definition 5.1.10:
Let Z be a k-1v of k iid N(0,1) rv’s. Let A € R** be a k x k matrix, and let u € IR* be

a k—dimensional vector. Then X = AZ + 1 has a multivariate Normal distribution with

mean vector p and variance—covariance matrix ¥ = AA’. [ |

Note:

(i) If ¥ is non-singular, X has the joint pdf

1 | o
50 = Gy e (a0 e -w)

If X is singular, the joint pdf does exist but it cannot be written explicitly.
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(ii) If ¥ is singular, then X — u takes values in a linear subspace of IR* with probability 1.

(iii) If ¥ is non—singular, then X has mgf

My (t) = exp(p't + -t'St).

(iv) X has characteristic function
- 1 !/
Cx(¢) = exp(ipt — 5t 2t)

(no matter whether ¥ is singular or non—singular).

(v) See Searle, S. R. (1971): “Linear Models”, Chapter 2.7, for more details on singular

Normal distributions.

Theorem 5.1.11:
The components X1, ..., X}, of anormally distributed k-rv X are independent iff Cov(X;, X;) =
0Vi,j=1,....k i#j. n

Theorem 5.1.12:
Let X = (X1,...,X). X has a k—dimensional Normal distribution iff every linear function
of X, ie., X't =t1 X1 +t2X2 + ... + 1, X}, has a univariate Normal distribution.

Proof:
The Note following Definition 5.1.1 states that any linear function of two Normal rv’s has a
univariate Normal distribution. By induction on k, we can show that every linear function of

X, i.e., X't, has a univariate Normal distribution.

Conversely, if X't has a univariate Normal distribution, we know from Theorem 5.1.8 that

1
My (s) = exp (E(Xli) s+ §Var(X't) 32>
1
= exp (E'ts + 5;'2§32>
! 1 !
= Mx(0)

By uniqueness of the mgf and Note (iii) that follows Definition 5.1.10, X has a multivariate

Normal distribution. []
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5.2 Exponential Family of Distributions

Definition 5.2.1:
Let ¥ be an interval on the real line. Let {f(-;0) : 6 € ¥} be a family of pdf’s (or pmf’s). We
assume that the set {z : f(z;0) > 0} is independent of 0, where z = (z1,...,z,).

We say that the family {f(-;0) : 6 € ¥} is a one—parameter exponential family if there
exist real-valued functions Q(#) and D(#) on ¥ and Borel-measurable functions 7'(X) and
S(X) on IR™ such that

f(z;0) = exp(Q(O)T(z) + D(0) + 5(z)).

Note:

We can also write f(z;0) as

f(z;n) = h(z)e(n) exp(nT'(z))

where h(z) = exp(S(z)), n = Q(0), and ¢(n) = exp(D(Q '(n))), and call this the exponen-

tial family in canonical form for a natural parameter 7. [ |

Definition 5.2.2:
Let ¥ C IRF be a k-dimensional interval. Let {f(-;0) : @ € ¥} be a family of pdf’s (or pmf’s).
We assume that the set {z : f(z;8) > 0} is independent of , where x = (z1,...,z,).

We say that the family {f(;0) : @ € ¥} is a k—parameter exponential family if there
exist real-valued functions Q1(0),...Qx(@) and D(@) on ¥ and Borel-measurable functions
T1(X),...,Tx(X) and S(X) on IR" such that

k
f(z;0) = exp (Z Qi(@)T;(z) + D(8) + S(Q)) -

=1

Note:
Similar to the Note following Definition 5.2.1, we can express the k—parameter exponential

family in canonical form for a natural k& x 1 parameter vector n = (n1,...,7x)". [
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Example 5.2.3:
Let X ~ N(u,0?) with both parameters y and o2 unknown. We have:

0) — 1 1 2\ _ L o » W 11 o2
f(z:0) = Jono? exp —@(x—ﬂ) =exXp | 557 +§$—F—§ n(2mo”)
0 = (0%

9 = {(n,0%):peR,a*>0}

Therefore,
1
Q) = -5
Ti(z) = z°
Q:0) = 5
To(z) = =
W 1 2
_D(Q) = —F — 5 1D(27TO' )
S(x) = 0

Thus, this is a 2—parameter exponential family.
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6 Limit Theorems

Motivation:
I found this slide from my Stat 250, Section 003, “Introductory Statistics” class (an under-

graduate class I taught at George Mason University in Spring 1999):

What does this mean at a more theoretical level???
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6.1 Modes of Convergence

Definition 6.1.1:
Let Xi,...,X, beiid rv’s with common cdf Fx(z). Let T' = T'(X) be any statistic, i.e., a

Borel-measurable function of X that does not involve the population parameter(s) ¥, defined

on the support X of X. The induced probability distribution of T'(X) is called the sampling
distribution of T'(X). ]

Note:
(i) Commonly used statistics are:

n
> Xi
=1

Sample Mean: X,, =

3=

ol

n
Sample Variance: S2 = 15> (X; — X,,)?
i=1

Sample Median, Order Statistics, Min, Max, etc.

(ii) Recall that if Xq,..., X, are iid and if E(X) and Var(X) exist, then E(X,) = pu =
E(X), E(S?) =02 =Var(X), and Var(X,) = ’

g

n

(iii) Recall that if X1, ..., X, are iid and if X has mgf M (¢) or characteristic function ® x ()
then M (t) = (Mx (3;))" or @, () = (2x(;))"™

|

Note: Let {X,,}22; be a sequence of rv’s on some probability space (€2, L, P). Is there any

meaning behind the expression le X, = X7 Not immediately under the usual definitions
n oo

of limits. We first need to define modes of convergence for rv’s and probabilities. [

Definition 6.1.2:
Let {X,}5°, be a sequence of rv’s with cdf’s {F,,}>°, and let X be a rv with cdf F. If

F,(z) — F(x) at all continuity points of F', we say that X,, converges in distribution to

X (X, LN X) or X,, converges in law to X (X, L, X), or F, converges weakly to F
(F, = F). n

Example 6.1.3:
Let X, ~ N(0,2). Then

Lecture 37:
Mo 11/27/00




ds

P(00) =1, ifz>0
= Fp(z) — #(0) = 3, ifx=0
$(—00) =0, ifz<0

1, z>0
If Fx(z) = T
x(@) { 0, <0
o(v/nzx) = F,(x) — Fx(z).
So, X, SN X, where P(X =0) =1, or X, %5 0 since the limiting rv here is degenerate,
i.e., it has a Dirac(0) distribution. ]

the only point of discontinuity is at x = 0. Everywhere else,

Example 6.1.4:

In this example, the sequence {F,}52 | converges pointwise to something that is not a cdf:

Let X,, ~ Dirac(n), i.e., P(X,, =n) = 1. Then,

0, z<n
Fo(z) = ’
n(@) { 1, z>n
It is Fj,(z) — 0 Vax which is not a cdf. Thus, there is no rv X such that X, 4 X, ]

Example 6.1.5:
Let {X,}32, be a sequence of rv’s such that P(X, =0) =1— 1 and P(X, =n) = L and let
X ~ Dirac(0), i.e., P(X =0) = 1.

It is
0, z <0
Fo(z) = 1_%7 0<z<n
1, r>n
0, <0
Fx(z) = ’
x(@) {1, z2>0

It holds that F,, - Fx but
E(XFy=nk"1 4 B(X*) =o0.

Thus, convergence in distribution does not imply convergence of moments/means. [ |
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Note:
Convergence in distribution does not say that the X;’s are close to each other or to X. It only
means that their cdf’s are (eventually) close to some cdf F. The X;’s do not even have to be

defined on the same probability space. [ |

Example 6.1.6:
Let X and {X,}2, beiid N(0,1). Obviously, X, %y X but ILm Xn # X. ]
n—oo

Theorem 6.1.7:
Let X and {X,}5%, be discrete rv’s with support X and {X,}32,, respectively. Define
oo

the countable set A = XU U X, = {ap : k= 1,2,3,...}. Let pp = P(X = a;) and
n=1

Pk = P(X,, = ak). Then it holds that p,, — pr VEk iff X, 4, x. [ |

Theorem 6.1.8:
Let X and {X,,}5°; be continuous rv’s with pdf’s f and {f,}72, respectively. If f,(z) — f(z)
for almost all £ as n — oo then X, NS [ ]

Theorem 6.1.9:
Let X and {X,}52; be rv’s such that X, %, X. Let ¢ € IR be a constant. Then it holds:

(i) X, +c-5 X +ec
(i) eXn % cX.
(iii) If ap — @ and by, — b, then a, Xy, + by —— aX + b.

Proof:

Part (iii):

Suppose that a > 0,a,, > 0. (If a < 0,a, <0, the result follows via (ii) and ¢ = —1.)
Let Y, =a, X, + b, and Y = aX +0b. It is

Fe(y) = P(Y <y) = PlaX +b<y) = P(X < =0 = pe(U20)

Likewise,

—b
Fy, (y) = Fx,(—2).

an,
If y is a continuity point of Fy, yT_b is a continuity point of Fx. Since a, — a,b, — b and
Fx,(z) = Fx(xz), it follows that Fy, (y) — Fy(y) for every continuity point y of Fy. Thus,

aan—l—bni)aX—I—b. [ ]
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Lecture 38:

Definition 6.1.10: We 11/29/00

Let {X,,}2°, be a sequence of rv’s defined on a probability space (€2, L, P). We say that X,
converges in probability to a rv X (X, 25 X, P- le X, =X)if
n (o)

lim P(| X, — X [>¢) =0 Ve > 0.

n—o0

Note:

The following are equivalent:

lim P(| X, — X |[>¢) =0

n—0o0

< lim P(| X, - X |<¢) =1
n—o0

= lim Pw: | Xn(w) - X(w)|>e) =0

n—00

If X is degenerate, i.e., P(X = ¢) = 1, we say that X,, is consistent for c¢. For example, let
X, such that P(X, =0) =1—1 and P(X, =1) = 1. Then

1

= 0<exl1
Pl X,|>e) =4 ™
R
Therefore, nll}ngo P(] X, |>¢€) =0 Ve>0. So X, 240, ie., X, is consistent for 0. [

Theorem 6.1.11:

i) X, 5 X <= X, - X 0.

(i) X, = X, X, Y —=P(X=Y)=1

(iil) X, = X, X, = X = X,, — X,,, = 0 as n,m — .
(iv) X, 2 X,V, Y =X, 1Y, 5 X +V.

(v) X, = X,k € IR a constant = kX,, == kX.

(vi) X, 25 k,k € R a constant = X" X5 k" Vr e IV.
(vii) X, 2 a,Y, 25 b, a,be R = X,Y,, 2> ab.

p

(vii) X, 251 = X, ! 1.

ix) X, 5 a,Y, b ac Rbe R— {0} = 2= 2, 2
Y. b
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(x) X, == X,Y an arbitrary rv = X,,)Y 2+ XVY.
(xi) X, 2 X7, 5 Y = XY, 2 XY.

Proof:

See Rohatgi, page 244-245 for partial proofs. [ |

Theorem 6.1.12:
Let X, 2+ X and let g be a continuous function on IR. Then g(X,) - g(X).

Proof:
Preconditions:
L) Xrv=Ve>0 Jk=k(e): P(|X|>Fk)<§

2.) g is continuous on IR

= ¢ is also uniformly continuous on [—k, k| (see Definition of uniformly continuous
in Theorem 3.3.3 (iii))

= 30 = (e, k) : | X| <k, | Xp —X| <= |g(Xp) —g(X)]| <€

Let
A = {|X| <k} =A{w:[X(w)] <k}
B = {|X,—X|<6}={w:[Xa(w) ~ X(w)| <6}
C = {lg(Xn) —g(X)| < e} ={w: |g(Xn(w)) — g(X(w))| <€}
fwe ANB
2:')> wel
— ANBCC(C
= CYC (ANB)Y = A°uB“
= P(CY) < P(AY U B®) < P(A%) + P(BY)
Now:
P(lg(Xn) —g(X)| =€) < P(X|>k) + P(Xn — X| 2 0)
<t by 1.) << for n>no(e,6,k) since X, 25X

Corollary 6.1.13:
Let X,, 2 ¢,c € IR and let g be a continuous function on IR. Then g(X,) - g(c). ]
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Theorem 6.1.14:
X, 5 X — X, % x.

Proof:
X, B XeP(|X,-X|>€¢)—=0asn—o00 Ve>0

It holds:
P X<z—¢ = PX<z—¢6|X,—X|<e)+P(X<z—¢€l|X,—X|>¢€)

(4)
< P(X, <z)+P(|X,—X|>¢)

(A) holds since X <z — € and X,, within € of X, thus X,, < z.

Similarly, it holds:

P(X,<z) = PX,<z,| X, - X|<e)+P(Xp, <z, | Xp,—X|>¢)

< PX<z+e+P(|X,—X|>¢)

Combining the 2 inequalities from above gives:

PX<z—-€—-P(X,-X|>e)<PX, <z)<PX<z+e+P(X, —X|>¢)

e

—0 as n—oo ZFn(CIJ) —0 as n—oo

Therefore,
P(X<z—¢) <F,(z) <P(X <z+¢€) asn— oo.

Since the cdf’s F,(-) are not necessarily left continuous, we get the following result for € | 0:
P(X <) < Fu(2) < P(X < 3) = Fx ()
Let z be a continuity point of F'. Then it holds:
F(z) = P(X < 2) < Fy(2) < F(2)

— X, L x |

Theorem 6.1.15:
Let ¢ € IR be a constant. Then it holds:

d
X, S ee= X, e
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Example 6.1.16:

In this example, we will see that

X, -5 X £ X, L X

for some rv X. Let X, be identically distributed rv’s and let (X, X) have the following joint

distribution:

X
"o 1
X
0 0 3|3
1 3 03
1 1
7 211

Obviously, X, —% X since all have exactly the same cdf, but for any € € (0,1), it is

P(|Xn—X|>6)=P(X,—X|=1)=1 Vn,

so lim P(| X, — X |>¢) # 0. Therefore, X, A5 X, m

Theorem 6.1.17:
Let {X,}52; and {Y,}°2, be sequences of rv’s and X be a rv defined on a probability space
(Q, L, P). Then it holds:

Y, 5 X, Xp— Y |- 0= X, L X

Proof:

Similar to the proof of Theorem 6.1.14. See also Rohatgi, page 253, Theorem 14. [ |

Theorem 6.1.18: Slutsky’s Theorem
Let {X,}52; and {Y,}°2, be sequences of rv’s and X be a rv defined on a probability space
(Q,L,P). Let c € IR be a constant. Then it holds:

() X, S XV, D e= X, +Y, 5 X +c

(il) Xn -5 X, Y, 2 c = X,¥, -5 cX.
If ¢ = 0, then also X,,Y, L50.

(i) X, -5 X,Y, Dre= % L Xifczo.
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() Y, 2o MOy o2y
=V, —c=Y,+(Xpn—Xp)—c=(Xp+Y,) - (Xp+0¢) 20 (4)

d
X, —

x MO x e b X 1 (B)
Combining (A) and (B), it follows from Theorem 6.1.17:
X, +Y, % X+
(ii) Case ¢ =0:
Ve >0 Vk >0, it is
€

P(| XY, |>¢) = P(| XY, |>e Yy < %) +P(| XuYa |> € Yo > 2)

< P Xng > €) + P(Y, > %)

< P(Xa > k) +P( Y0 |> 1)

Since X, %5 X and Y, 2 0, it follows

lim P(| XY, |>€) < P(] X, |> k) = 0as k — oo.

n— 00

Therefore, X,,Y,, L50.

Case ¢ # 0:
Since X, 4y X and Y, -2 ¢, it follows from (ii), case ¢ = 0, that X,Y,, — cX, =
X, (Y, —c¢) 25 0.
= X,,Y, 2 cX,
LM Xy, L X,
Since X, % X by Theorem 6.1.9 (ii), it follows from Theorem 6.1.17:
Xn Yy % eX

(iii) Let Z, - 1 and let Y, = ¢Z,.

c£Q 1 _ 1.1
Y. ~ Z, ¢

With part (ii) above, it follows:
Xp -5 X and = 5 1

Xn

d, X
=Y. ¢
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Definition 6.1.19:
Let {X,,}>2, be a sequence of rv’s such that E(] X, |") < oo for some r > 0. We say that X,
converges in the r'» mean to a rv X (X,, — X) if E(| X |) < oo and

lim E(] X, — X |") =0.

n— 00

|
Example 6.1.20:
Let {X,}52, be a sequence of rv’s defined by P(X, =0) =1— % and P(X,, =1) = 1.
It is E(| X, |") =2 V¥r > 0. Therefore, X,, — 0 Vr > 0. ]

Note:
The special cases » = 1 and r = 2 are called convergence in absolute mean for r = 1

(Xn SN X) and convergence in mean square for r = 2 (X,, —> X or X, N X). ]

Theorem 6.1.21:
Assume that X,, —— X for some r > 0. Then X,, — X.

Proof:

Using Markov’s Inequality (Corollary 3.5.2), it holds for any € > 0:

E( Xn—X|)

67‘

2P| Xn—X[2¢)

X, X= lim E(| X, —X|)=0
n—oo

E(| X, - X
= lim P(| X, — X [>¢€) < lim M:o
n—00 n—00 er
:>Xni>X u

Example 6.1.22:
Let {X,,}32, be a sequence of rv’s defined by P(X,, =0) =1— L and P(X, = n) = & for

some r > 0.

For any € > 0, P(| X,, |> €) = 0 as n — 00; so X,, — 0.

For 0 <s<r,E(| X, |°) =+ —0asn —o00;s0 X, — 0. But E(| X,,|") =1+ 0 as

nr—s

n — 00; s0 X, A= 0. [ |
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Theorem 6.1.23:
If X, — X, then it holds:

(i) lim E(| X, [") = E(] X |"); and
(i) X, - X for 0 < s <.

Proof:

(i) For 0 < r <1, it holds:

(%)
E(| Xn[)=E(| Xn - X+X|) < B(| Xn =X |"+[X[)

= B(| X, [") = E(| X [") < E(| Xn = X [")
= lim E(| X, |")— lim E(| X |") < lim E(|] X, —X|")=0
n—00 n—00 n—00
— lim B( X, [) < B(X[) (4)
(%) holds due to Bronstein/Semendjajew (1986), page 36 (see Handout)
Similarly,
E(X[)=E(X =Xy + X, [") SE( X =X |"+ | X0 |")
= E( X ") - E( Xy [") < E(| Xpn - X [")
= lim E(| X |")— lim E(| X,, ") < lim E(] X, — X |")=0
n—00 n—00 n—00
r s r
— B(X )< lim B( X, [) (B)
Combining (A) and (B) gives
Tim B(| X, ") = B( X )
For r > 1, it follows from Minkowski’s Inequality (Theorem 4.8.3):
1 1 L
[E(] X = Xo + Xo [)]F < [E( X = Xo )] +[E( Xa )]
1 ry1d NE
= [E( X [)]F —[B(] X D] <[E( X = X )]
= [B(| X )] = lim [B(] X, [)]* < lim [B(| X, — X [")]* = 0 since X,, - X
= [B(| X [N]7 < lim [B(| X, [N]7(©)
Similarly,
1 r 1 T 1
[E(] Xn = X + X [N)]7 <[B( X — X )"+ [E( X )]

1 1 1 T
— lim [E(] X, |")]" — lim [E(| X |")]* < lim [E(| X,—X |")]" = 0 since X,, — X
n—00 n—00 n—00
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= lim [B(| X, )] <[E( X N]7 (D)

n—00
Combining (C) and (D) gives
. ral rypt
Tim [B(] X, )]} = [B( X )]
: Ty r
—> Tim B( X, ) = B X |')
(ii) For 1 < s < r, it follows from Lyapunov’s Inequality (Theorem 3.5.4):
1 1
[E(] Xn — X )]s < [E(] Xn — X )]
= B(| Xo — X [*) < [B(| Xo— X )]
= lim B(| X, - X |°) < lim [B(| X, — X |")]" =0 since X, — X
= X, — X

An additional proof is required for 0 < s < r < 1.

Definition 6.1.24:
Let {X,}52, be a sequence of rv’s on (€2, L, P). We say that X,, converges almost surely
toarv X (X, % X) or X,, converges with probability 1 to X (X, wrd X) or X,

converges strongly to X iff

P{w: X, (w) & X(w) asn — co}) = 1.

Note:

An interesting characterization of convergence with probability 1 and convergence in proba-
bility can be found in Parzen (1960) “Modern Probability Theory and Its Applications” on
page 416 (see Handout). ]

Example 6.1.25:
Let © =[0,1] and P a uniform distribution on €. Let X, (v) = w + w" and X (v) = w.

For w € [0,1), w™ — 0 as n — 00. So X, (w) = X (w) VYw € [0,1).
However, for w =1, X,,(1) =2 # 1 = X(1) Vn, i.e., convergence fails at w = 1.

Anyway, since P({w : X, (w) — X(w) asn — oo}) = P({w € [0,1)}) = 1, it is X, as x
| |
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Theorem 6.1.26:
X, X5 X — X, 25 X.

Proof:
Choose € > 0 and ¢ > 0. Find ng = ng(€, d) such that

P(ﬁ{h%—XKd>2Ld

n=no

o
Since () {| Xn—X |[< €} C{| X, — X [< €} Vn>ng,itis

n=no
o
P({|Xn—X|§e})ZP< N {|Xn—X|§e}> >1—6 Vn > ny.
n=no
Therefore, P({| X, — X |< €}) = 1 as n — co. Thus, X,, = X. m

Example 6.1.27:
X, 5 X £ X, 25 X:

Let © = (0,1] and P a uniform distribution on 2.

Define A,, by
Ay = (0,3], 42 = (3,1]
Az = (0.3 As = (1,31, 45 = (5. 3. 45 = (3.1
A7 = (0,5]: As = (5, 1,

Let Xp(w) = I4, (w).
It is P(] X, —0|>¢€) - 0 Ve > 0 since X, is 0 except on A, and P(4,) | 0. Thus X, L50.

But P({w : X, (w) — 0}) =0 (and not 1) because any w keeps being in some A, beyond any
no, i.e., X, (w) looks like 0...010...010...010..., so X, £3 0. n

Example 6.1.28:
X, X &= X, 25 X:

Let X, be independent rv’s such that P(X, =0) =1— 1 and P(X, =1) =

S|=

Itis B(| X, —0]")=E(| X, |") =E(| Xn|) =21 > 0asn— oo,s0 X, —>0 Vr>0.

But
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1o 1 m—1 m m+1

P(X, =0 Vm <n<ng) = J[ (=) = (5 =) (=) (

n=m

As ng — 00, it is P(X,, =0 Vm <n <ng) = 0 VYm, so X, £ 0.

Example 6.1.29:
X, 2 X 4= X, — X:

Let Q =[0,1] and P a uniform distribution on .

Let A, = [0, -L-].

’Inn

Let X, (w) = nla,(w) and X (w) = 0.

)...

n0—2 ’I’Lo—l m—1

() =

np — L) L)
|

It holds that Yw > 0 3ng : = < w = X, (w) =0 Vn > ng and P(w = 0) = 0. Thus,

Inng
Xn a.S. 0.

But E(| X, —0]") = & — 00 Vr>0,s0 X, /A X.

~ Ilnn
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6.2 Weak Laws of Large Numbers

Theorem 6.2.1: WLLN: Version I
Let {X;}%°, be a sequence of iid rv’s with mean F(X;) = p and variance Var(X;) = 02 < oo.

Let X,, = %in. Then it holds
=1

lim P(] X,, —p|>¢€) =0,

n—00
. % P
ie, Xy, — u.

Proof:
By Markov’s Inequality, it holds for all € > 0:

E(Xn—p)?) _ Var(Xa) o

P(| X,—pl|>e < 2 = = —@—>0asn—>oo
|
Note:
For iid rv’s with finite variance, X, is consistent for p.
A more general way to derive a “WLLN” follows in the next Definition. |

Definition 6.2.2:

n

Let {X;}{2, be a sequence of rv's. Let T, = > X;. We say that {X;} obeys the WLLN
i=1

with respect to a sequence of norming constants {B;}°,, B; > 0, B; T oo, if there exists a

sequence of centering constants {4;}5°; such that

B YT, — A,) 25 0.

Theorem 6.2.3:
Let {X;}2 1 be a sequence of pairwise uncorrelated rv’s Wlth E(X;) = i and Var(X;) = o?

)

1€ IN. Ion — 00 as n — 00, wecanchooseAn—X:uZ andBn—Zo and get
i=1 =1 =1
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Proof:
By Markov’s Inequality, it holds for all € > 0:

n n n
— 1
P(IY Xi=> pi|>ed o) < = = — —0asn — oo ]
i=1 i=1 i=1 (3 0?)? 23 o2
i=1 i=1
Note:
2

To obtain Theorem 6.2.1, we choose A,, = nu and B, = no*. [ |

Theorem 6.2.4:

n

Let {X;}°, be a sequence of rv’s. Let X,, = %ZXl A necessary and sufficient condition
i=1

for {X;} to obey the WLLN with respect to B, = n is that

2
X
E( ”_2> -0
1+X,

as n — 0o.
Proof:
Rohatgi, page 258, Theorem 2. [ |

Example 6.2.5:
Let (X1,...,X,) be jointly Normal with E(X;) = 0, E(X?) = 1 for all 4, and Cov(X;, X;) = p
if|i—j|=1and Cov(X;,X;)=01if |i—j|> 1. Then, T;, ~ N(0,n+2(n —1)p) = N(0,0?).

It 1S 7721 B Tg
E -2 - E 2 2
1+ X, n®+ Ty
2 0o g2 _? T dz
f— 202 = — = —
2%0/0 712-1-3326 77 de | y o’ dy o

0_2y2 _%

2 o0
e d
V2T /0 n2 + o2y? v

2 /°° (n+2n—1ply* 2
Var Jo wr(nt2in- e Y

n+2(n-—1 > 2 2
< M R y2€_y7dy
n 0 V2m .
=1, since Var of ]‘\;(0,1) distribution
—0 as 1 — 00
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Note:
We would like to have a WLLN that just depends on means but does not depend on the

existence of finite variances. To approach this, we consider the following:

n
Let {X;}2, be a sequence of rv’s. Let T}, = Z X;. We truncate each X; at ¢ > 0 and get
i=1

0, otherwise

n n

Let T¢ = > X{ and my,, = »_ E(XY). ]
=1 =1

Lemma 6.2.6:

For T),, TY and m,, as defined in the Note above, it holds:

n

P(|Tn—mn|>e)§P(|Tﬁ—mn|>e)—I—ZP(| Xi|>¢) Ye>0

=1
Proof:
It holds for all € > O:
P(|T,—mp|>€¢) = P(Th,—mpl|>eand | X;|<c Vie{l,...,n})+

P(| T, —my |> €eand | X; |> c for at least one ¢ € {1,...,n}

—
*
~

< P(|Tg—my |>€)+ P(] X; |> cfor at least one i € {1,...,n})
n
< P Ty —mn|>e)+ > P Xi|>0¢)
i=1
(%) holds since T); = T, when | X; |[< ¢ Vie{l,...,n}. |

Note:
If the X;’s are identically distributed, then

P(| T, —my |>¢€) < P(| TS —my |>€) +nP(| X1 |>c¢) Ve>0.

If the X;’s are iid, then

nE((Xf)?)

P(| T, —my |>€) < 2 +nP(| X1 |>¢) Ye>0 (x).

Note that P(| X; |> ¢) = P(| X1 |> ¢) Vi € IN if the X;’s are identically distributed and that
E((X§)?) = BE((X{)?) Vi€ IV if the X;’s are iid. n
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Theorem 6.2.7: Khintchine’s WLLN

Let {X;}2, be a sequence of iid rv’s with finite mean E(X;) = p. Then it holds:

Proof:

If we take ¢ = n and replace € by ne in (x) in the Note above, we get

Th —my

g

Since E(| X1 |) < oo, it is nP(| X1 |> n) — 0 as n — oo by Theorem 3.1.9. From Corollary
oo

3.1.12 we know that E(| X |¢) = a/ 2 'P(] X |> z)dz. Therefore,
0

BXY)Y) = 2 [ oP( X} > )ds

A n
_ 2/ qux?t>@dx+2/'qux?t>xmx
0 A

—

AT

n
K+5/ dx
A
< K+nd

In (+), A is chosen sufficiently large such that zP(| X' |> z) < g Vz > A for an arbitrary

constant 6 > 0 and K > 0 a constant.

Therefore,

— 1
Xp=-T, —u
n

>e> = P(| Ty, — my |> ne) <

E((XT)?)

ne2

Since ¢ is arbitrary, we can make the right hand side of this last inequality arbitrarily small

for sufficiently large n.

Since E(X;) = p Vi, it is > — p as n — 0o,

Note:

Theorem 6.2.7 meets the previously stated goal of not having a finite variance requirement.

Merry Xmas and a Happy New Year!
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Random Variable, Complex—Valued, 57
Random Vector, 24
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