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6 Limit Theorems (Continued from Stat 6710)

6.4 Central Limit Theorems
Let {X,}52, be a sequence of rv’s with cdf’s {F},}5° ;. Suppose that the mgf M, (¢) of X, exists.

Questions: Does M, (t) converge? Does it converge to a mgf M (¢)? If it does converge, does it hold
that X, %, X for some rv X?

Example 6.4.1:
Let {X,,}22, be a sequence of rv’s such that P(X,, = —n) = 1. Then the mgf is M, (t) = E(e!*) =

e ™. So

0, t>0
nll)rgo M,(t)=< 1, t=0
o0, t<0
So My, (t) does not converge to a mgf and F,(z) = F(z) =1 Vz. But F(x) is not a cdf. ]

Note:
Due to Example 6.4.1, the existence of mgf’s M, (¢) that converge to something is not enough to

conclude convergence in distribution.

Conversely, suppose that X,, has mgf M, (¢), X has mgf M (t), and X,, %5 X. Does it hold that
M, (t) — M(t)?

Not necessarily! See Rohatgi, page 277, Example 2, as a counter example. Thus, convergence in

distribution of rv’s that all have mgf’s does not imply the convergence of mgf’s.

However, we can make the following statement in the next Theorem: [

Theorem 6.4.2: Continuity Theorem

Let {X,,}7°, be a sequence of rv’s with cdf’s {F,,}22; and mgf’s {M,,(¢)}°2,. Suppose that M,(t)
exists for | ¢ |< ty Vn. If there exists a rv X with cdf F' and mgf M (¢) which exists for | ¢ |[< t; <t
such that lim M, (t) = M(t) Vt € [ty t1], then F, = F, ie., X, —5 X. n



Example 6.4.3:
Let X, ~ Bin(n,%). Recall (e.g., from Theorem 3.3.12 and related Theorems) that for

X ~ Bin(n,p) the mgf is Mx (t) = (1 — p + pe!)™. Thus,

AL A Let i) )" ﬂ> D ag - 0.

M,(t)=1-=+Ze)"=(1

a(t) = (1= 24 2ty = (14 2

In (%) we use the fact that lim (1+ E)” = ¢”. Recall that ¢*¢'~1) is the mgf of a rv X where
n—00 n

X ~ Poisson(\). Thus, we have established the well-known result that the Binomial distribution

approaches the Poisson distribution, given that n — oo in such a way that np =X > 0. [ |

Note:
Recall Theorem 3.3.11: Suppose that {X,}°2, is a sequence of rv’s with characteristic fuctions
{®,(t)}>2,. Suppose that

lim ®,(t) = ®(t) Vte (—h,h) for some h > 0,

n—0o0

and ®(t) is the characteristic function of a rv X. Then X, 4 X. ]

Theorem 6.4.4: Lindeberg-Lévy Central Limit Theorem
Let {X,}2°; be a sequence of iid rv’s with E(X;) = p and 0 < Var(X;) = 02 < co. Then it holds
n
for X,, = % ZXi that
i=1
Vn(Xn — p)

o

4z
where Z ~ N(0,1).

Proof:
Let Z ~ N(0,1). According to Theorem 3.3.12 (v), the characteristic function of Z is
D () = exp(—3t?).

Let ®(¢) be the characteristic function of X;. We now determine the characteristic function ®,,(t)

of V(X n—p)

NZED P
=1

[

®,(t) = E|expl|it

n

- - V(> Xi—p)
= / / exp | it =1 dFx
—00 —00 (o} -




1t\/1 e itz oo 1itxy,
= exp(— \UF“)/ exp(\/ﬁ;)dFXI.../ exp(\/ﬁa)dFXn
—00 —o0

t it \"
- (2 _ e
(2= o)
Recall from Theorem 3.3.5 that if the £ moment exists, then ®*)(0) = *E(X*). Thus, if we
develop a Taylor series for ®(—L- N ) around ¢t = 0, we get:

t 1 1
d(——) = @(0)+t2'(0) + =t*@"(0) + ~t*®"'(0
(Ge) = B0 +H(0) + 59" (0) + 0" (0) +
' 1o p% 4+ o? ¢
_ W lph o, ((—)2>
Vno 2 no Vno
Here we make use of the Landau symbol “o”. In general, if we write u(z) = o(v(z)) for x — L,
this implies lini % =0, i.e., u(x) goes to 0 faster than v(z) or v(zx) goes to oo faster than u(x).
z—L V(T

We say that u(x) is of smaller order than v(x) as © — L. Examples are 1 =o0(- L) and 22 = o(?)
for x — oo. See Rohatgi, page 6, for more details on the Landau symbols “O” and “0”.

Similarly, if we develop a Taylor series for exp(— \%‘U) around ¢ = 0, we get:

Combining these results, we get:

" << ‘FMG ; 2”"22“((#)))( \/_0 %ﬂ:ﬁjwro((ﬁ)?)))n
o e e )
= <1_1ﬁ+ <(\/t_0)2>>n

() 2

-— exp(—;) as n — 0o

Thus, le ®,(t) = ®z(t) Vi. For a proof of (x), see Rohatgi, page 278, Lemma 1. According to
n—oo

the Note above, it holds that

\/ﬁ(Xn - N)

o

N4
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Scribe: Jiirgen Symanzik

Definition 6.4.5:

Let X1, X2 be iid non—degenerate rv’s with common cdf F. Let a;,as > 0. We say that F is stable
if there exist constants A and B (depending on a1 and as) such that B~ (a; X; + a2 X3 — A) also
has cdf F. [ |

Note:
When generalizing the previous definition to sequences of rv’s, we have the following examples for

stable distributions:

e X, iid Cauchy. Then %ZXl ~ Cauchy (here B, =n, A, =0).

=1

n
e X; iid N(0,1). Then ﬁ > X~ N(0,1) (here B, = \/n, A, = 0).
i=1

Definition 6.4.6:

n
Let {X;}2, be a sequence of iid rv’s with common cdf F'. Let T;, = Z X;. F belongs to the domain
i=1
of attraction of a distribution V' if there exist norming and centering constants {B,}>>,, B, > 0,

and {A4,}°°, such that
P(B, (T, — A,) <) = Fp—vp,_a,)(@) = V(z) asn — oo
at all continuity points x of V. [ |
Note:
A very general Theorem from Loeéve states that only stable distributions can have domains of at-

traction. From the practical point of view, a wide class of distributions F' belong to the domain of

attraction of the Normal distribution. [ ]



Theorem 6.4.7: Lindeberg Central Limit Theorem

Let {X;}°, be a sequence of independent non-degenerate rv’s with cdf’s {F;}7°,. Assume that
n
E(Xy) = px, and Var(Xy) = 03 < co. Let s2 = Za,%.
k=1
If the Fj, are absolutely continuous with pdf’s f; = F, assume that it holds for all e > 0 that
1 n
A) lim — z — p)2Fl(z)dz = 0.
( ) n—00 3% kz::I {‘x_uk|>68n}( ) k( )

If the X}, are discrete rv’s with support {zx;} and probabilities {px;}, [ = 1,2,..., assume that it
holds for all € > 0 that

N
(B) Jlim — > > (@k — k)P = 0.
" k=1 |op—pr|>esn

The conditions (A) and (B) are called Lindeberg Condition (LC). If either LC holds, then

n

> Xk — k)

where Z ~ N(0,1).

Proof:

Similar to the proof of Theorem 6.4.4, we can use characteristic functions again. An alternative

proof is given in Rohatgi, pages 282-288. [ |
Note:
Feller shows that the LC is a necessary condition if Z—;QL — 0 and s2 — 0o as n — oo. [

Corollary 6.4.8:

n
Let {X;}2, be a sequence of iid rv’s such that ﬁ ZXz has the same distribution for all n. If
i=1

E(X;) =0 and Var(X;) =1, then X; ~ N(0,1).
Proof:

Let F' be the common cdf of ﬁ Z X, for all n (including n = 1). By the CLT,

=1

lim P(% > Xi<z)=®(z),
=1

n—00

where ®(z) denotes P(Z < z) for Z ~ N(0,1). Also, P(ﬁ ZXl < z) = F(x) for each n. There-
i=1

fore, we must have F(z) = ®(z). ]



Note:
In general, if Xi;,Xs,..., are independent rv’s such that there exists a constant A with
P(] X, |< A) =1 Vn, then the LC is satisfied if s2 — 0o as n — co. Why??

Suppose that s2 — oo as n — 0o. Since the | X} |’s are uniformly bounded (by A), so are the rv’s
(X — E(Xg)). Thus, for every € > 0 there exists an N, such that if n > N, then

P(| Xy — E(Xg) |<é€spn, k=1,...,n) =1

This implies that the LC holds since we would integrate (or sum) over the empty set, i.e., the set
{lz—pr |[> esp} = 0.

The converse also holds. For a sequence of uniformly bounded independent rv’s, a necessary and
sufficient condition for the CLT to hold is that s2 — oo as n — oc. [ ]

Example 6.4.9:
Let {X;}°, be a sequence of independent rv’s such that E(X}) =0, ap = E(] X} |**%) < oo for
n
some ¢ > 0, and Z o = o(s29).
k=1
Does the LC hold? It is:

(A) 1 2 |$|2+5
= e = 5> [ s
Sn =1 |:v|>esn} St ey lzl>esn} €
S 2552/ |z P10 fi(z)dz
SRE’Sh i1
1 n
526959 kz::l
n
> o
I
| g2t
(B)

—4 0 asn—> o

n
> 1. (B) holds since Z o = o(s3H9),
k=1
Thus, the LC is satisfied and the CLT holds. [ |

x\‘s

(A) holds since for | z |> €sy, it is




Note:

(i) In general, if there exists a 6 > 0 such that

n

ST B(| Xk — p [F0)
k=1

250 —> 0 as n — oo,
n

then the LC holds.
(ii) Both the CLT and the WLLN hold for a large class of sequences of rv’s {X;}I",. If the

{X;}’s are independent uniformly bounded rv’s, i.e., if P(] X, |[< M) =1 Vn, the WLLN
(as formulated in Theorem 6.2.3) holds. The CLT holds provided that s2 — oo as n — oo.

If the rv’s {X;} are iid, then the CLT is a stronger result than the WLLN since the CLT
n
provides an estimate of the probability P(% | Z Xi—nu|>e)=1-P(] Z|< E\/ﬁ), where
o

=1

Z ~ N(0,1), and the WLLN follows. However, note that the CLT requires the existence of a
274 moment while the WLLN does not.

(iii) If the {X;} are independent (but not identically distributed) rv’s, the CLT may apply while
the WLLN does not.

(iv) See Rohatgi, pages 289-293, for additional details and examples.
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7 Sample Moments

7.1 Random Sampling

Definition 7.1.1:
Let X1,..., X, beiid rv’s with common cdf F. We say that {X1,...,X,} is a (random) sample

of size n from the population distribution F. The vector of values {z1,...,z,} is called a re-
alization of the sample. A rv g(Xj,...,X,,) which is a Borel-measurable function of Xj,..., X,
and does not depend on any unknown parameter is called a (sample) statistic. [ |

Definition 7.1.2:

Let X1,..., X, be a sample of size n from a population with distribution F. Then
— 1
X=-) X;

1 " — 1 " —2
2 _ 2 _ 2
S—n_IZ:(XZ— )_n_l(ZXi—nX>
i=1 i=1
is called the sample variance. [ |
Definition 7.1.3:
Let X1,...,X, be a sample of size n from a population with distribution F. The function
. 1 &
Fo(z) = n Z I(—oo,x] (X3)
i=1
is called empirical cumulative distribution function (empirical cdf). ]
Note:
For any fixed z € IR, Fy,(z) is a rv. ]



Theorem 7.1.4:
The rv F,(z) has pmf

P(Fa(a) =) = (j) (F@) (1= F@)" 7, je{0,1,....n}

with E(F,(z)) = F(z) and Var(F,(z)) = Z@0=F@)

Proof:
It is (o0 (Xi) ~ Bin(1, F(z)). Then nF,(z) ~ Bin(n, F(z)).

The results follow immediately. [ |

Corollary 7.1.5:
By the WLLN, it follows that

|
Corollary 7.1.6:
By the CLT, it follows that R
o) P 4,
VF(z)(1 - F(z))
where Z ~ N(0,1). ]
Theorem 7.1.7: Glivenko—Cantelli Theorem
E,(z) converges uniformly to F(z), i.e., it holds for all € > 0 that
lim P( sup | Fu(z)—F(z)|>¢) =0.
n=o0 o<z <oo
|
Definition 7.1.8:
Let X1,..., X, be a sample of size n from a population with distribution F'. We call
iz
the sample moment of order k£ and
1 & PR —
be ==Y (Xi—a))f == (X; - X)
iz i=1
the sample central moment of order k. [ |



Note:
It is by = 0 and by = =152, m

Theorem 7.1.9:
Let X1,..., X, be asample of size n from a population with distribution F'. Assume that E(X) = p,
Var(X) = 0%, and E((X — p)*) = py, exist. Then it holds:

(i) E(a1) = E(X) = p

2

(ii) Var(a;) = Var(X) = o

(iii) E(by) = 2=Lo?

. —u2 2(pa—2u3 —3u3
(IV) Va’)”(bg) _ H4nﬂ2 _ (H4n2 H2) 4 H4n3H2

(v) E(S?) =o?

(vi) Var(s?) = 4 — =32

Proof:
(i) i
E(X) = % Y BE(X;) = %u = p
=1
(ii) . 2 n 02
Var(X) = <l> ZVar(Xl) = —
i=1
(iii) . . )
E,) = E (%ZX? — % (ZX,-) )
i=1 i=1

Il
&
=
T
3N| —_
&
N/_\
i
+
M)
]
>
2
N————

0 prx?) - %(nE(XZ) +n(n— 1))

= Pl - )

n

-1
n
(¥) holds since X; and X are independent and then, due to Theorem 4.5.3, it holds that

E(X;X;) = E(X;)E(Xj).

See Rohatgi, page 303-306, for the proof of parts (iv) through (vi) and results regarding the 3"¢

and 4 moments and covariances. []

10
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7.2 Sample Moments and the Normal Distribution

Theorem 7.2.1:

n

Let X1,..., X, beiid N(u,0?) rv’s. Then X = % ZXl and (X;—X,..., X,,—X) are independent.
i=1

Proof:

By computing the joint mgf of (X, X; — X, Xy — X,...,X,, — X), we can use Theorem 4.6.3 (iv)

to show independence. We will use the following two facts:

(1)
M(t) = M, » ()
g
=1
Y I Mx ()

(B) t o o2 ]"

o’t?
= exp tu—}—%

(A) holds by Theorem 4.6.4 (i). (B) follows from Theorem 3.3.12 (vi) since the X;’s are iid.

Def.4.6.1 [ —
My, Xx, Xooxs Xty stn) =77 E lexp (Zti(Xi—X)ﬂ

=

—

r n n
= E |exp (Z t; X; — Ztl>]
i=1 =1

n

= E |exp (ZXl >] where t = %;tl

= E ﬁ exp (X; ]
Li=1

11




I©
&
@D

>
=R
>
=

|
:1./|

- I S -
= exp [ py (ti—t)+7§ (ti — 1)
i=1 i=1

—_———
=0
0'2 - 92
= exp 72(751'—75)
i=1

(C) follows from Theorem 4.5.3 since the X;’s are independent. (D) holds since we evaluate
Mx (h) = exp(ph + ”22h2) for h = t; —t.

From (1) and (2), it follows:

Def.4.6.1 — — —
Mz x5yt tn) D2 B [exp(tX + 6(X) = X) 4+ (X — X))
- E [exp(tf X =X A+ 1 X — tnY)]
B n n |
= E exp (Zthz — (Ztl — t)X)]
L =1 =1
r n
. (b4t —1) ) X;
= E exp ZXiti — =1
i=1 n
[ " 4.ty —t
= E |exp (ZXi(ti— LR B ))l
I i=1 n
[ ti—nf+t R
= E Hexp (Xlw> , wheret:—Zti
Li=1 n [t
L X[t ti —1
(2) HEleXp( i[t +n(t; )])]
n
=1
" t ti—1
- HMXi ( T nll )>
L n
=1

12



© e (W + %2%[75 +nt - f)]2>

=1

n
_ ag _
= exp % nt+nY (6 —1) | 455 > (L4l 1)’
=1 3

=0

2 n n
_ g 2 7 2 A2
= exp(ut) exp ) nt” + 2nt Zgl(tl —t)+n igl(tz — 1)
- -
=0
2 2 n
_ 0" 2 o Y
= exp (ut—i—%t)exp (7 E (t; — 1) >

=1
= M (1) My, —Y,...,Xn—f(tlv cenytp)

Thus, X and (X; — X,..., X, — X) are independent by Theorem 4.6.3 (iv). (E) follows from The-

orem 4.5.3 since the X;’s are independent. (F') holds since we evaluate Mx (h) = exp(uh + “22h2)

for b = HnltiD) m

Corollary 7.2.2:
X and S? are independent.

Proof:
This can be seen since 52 is a function of the vector (X1 —X,..., X, —X),and (X; - X,..., X,,—X)
is independent of X, as previously shown in Theorem 7.2.1. We can use Theorem 4.2.7 to formally

complete this proof. [ |

Corollary 7.2.3:

Proof:

Recall the following facts:
o If Z~ N(0,1) then Z2? ~ x2.
n
o IfYy,...,Y, ~ iid x%, then Y ¥; ~ x7.
=1

e For x2, the mgf is M(t) = (1 — Qt)fn/Z.

13



o If X; ~ N(u,0?), then % ~ N(0,1) and (Xlg%”y ~ X3.

n (X — )2 o |
Therefore, » % ~x2 and (ifLﬂ;gz — p Ew? 2. (%)
-1 Y v

Now consider

Therefore,

(X —p)? (X —p)?  (n—1)85?
;( Suf_n@ouf, - )

w
We have an expression of the form: W =U+V

Since U and V are functions of X and S?, we know by Corollary 7.2.2 that they are independent

and also that their mgf’s factor by Theorem 4.6.3 (iv). Now we can write:

Mw(t) = Muy(t)My(t)
oty -

(0 (1—2t) /2
(1—2t)-1/2

(1 —2¢)~(n=1/2

Note that this is the mgf of x2_; by the uniqueness of mgf’s. Thus, V = ("‘0712)52 ~X2_4. [

Corollary 7.2.4:

Proof:

Recall the following facts:

e If Z ~ N(0,1), Y ~x2 and Z,Y independent, then

Z_ ¢
vt

o 7| = @ ~ N(0,1), Y,_1 = M ~x2_, and Z,Y,_1 are independent.

g

14



Therefore,

— (X—p) (X—p)
VX —p) _ofn _ ol _ 41, .
S S/\/n 2(p— Yn_1 n-
o/\/n \/izgn_}g \/(n—l)

Corollary 7.2.5:
Let (X1,...,Xm) ~ iid N(u1,07) and (Y7,...,Y,) ~ iid N(u2,03). Let X;,Y; be independent Vi, 5.
Then it holds:

y_?_(ﬂl_ﬂﬂ) ) m4+n—2
JIm —182/o%] + [(n —1)83/03] \ o1/m +03/n
In particular, if o1 = 09, then:
X —Y — (p1 — p2) .\/mn(m+n—2)
\/(m—1)8’%—#—(77,—1)8’22 m+n

~ tm+n72

~ tm+n72

Proof:

Homework. -

Corollary 7.2.6:
Let (X1,...,Xy) ~iid N(u1,0?) and (Y1,...,Y,) ~ iid N(u2,0%). Let X;,Y; be independent Vi, j.
Then it holds:

st
S3joz
In particular, if o1 = 09, then: ,
g—é ~ Fp_1n-1
Proof:
Recall that, if Y7 ~ x2, and Y5 ~ x2, then
_Yi/m

= Yg/’n ~ Lmmn-

NOW, Cl = M

07

~ Xz, 1 and Cy = X;_1- Therefore,

(n-1)S3 2
o2
2
(m—1)5} 5 o
Ci/(m—1) -1 _ S/oj

Cof(n=1) ~ &S 57/} -
o n—1

Fm—l,n—l-

If 01 = 09, then
St

— ~ F
2 m—1,n—1-
82

15
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Lecture 6: Monday 1/24/2000

Scribe: Jiirgen Symanzik

8 The Theory of Point Estimation

8.1 The Problem of Point Estimation

Let X be a rv defined on a probability space (€2, L, P). Suppose that the cdf F' of X depends on
some set of parameters and that the functional form of F' is known except for a finite number of

these parameters.

Definition 8.1.1:
The set of admissible values of 8 is called the parameter space ©. If Fjy is the cdf of X when 6

is the parameter, the set {Fy : 6 € ©} is the family of cdf’s. Likewise, we speak of the family
of pdf’s if X is continuous, and the family of pmf’s if X is discrete. [ |

Example 8.1.2:
X ~ Bin(n,p), p unknown. Then @ =pand © ={p:0<p < 1}.

X ~ N(u,0%), (u,0%) unknown. Then 6 = (u,02) and © = {(,0?) : —00 < p < 00,02 >0}. =

Definition 8.1.3:
Let X be a sample from Fy, # € © C IR. Let a statistic T'(X) map IR" to ©. We call T(X) an

estimator of 6 and T'(z) for a realization z of X an (point) estimate of f. In practice, the term

estimate is used for both. [ ]

Example 8.1.4:
Let X1,...,X, beiid Bin(1,p), p unknown. Estimates of p include:

X1+ Xy

Ti(X) = X, B(X) = X, T(X) = 3, Ty(x) =~

Obviously, not all estimates are equally good. [ |

16



8.2 Properties of Estimates

Definition 8.2.1:
Let {X;}2, be a sequence of iid rv’s with cdf Fp, § € ©. A sequence of point estimates
T,(X1,...,X,) =T, is called

e (weakly) consistent for 6 if T, =+ 0 as n — oo V0 € ©
e strongly consistent for 0 if T, “3 § as n — oo VO € ©

e consistent in the 7' mean for 0 if T, — 0 asn — co V0 € O

Example 8.2.2:
o n
Let {X;}2°, be a sequence of iid Bin(1,p) rv’s. Let X, = 1 ZXZ" Since E(X;) = p, it follows by

~n
i=1

the WLLN that X, — p, i.e., consistency, and by the SLLN that X,, <% p, i.e, strong consistency.
However, a consistent estimate may not be unique. We may even have infinite many consistent

estimates, e.g.,
n
Y Xi+1
=l L5 p V finite a,b € R.
n+b
Theorem 8.2.3:
If T}, is a sequence of estimates such that FE(T,) — 6 and Var(T,) — 0 as n — oo, then T}, is

consistent for 6.

Proof:

P(| T, —0|>¢) (g) M
E[(Tw — E(Ty)) + (B(Tw) — 6))°]
2

€

Var(T,) + 2E((To — E(Tw))(E(Ty) — 0)] + (E(T) — 6)*

€2

Var(T,) + (E(T;,) — 0)*
2

€

@ 0 asn— o

(A) holds due to Corollary 3.5.2 (Markov’s Inequality). (B) holds since Var(T,) — 0 as n — oo
and E(T,) — 0 as n — oo. ]

17



Definition 8.2.4:

Let G be a group of Borel-measurable functions of IR" onto itself which is closed under composition

and inverse. A family of distributions {FPy : 6 € ©} is invariant under g if for each g € G and for
all @ € ©, there exists a unique ' = g(6) such that the distribution of g(X) is Py whenever the dis-
tribution of X is . We call g the induced function on 6 since Py(g(X) € A) = Pyp(X € 4). =

Example 8.2.5:
Let (X1,...,X,) be iid N(u,0?) with pdf

1 1 &
fl@1,...,2p) = Wexp <—ﬁ 22::1(% —M)2> .

The group of linear transformations G has elements
g(xz1,...,op) = (ax1 + b,...,ax, +b), a>0, —o0<b< 0.

The pdf of ¢g(X) is

1 1 - )
f*(IT,,IZ):WGXP<—W;(IZ<—GM—I))2>, :E;(:axi—i-b,Z:l,...,n.
So {f : —oo < p < oo, 02> 0} is invariant under this group G, with g(u, 0?) = (au+b,a%0?). m

Definition 8.2.6:
Let G be a group of transformations that leaves {Fy : 6 € ©} invariant. An estimate T is invariant
under G if

T(g(X1),. ... 9(Xn)) = T(X1,...,Xn) Vg €G.

Definition 8.2.7:

An estimate T is:

e location invariant if T'(X; + a,..., X, +a) =T(X1,...,X,), a € R

e scale invariant if T'(cXy,...,cX,) =T(X1,...,X,), c€ R—{0}

e permutation invariant if 7'(X;,,..., X; ) = T(X1,...,X,) V permutation (i1,...,i,) of 1,...
|
Example 8.2.8:
Let Fyp ~ N(u,0?).
S? is location invariant.
X and S? are both permutation invariant.
Neither X nor S? is scale invariant. [

18



8.3 Sufficient Statistics

Definition 8.3.1:

Let X = (X1,...,X,) be a sample from {Fy : 6 € © C IRF}. A statistic T = T(X) is suffi-
cient for € (or for the family of distributions {Fy : 6 € 0O}) iff the conditional distribution of
X given T = t does not depend on @ (except possibly on a null set A where Py(T' € A) =0 V0). =

Note:

(i) The sample X is always sufficient but this is not particularly interesting and usually is ex-

cluded from further considerations.

(ii) Idea: Once we have “reduced” from X to T'(X), we have captured all the information in X
about 6.

(iii) Usually, there are several sufficient statistics for a given family of distributions

Example 8.3.2:
Let X = (Xy,...,X,) be iid Bin(1,p) rv’s. To estimate p, can we ignore the order and simply

count the number of “successes”?

n
Let T(X) =) X;. It is
=1

n
P(Xi=u21,..Xn=1,| ) Xi=t) =
=1

t(lfp)nit Z T t
N\t (1 _m\n—t? 1
= (7)pt(1-p) —
\ 0, otherwise
n
ﬁ, Z(IIZ =t
= ¢ i=1
\ 0, otherwise
n
This does not depend on p. Thus, T' = Z X is sufficient for p. [ |

=1

19



Example 8.3.3:

n
Let X = (X1,...,X,) be iid Poisson(}). Is T' = ZXl sufficient for A? It is

=1

P(X1 :(L‘l,...,Xn:(L‘n|T:t) =

4

n

I1

i=1

e~ AN

;!

e~ A (Rt )
t!

0,

7n>\>\z g

0,

t!
n )
nt H ;!
i=1

0,

Hrz

Te—nA(nn)t (nA)t )

n _
i=1%; =1

otherwise

sz—t

0therw1se

n
Z(L‘Z’:t

=1

otherwise

n
This does not depend on A. Thus, T' = ZXl is sufficient for .

=1

Example 8.3.4:

Let X7, X, be iid Poisson(A). Is T = X; + 2X5 sufficient for A? It is

P(X,=0,Xo=1|X,+2X,=2) =

P(X;=0,X,=1)

P(X, +2X, =2)

P(X;=0,X,=1)

P(X1 =0,Xy = 1) +P(X1 =2,Xs :0)
e e

,A)\)

e Me A\) +

1

A
1+32

(5*)

This still depends on A. Thus, T'= X + 2X5 is not sufficient for A.

Note:

e~

A

Definition 8.3.1 can be difficult to check. In addition, it requires a candidate statistic. We need

something constructive that helps in finding sufficient statistics without having to check Definition

8.3.1. The next Theorem helps in finding such statistics.

20
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Lecture 7: Wednesday 1/26/2000

Scribe: Jiirgen Symanzik

Theorem 8.3.5: Factorization Criterion
Let X1,..., X, berv’s with pdf (or pmf) f(z1,...,2z, | 0), 0 € ©. Then T'(X;,...,X,) is sufficient

for 0 iff we can write

flz1,...,20n | 0) = h(z1,...,20) g(T(z1,...,2p) | 0),

where h does not depend on € and g does not depend on z1,...,xz, except as a function of T'.

Proof:

Discrete case only.

“:” .
Suppose T'(X) is sufficient for 6. Let

g(t10) = B(TX)=1)

Then it holds:

Il
3
=
B

Il
)
>

Il
18
=
s

Il

(%) holds since X = z implies that T(X) = T(z) = t.

“<:77 .
Suppose the factorization holds. For fixed ty, it is

Py(T(X) =t) = Y P(X =z
{z : T(z)=to}
= > h(z)g(T(z) | 6)
{z : T(z)=to}
= g(to|0) D hz) (4)
{z : T(z)=to}

21




If Py(T(X) = t) > 0, it holds:

Py(X =z, T(X) = to)
PQ(T(X) = tO)

{ Py(X=z) if T(z) = to

Py X =2 |TX)=t) =

Py(T(X)=to)’

0, otherwise
( 9(to|0)h(z) . ifT(z) =t
(4) 9(tol0) h(z) a
o % {z : T(z)=to}
L 0, otherwise
( hiz) ifT(z) =t
- Z h(i) ) (—) 0
- { {z : T(@)=to}
L 0, otherwise
This last expression does not depend on 6. Thus, T'(X) is sufficient for 6. [

Note:

(i) In the Theorem above, § and T may be vectors.

(ii) If T is sufficient for 0, then also any 1-to—1 mapping of T is sufficient for . However, this

does not hold for arbitrary functions of T'.

|
Example 8.3.6:
Let X1,...,X, beiid Bin(1,p). It is
P(X)=z1,....,X, =z, | D) :pzxi(l —p)"_zmi.
Thus, h(z1,...,z,) =1 and g(3_ z; | p) :pzxi(l —p)”*Z“.
n
Hence, T' = Z X; is sufficient for p. [ |

=1

Example 8.3.7:
Let X1,...,X, be iid Poisson(A). It is
n 67)‘>\$i efn)\AZ T;

P(X1=21,..., Xp =n | \) = —
(X1 =m n n|)i:1—[1xi! ] ;!

Thus, h(zy,...,z,) = ﬁ and g(>xz; | \) = e T,

22



n
Hence, T' = Z X is sufficient for .

Example 8.3.11:

i=1
Example 8.3.8:
Let X1,..., X, beiid N(u,0?) where 1 € IR and 02 > 0 are both unknown. It is
1 S (@i —p)? 1 S x? Saxp np’
2y _ _ _ 2 _y
f(xla sy I | w, o ) - (\/%O')n exp ( 20_2 ( 271_0_)“ €xp 20_2 + % 0_2 20_2
Hence, T' = (Z Xi, ZXE) is sufficient for (u,o?).
i=1 =1
Example 8.3.9:
Let X1,...,X, beiid U(0,0 + 1) where —oco < 0 < oo. It is
1, 0<xz; <041 Yie{l,....,n
flxy,...,zn | 0) = L { '
0, otherwise
=[] 10.00)(@i) I—c0,01)(xi)
i=1
= I(g,00)(min(z;)) {(_o0,041)(max(z;))
Hence, T' = (X(1), X(n)) is sufficient for 6.
Definition 8.3.10:
Let {fg(xz) : 0 € ©} be a family of pdf’s (or pmf’s). We say the family is complete if
Eyp(g(X))=0 Vo€ ©O
implies that
Py(g(X)=0)=1 Vo€ O.
We say a statistic T'(X) is complete if the family of distributions of 7" is complete.

n
Let X1,..., X, beiid Bin(1,p). We have seen in Example 8.3.6 that T" = ZXi is sufficient for p.

i=1
Is it also complete?

We know that T' ~ Bin(n,p). Thus,

n

Ep(g(T)) = _g(t) (?)pt(l —p)"'=0 Vpe(0,1)

t=0

23



implies that

( —p)”iog(t) (?) (T55)' =0 YpeO,1) W

t—

However, Z g(t) (::) (1L)lt is a polynomial in l%p which is only equal to 0 for all p € (0,1) if all
=0 —p
of its coefficients are 0.

Therefore, g(t) =0 for t =0,1,...,n. Hence, T is complete. [

Example 8.3.12:

n n
Let X1,..., X, be iid N(0,6?). We know from Example 8.3.8 that T = (> _ X;, Y X/) is sufficient

i=1 =1
for 0. Is it also complete?
n
We know that ZXz ~ N (n#,n#%). Therefore,
i=1
n
E((Z X)?3) = nb?+n%0? =n(n+1)6?
=1
n
EO_X}) = n(0®+6%) =2n0°
i=1
It follows that . .
E (2(2 X;)? —(n+1) ZXE) =0 V6.
i=1 i=1
n n
But g(z1,...,2,) = 2(2 ;)% — (n+1) fo is not identically to 0.
i=1 i=1
Therefore, T' is not complete. u
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Lecture 8: Friday 1/28/2000

Scribe: Jiirgen Symanzik

Recall from Section 5.2 what it means if we say the family of distributions {fy : 6 € ©} is a

one—parameter (or k—parameter) exponential family.

Theorem 8.3.13:
Let {fs : 0 € ©} be a k—parameter exponential family. Let T7,...,T} be statistics. Then the
family of distributions of (T} (X),...,T(X)) is also a k—parameter exponential family given by

k
9o(t) = exp (Z t:Qi(0) + D(6) + S*(t)>

i=1
for suitable S*(t).

Proof:

The proof follows from our Theorems regarding the transformation of rv’s. |

Theorem 8.3.14:
Let {fs : 6 € ©} be a k—parameter exponential family with £ < n and let 71, ..., T} be statistics

as in Theorem 8.3.13. Suppose that the range of @ = (Q1,...,Qx) contains an open set in IR*.
Then T = (T1(X),...,T(X)) is a complete sufficient statistic.

Proof:

Discrete case and k£ = 1 only.

Write Q(f) = 6 and let (a,b) C ©.
It follows from the Factorization Criterion (Theorem 8.3.5) that 7' is sufficient for . Thus, we only

have to show that T is complete, i.e., that

Ey(9(T(X))) = D gt)P(T(X)=1)
t

DS g()exp(0t + D(O) + S*(1)) =0 VO (B)
t

implies g(¢) = 0 Vt. Note that in (A) we make use of a result established in Theorem 8.3.13.

We now define functions g™ and g~ as:

i) = {g(t), if g(t) > 0

, otherwise

25



s - {gu), if g(t) <0

0, otherwise

It is g(t) = g (t) — g~ (t) where both functions, g* and ¢, are non—negative functions. Using g™

and g~, it turns out that (B) is equivalent to

Zg )exp(0t + S*(t)) = Zg_(t) exp(0t + S*(t)) VO (C)
t

where the term exp(D(6)) in (A) drops out as a constant on both sides.
If we fix 0y € (a,b) and define

g* (t) exp(ot + S*(t)) p() = 2 )eXp(90t+S*( )
Zg+ exp(Bot + S*(t)) Zg )exp(Bot + S*(t))’

t

p(t) =

it is obvious that p™ () > 0 Vtand p (t) > 0 Vt and by construction Zp+(t) = 1 and Zp_ t)=1
Hence, p™ and p— are both pmf’s. t t
From (C), it follows for the mgf’s M and M~ of p* and p~ that
At () =S elpT(t) = M~ (8) Yo € (a—0y,b—0).
Z (%) zt: p~ () () ( H</0_g H>/0_0)
By the uniqueness of mgf’s it follows that p™(t) = p~(¢t) Vt.
gt () =g () W
= g(t)=0 Vt

= T is complete
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8.4 Unbiased Estimation

Definition 8.4.1:
Let {Fy : 0 € ©}, © C IR, be a nonempty set of cdf’s. A Borel-measurable function T' from R"

to © is called unbiased for € (or an unbiased estimate for 0) if

Ey(T) =0 V6 € 0.

Any function d(#) for which an unbiased estimate 7" exists is called an estimable function.
If T is biased,
b(0,T) = Ey(T) — 0

is called the bias of T'. []

Example 8.4.2:
If the k" population moment exists, the &£* sample moment is an unbiased estimate. If Var(X) =

o2, the sample variance S? is an unbiased estimate of o2.

However, note that for X1,..., X, iid N(u,0?) S is not an unbiased estimate of o:
—1)8? 1
=D 2, = Gamma(P=2,2)
o
_ 1 9 00 ”_1,1 x
. F (n 2)5’ _ / zn21 e
“ o Vo
V2r(3) /Oowz_le_zd
= = T
L("3%) Jo 25T(%)
V()
Lzt
2 I(%
= FE(S) = 2
(5) n—1 F(”T’l)

So S is biased for o and

Note:

If T is unbiased for 6, g(T') is not necessarily unbiased for g(f) (unless g is a linear function). m
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Example 8.4.3:
Unbiased estimates may not exist (see Rohatgi, page 351, Example 2) or they me be absurd as in

the following case:

Let X ~ Poisson()\) and let d()\) = e~2*. Consider T(X) = (—1)* as an estimate. It is
Ay A
EX(T(X)) = e Z(—l)wg
=0 ’

A ()
:N;(ﬂ)

efAefA

Hence T is unbiased for d(\) but since T' alternates between -1 and 1 while d(A) > 0, T is not a

good estimate. m

Note:
If there exist 2 unbiased estimates T} and T% of @, then any estimate of the form a7} + (1 — a)Tb

for 0 < a < 1 will also be an unbiased estimate of 8. Which one should we choose? []

Definition 8.4.4:

The mean square error of an estimate T of ¢ is defined as

MSE(6,T) Ey((T - 60)?)

= Vare(T) + (b(0,T))>.
Let {T;}3°, be a sequence of estimates of 6. If
lim MSE(0,T;) =0 V6 € ©,
71— 00

then {7;} is called a mean—squared—error consistent (M\SE—consistent) sequence of estimates
of 6. .

Note:

(i) If we allow all estimates and compare their MSE, generally it will depend on 6 which estimate

is better. For example 6 =17 is perfect if § = 17, but it is lousy otherwise.
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(ii) If we restrict ourselves to the class of unbiased estimates, then M SE(0,T) = Vary(T).

(iii) MSE—consistency means that both the bias and the variance of T; approach 0 as i — co.

Definition 8.4.5:
Let 6y € © and let U(fy) be the class of all unbiased estimates T' of 6y such that Ey (T?) < oo.
Then Ty € U(f)) is called a locally minimum variance unbiased estimate (LM VUE) at 6 if

Eg,((To — 60)%) < Eg, (T — 60)*) VT € U(6).

Definition 8.4.6:
Let U be the class of all unbiased estimates T of § € © such that Ep(T?) < oo VO € ©. Then

Ty € U is called a uniformly minimum variance unbiased estimate (UMVUE) of ¢ if

Ey(Ty —0)>) < Ey((T —6)%) Vo e O VT el.
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Lecture 9: Monday 1/31/2000

Scribe: Jiirgen Symanzik

An Excursion into Logic 11

In our first “Excursion into Logic” in Lecture 12 of Stat 6710 Mathematical Statistics I on Monday
9/27/1999, we have established the following results:

A = B is equivalent to =B = —A is equivalent to =A V B:

A|B|A=B|—-A|-B|-B=-A| -AVB
1)1 1 0 0 1 1
110 0 0 1 0 0
011 1 1 0 1 1
00 1 1 1 1 1

When dealing with formal proofs, there exists one more technique to show A = B. Equivalently, we
can show (AA—B) = 0, a technique called Proof by Contradiction. This means, assuming that
A and — B hold, we show that this implies 0, i.e., something that is always false, i.e., a contradiction.

And here is the corresponding truth table:

A|B|A=B|-B|AAN-B|(AAN-B)=0
111 1 0 0 1
110 0 1 1 0
0|1 1 0 0 1
00 1 1 0 1
Note:
We make use of this proof technique in the Proof of the next Theorem. [ |
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Theorem 8.4.7:
Let U be the class of all unbiased estimates T of # € © with Ey(T2) < oo V6, and suppose that U

is non—empty. Let Uy be the set of all unbiased estimates of 0, i.e.,
Uy ={v : Ep(v) =0,Ep(?) < 0o Vb € O}.

Then Ty € U is UMVUE iff
Eg(l/Tg) =0 VO eOoVvelU,.

Proof:
Note that Ey(vTp) always exists.

“i:”
We suppose that Ty is UMVUE and that Ey,(v9Tp) # 0 for some 6y and some 1.

It holds
E(Tg + )\V()) = E(T()) =0 VA

Therefore, Ty + Avy € U.

Also, Ey,(v3) > 0 (since otherwise, Py, (vo = 0) = 1 and then Ey,(vyTy) = 0).

Now let
)= Ey,(Tovp)
=
an(VO)
Then,
Ep((To + Mn)?) = Ego (T + 20Tovp + \*15)
Ey (T, 2 (B (T 2
Eﬁo(’/o) E00(V0)
Ey,(Tovp))?
= E, (T? _(07
00( 0) E90(Vg)
< EQO(T(?)?

and therefore,
Varg, (To + Avg) < Var(Tp).

This means, Ty is not UMVUE, i.e., a contradiction!

“<::77
Let Ey(vTy) = 0 for some T € U for all § € © and all v € Uy.

We choose T' € Uy, then also Ty — T € Uy and
Ey(To(To —T)) =0 V6.
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It follows by the Cauchy—Schwarz—Inequality, Theorem 4.5.7 (ii), that
1 1
Ey(T§) = Eo(ToT) < (Ep(T3))2 (Eg(T?))3.

This implies
(Eo(T2))? < (Ep(T?))?

and
Varg(Ty) < Vare(T).

32



Stat 6720 Mathematical Statistics 11 Spring Semester 2000

Lecture 10: Wednesday 2/2/2000

Scribe: Jiirgen Symanzik

Theorem 8.4.8:
Let U be the non-empty class of unbiased estimates of 6§ € © as defined in Theorem 8.4.7. Then
there exists at most one UMVUE T € U for 6.

Proof:
Suppose Ty, Ty € U are both UMVUE.
Then Ty — Ty € Uy, V(Z’I”(T()) = Var(Tl), and EQ(TU(Tl — T())) =0 Voeo

= Ey(T3) = Eo(ThTh)
— Cov(Ty, Th) = Ey(ToTh) — Eo(To)Ey(T})
= Ep(T§) — (By(Tp))?
= Var(Ty)
=Var(Ty)
= pron =1
= Py(aTy+ 0Ty =0) =1 for some a,b VO €O
= 0 = Ep(Ty) = Ep(—2T1) = Ep(T1)
— -2 =1

:>P9(T0:T1):1 Vo |

Theorem 8.4.9:

(i) If an UMVUE T exists for a real function d(f), then AT is the UMVUE for A\d(f), ) € RR.

(ii) If UMVUE’s T and T» exist for real functions d; (6) and d2(#), respectively, then T} + T5 is
the UMVUE for d; (0) + do (0)

Proof:

Homework. []
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Theorem 8.4.10:

If a sample consists of n independent observations Xi,...,X,, from the same distribution, the

UMVUE, if it exists, is permutation invariant.

Proof:

Homework. []

Theorem 8.4.11: Rao—Blackwell

Let {Fp : 0 € O} be a family of cdf’s, and let h be any statistic in U, where U is the non-empty
class of all unbiased estimates of § with Ep(h?) < co. Let T be a sufficient statistic for {Fy : 6 € ©}.
Then the conditional expectation FEy(h | T') is independent of # and it is an unbiased estimate of
0. Additionally,

Ey(E(h | T) — 0)°) < Ep((h—0)) V0 €O
with equality iff h = E(h | T).

Proof:
By Theorem 4.7.3, E9(E(h | T')) = E(h) = 6.

Since X | T does not depend on # due to sufficiency, neither does E(h | T') depend on 6.

Thus, we want
Ey((E(h | T))?) < Eg(h?) = Eg(E(h* | T)).

Thus, we want

(B(h | T))? < B | T).
But the Cauchy—Schwarz—Inequality gives us
(E(h | T)? <EMW | T)EQL|T) = E(h* | T).
Equality holds iff
Ey((E(h | T))2) = By(h?)

= By(B(h? | T) - (B(h | T))?) = 0

< Ey(Var(h |T)) =0

— Var(h|T)=0

<= E(l? | T) = (E(h|T))

<= h is a function of T and h = E(h | T).

For the proof of the last step, see Rohatgi, page 170-171, Theorem 2, Corollary, and Proof of the
Corollary. [ |
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Theorem 8.4.12: Lehmann—Scheffée
If T is a complete sufficient statistic and if there exists an unbiased estimate h of 6, then E(h | T')
is the (unique) UMVUE.

Proof:
Suppose that hi,hg € U. Then E(hy | T) = E(he | T) = 6.

Therefore,
Eo(E(h1 |T)—E(hy | T))=0 V0 € 0O.

Since T is complete, E(hy | T) = E(ha | T).

Therefore, E(h | T') must be the same for all h € U and E(h | T') improves on all o € U. Therefore,
E(h | T) is UMVUE. n

Note:
We can use Theorem 8.4.12 to find the UMV UE in two ways if we have a complete sufficient statistic
T:

(i) If we can find an unbiased estimate h(T'), it will be the UMVUE since E(h(T) | T') = h(T).

(ii) If we have any unbiased estimate h and if we can calculate E(h | T'), then E(h | T') will
be the UMVUE. The process of determining the UMVUE this way often is called Rao—

Blackwellization.

(iii) Even if a complete sufficient statistic does not exist, the UMVUE may still exist (see Rohatgi,
page 357-358, Example 10).

Example 8.4.13:

n

Let Xy,...,X, be iid Bin(l,p). Then T = ZXi is a complete sufficient statistic as seen in
i=1
Examples 8.3.6 and 8.3.11.

Since E(X1) = p, X; is an unbiased estimate of p. However, due to part (i) of the Note above,
since X7 is not a function of T, X is not the UMVUE.

We can use part (ii) of the Note above to construct the UMVUE. It is
PX,=2z|T)= {

= E(X,|T)=L=X
= X is the UMVUE for p
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If we are interested in the UMVUE for d(p) = p(1 — p) = p — p?> = Var(X), we can find it in the

following way:
E(T) = np

E(T?) = E(XH:X%LXH: Xn: XX])
=1

=1 =l

= np+n(n—1)p

nT np
e E - =
(n(n - 1)) n—1
T2
E(— _ 2
( n(n — 1)) n—1 ?
nT — T? np P 9
E - _ _
(n(n—l)) n-1 n—-1 7
n—1
_ ( )p 2
n—1
= p—p’
= d(p)
Thus, due to part (i) of the Note above, Z(Tn—_j; is the UMVUE for d(p) = p(1 — p). ]
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8.5 Lower Bounds for the Variance of an Estimate

Theorem 8.5.1: Cramér—Rao Lower Bound (CRLB)
Let © be an open interval of IR. Let {fy : 6 € O} be a family of pdf’s or pmf’s. Assume that the
set {z : fop(z) =0} is independent of 6.

Let 1(#) be defined on © and let it be differentiable for all # € ©. Let T be an unbiased estimate
of 4(0) such that Ey(T?) < oo V8 € O. Suppose that

(i) 2l i defined for all 6 € ©,

%(/fg(g)dg) _/‘9f;é Jiz=0 voco

a0 (Zf ) > =0 wee,

(ii) for a pdf fy

or for a pmf fy

z

(iii) for a pdf fy

% (/T@)f"@)d£> = /T(z) 8{;%) dz V0 € ©

or for a pmf fy

3f0 (z)
5 (ZT ) folz ) ZT Vh € O.
Let x : ©® — IR be any measurable function. Then it holds

(8(0)) < Bol(T — x(0))) By <(mog671;9@))2> Weo ()

Further, for any 6y € O, either ¢'(fy) = 0 and equality holds in (A) for § = 6, or we have

(¢'(60))*
Ey, ((8103;2};)(2))2) (B).

Finally, if equality holds in (B), then there exists a real number K (6y) # 0 such that

T(X) — x(6o) = K (60) M%TJ;"(X)

Eg, (T = x(60))?) >

(©)

0=0o
with probability 1, provided that 7" is not a constant. [ |
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Note:

(i) Conditions (i), (ii), and (iii) are called regularity conditions. Conditions under which they
hold can be found in Rohatgi, page 11-13, Parts 12 and 13.

(ii) The right hand side of inequality (B) is called Cramér—Rao Lower Bound of 6y, or, in symbols
CRLB(0y).

Proof:

From (ii), we get

B (gioe o) = [ (g5108ho(@)) fola)ic

= /(%f&(@) ﬁﬁ)(&)dﬁ

= [ (@) de

= Ey (X(H)—

From (iii), we get

B (T00) 2 10 o)) =

—
*
~—



i.e., (A) holds. (x) follows from the Cauchy-Schwarz-Inequality.
If ¢'(0y) # 0, then the left-hand side of (A) is > 0. Therefore, the right-hand side is > 0. Thus,

By, ((%bgfe(i))Z) >0,

and (B) follows directly from (A).
If 4'(6p) = 0, but equality does not hold in (A), then

By, ((%bgfe(i))Z) >0,

and (B) follows directly from (A) again.

Finally, if equality holds in (B), then ¢’ (6y) # 0 (because T is not constant). Thus, MSE(x(0y),T) >
0. The Cauchy-Schwarz-Inequality gives equality iff there exist constants «, 5 € IR such that

)7

This implies K (fp) = —2 and (C) holds. m

P (a(T(K) —x(00)) + (% log fo(X)

Example 8.5.2:
If we take x(0) = (0), we get

(¥'(6))?
VCL’I"Q(T(X)) > E, ((M()gaifgg(i))Q) (*)

If we have 1(0) = 0, the inequality (%) above reduces to

Var(r(x) > (£ ((M%TJZ(EPDI-

Finally, if X = (X1,...,X,,) iid with identical fy(z), the inequality (*) reduces to

(¥'(9))?

Vary(T(X)) > nE, ((%Z(XQ)Q)'

Example 8.5.3:
Let X1,...,X, beiid Bin(1l,p). Let X ~ Bin(n,p),p € © = (0,1) C IR. Let
n

¥(p) = BE(T(X)) =) _T(x) <n>p"”(1 -p)" "

z=0 x
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1(p) is differentiable with respect to p under the summation sign since it is a finite polynomial in

p.

Since X = X; with fy(z1) = p™ (1 —p)' =, z, € {0,1}

=1

= log fp(z1) = m1logp+ (1 —z1)log(l —p)
0 x; l—z1 x1(1—p)—p(l—x) T —p
— D log folm) = - - -
dp 8 fol1) p 1-p p(1—p) p(1—p)
Var(X,) 1

0 2\ _
— Ep ((a—p 10gfp(X1)) > - p2(1 —p)2 N p(l _p)

So, if (p) = x(p) = p and if T is unbiased for p, then

1 1—
Vary(T(X)) > ——— = p=p),
=) "
Since Var(X) = 2.2 X agtains the CRLB. Therefore, X is the UMVUE. m
Example 8.5.4:
Let X ~ U(0,0),0 € © = (0,00) C R.
1
folz) = Zloe(@)
= log fo(z) = —logh
= (% log fo(z))” = 7
— By (55108 h(X)P) = 5

Thus, the CRLB is .

We know that ”THX (n) 18 the UMVUE since it is a function of a complete sufficient statistic X,

and E(X(,)) = ;470. It is

n+1 62 62
Va X = < 77?
T( n (")> n(n+2)<n

How is this possible? Quite simple, since the regularity conditions do not hold. The support of X
depends on 6. [ |
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Theorem 8.5.5: Chapman, Robbins, Kiefer Inequality (CRK Inequality)
Let © C IR. Let {fy : 6 € ©} be a family of pdf’s or pmf’s. Let 1)(0) be defined on ©. Let T be
an unbiased estimate of () such that Ey(T?) < co VO € O.

If 0 # 9, 6 and ¥ € O, assume that fyp(z) and fy(z) are different. Also assume that there exists
such a ¢ € © such that 0 # ¢ and

S(0) =A{z: folz) >0} D S(I) ={z: fo(z) > 0}.
Then it holds that

Varg(T(X)) > sup M Vo € ©.

"0 soicso, o70) Varg (£30)

Proof:

Since T' is unbiased, it follows

and
fo(z) — folz) _ fo(X) 0\ _
fro ™ St fotee = o (5 1) =0
Therefore £5(X)
o(X _
Couy (T(X). 255 = 1) = 0(0) = 0(0).
It follows by the Cauchy—Schwarz-Inequality that
2
(00) = 9(0))* = (Con (700, 255 ~1)) < varvan (3457 1)
Thus, ,
(¥ (9) —(8))
Varg(T(X)) > ——————.
Vars (55)
Finally, we take the supremum of the right—-hand side with respect to {¢ : S(J) C S(0), 9 # 0},
which completes the proof. [ |
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Note:

(i) The CRK inequality holds without the previous regularity conditions.

(ii) An alternative form of the CRK inequality is:
Let 60,0 + 9, ¢ # 0, be distinct with S(0 + §) C S(0). Let 1(0) = 0. Define

1 X)\?
T=10,6)= 5 ((%) _1>.

Then the CRK inequality reads as

1

Varg(T(X)) > ————
llngg(J)

Y

with the infimum taken over 0 #0 : S(0+ §) C S(6).

(iii) The CRK inequality works for discrete ©, the CRLB does not work in such cases.

Example 8.5.6:
Let X ~U(0,0), @ > 0. The required conditions for the CRLB are not met. Recall from Example

8.5.4 that " X () is UMVUE with Var(% X(,)) = 55 < & = CRLB.

Let )(6) = 0, If ¥ < 0, then S(9) C S(6). It is

Eﬁ(@i@f) = [[Gygar=12

fﬁ(X)> 701
Ey | —— = ——dz =1
’ <fa(X) 0 90"
(9 — 0)? 62
= Vary(T(X)) > sup 7 = sup (PO-9))=—
(0 0<o<o} g —1 {9 : 0<i<0} 4

Since X is complete and sufficient and 2X is unbiased for 0, so T'(X) = 2X is the UMVUE. It is

62 62 62

Varg(2X) = 4Vary(X) = 45 =3 >
Since the CRK lower bound is not achieved by the UMVUE, it is not achieved by any unbiased
estimate of 6. ]
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Definition 8.5.7:
Let Ty, T, be unbiased estimates of § with Ey(T?) < co and Fy(T§) < oo VO € ©. We define the
efficiency of 77 relative to T by

Varg(Th)
T,1Th) = ———=
effa( 1, 2) VCL’I"Q(TQ)
and say that T} is more efficient than Ts if ef fo(T1,T>) < 1. [ ]

Definition 8.5.8:
Assume the regularity conditions of Theorem 8.5.1 are satisfied by a family of cdf’s {Fy : 6 € O}.

An unbiased estimate T for € is most efficient for {Fy} if

dlog fo(X) )2>> -

Vary(T) = (Ee (( 20

Definition 8.5.9:
Let T be the most efficient estimate for {Fp}. Then the efficiency of any unbiased T} of 6 is
defined as

ef fo(T1) = ef fo(T1,T).

Definition 8.5.10:
T} is asymptotically (most) efficient if 7 is asymptotically unbiased, i.e., nll)rgo Ey(Ty) =0, and
nlggo ef fo(Th) = 1. ]

Theorem 8.5.11:

A necessary and sufficient condition for an estimate T" of 6 to be most efficient is that 7' is sufficient

and
1 _ 0Olog fo(z)

where K () is defined as in Theorem 8.5.1 and the regularity conditions for Theorem 8.5.1 hold.
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Proof:
“:>:77
Theorem 8.5.1 says that if 7' is most efficient, then (x) holds.

Assume that © = IR. We define

1 e e " 0 o and
_oom aT/J(O)— - av, an @)

C(bp) = K@

Integrating (*) with respect to 0 gives

T(z)C(6o) —1b(6o) = log fo,(z) — Al).

Therefore,
foo(z) = exp(T(z)C(0o) — 1 (6o) + Alz))

which belongs to an exponential family. Thus, T is sufficient.

« K
—:

From (x), we get

= lim log fyo(z).
0——o00

2
E ((M> ) = L Var(T(x)).

00
Additionally, it holds

B () -0 2ERE)

as shown in the Proof of Theorem 8.5.1.

Using () in the line above, we get

2
K(0)E, ((L logaj;(’(l)> ) =1,

o\ \ —1
K(0) = <Ea ((LOgBJZ(X)) )) :

ie.,

Therefore,

(K(6))? o

o\ \ —1
Vary(T(X)) = <E0 ((alOgTJZ(X)> >> ’

i.e., T is most efficient for 6.
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8.6 The Method of Moments

Definition 8.6.1:
Let Xy,..., X, be iid with pdf (or pmf) fy, 6 € ©. We assume that first k¥ moments mq,...,my

of fy exist. If @ can be written as

= h(mla s amk)a
where A is some known numerical function, the method of moments estimate of 6 is

1 n
Omom = T(X1,...,X,) =h(=Y X;,
(X, )=h(=>

where h must also be Borel-measurable. []

Note:

n
(i) The Definition above can be estimated to joint moments. For example, we use % ZXzYz to
i=1

estimate F(XY).

n
(i) Since E(L Z X?) = mj, method of moment estimates are unbiased for the population mo-

i=1
ments. The WLLN and the CLT say that these estimates are consistent and asymptotically

Normal as well.

(iii) If @ is not a linear function of the population moments, Omom will, in general, not be unbiased.

However, it will be consistent and (usually) asymptotically Normal.

Example 8.6.2:
Let X1,..., X, beiid N(u,0?).

Since p = myq, it i8S fimom = X.

This is an unbiased, consistent and asymptotically Normal estimate.

Since 0 = /my — m?2, it is & =
1 mom

This is a consistent, asymptotically Normal estimate. However, it is not unbiased. [ |
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8.7 Maximum Likelihood Estimation

Definition 8.7.1:
Let (X1,...,Xy) be an n—rv with pdf (or pmf) fy(z1,...,2z,), 0 € ©. We call the function of ¢

LO;zq,...,zy) = fo(x1,...,20)
the likelihood function. [ ]
Note:

(i) Often 0 is a vector of parameters.

n
(ii) If (Xy,...,X,) are iid with pdf (or pmf) fy(z), then L(6;x1,...,z,) = H fo(z).
=1

|
Definition 8.7.2:
A maximum likelihood estimate (MLE) is a non—constant estimate 0ar1, such that
L(éML; Tiy...,Xp) =sup L(O;xy1,...,2y,).
Hco
|

Note:
It is often convenient to work with log L when determining the maximum likelihood estimate. Since

the log is monotone, the maximum is the same. [ |

Example 8.7.3:
Let X1,..., X, be iid N(u,0?), where p and 02 are unknown.

Lpo® oy ) = — L exp _iw
b ) b b )5 20_2

o (2m i=1
2 n 9 M . (zi — ,u)2
= log L(p,0%;21,...,2p) = —§loga —§log(27r) _; 902
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The MLE must satisfy

dlog L 1 &
o = ;(95 1) (4)
dlogL n 1 & 9
902 —ﬁ‘i‘@;(%—ﬂ) =0 (B)

These are the two likelihood equations. From equation (A) we get jinsz = X. Substituting this for

n
{1 into equation (B) and solving for o2, we get 63,, = 1 Z(Xz —X)% Note that 63,; is biased for
i=1

o2,

Formally, we still have to verify that we found the maximum (and not a minimum) and that
there is no parameter 6 at the edge of the parameter space © such that the likelihood function does

not take its absolute maximum which is not detectable by using our approach for local extrema. m
Example 8.7.4:

Let X1,...,X, beiid U0 — 3,0+ 3).

1, if0—F<z;<0+3 Vi=1,...,n
L(Q;xla"'7$n):

0, otherwise

Therefore, any 6(X) such that max(X) — 1 < §(X) < min(X) + % is an MLE. Obviously, the MLE

is not unique. [ |

Example 8.7.5:
Let X ~ Bin(1,p), p€ [i, %]

This is maximized by

It is
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MSEG) = Byl -p))
= B )

~ lpex+1-w)?)

16
1
= 1—6Ep(4X2+2-2X—2-8pX—2-4p+1+16p2)
1
= 1@ —p)+p°) +4p — 16p" = 8p + 1+ 16p”)
1
16
So p is biased with MSE,(p) = %. If we compare this with p = % regardless of the data, we have
1 1 1 1 13
MSE, (=) =E,((z —p)?) =(5 —p)? < — =, =]
SE)(3) = Bol(G — 1)) = (5~ PV < 35 W€ ]

Thus, in this example the MLE is worse than the trivial estimate when comparing their MSE’s. =

Theorem 8.7.6:
Let T be a sufficient statistic for fy(z), 0 € ©. If a unique MLE of 6 exists, it is a function of T

Proof:

Since T is sufficient, we can write
fo(z) = h(z)go(T ()

due to the Factorization Criterion (Theorem 8.3.5). Maximizing the likelihood function with re-
spect to 6 takes h(z) as a constant and therefore is equivalent to maximizing gy(z) with respect to

6. But gp(x) involves z only through 7T'. [ ]

Note:

(i) MLE’s may not be unique (however they frequently are).
ii) MLE’s are not necessarily unbiased.
y
(iii) MLE’s may not exist.
(iv) If a unique MLE exists, it is a function of a sufficient statistic.

(v) Often (but not always), the MLE will be a sufficient statistic itself.
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Theorem 8.7.7:
Suppose the regularity conditions of Theorem 8.5.1 hold and 6 belongs to an open interval in IR.
If an estimate 6 of @ attains the CRLB, it is the unique MLE.

Proof:
If § attains the CRLB, it follows by Theorem 8.5.1 that

Blogfg(l)_ 1 .
20 = K(o)(H(X)—H) w.p. 1.

Thus, 6 satisfies the likelihood equations.
We define A(0) = ﬁ. Then it follows

9% log fo(X)
062

The Proof of Theorem 8.5.11 gives us

A(6) = E, ((MY) > 0.

= 4'(6)(0(X) — ) — A(®).

00

So )

0”1 X

%(—) — _A(f) <0

0=0

Thus 0 is the MLE. =
Note:
The previous Theorem does not imply that every MLE is most efficient. [ |

Theorem 8.7.8:

Let {fs : 6 € ©} be a family of pdf’s (or pmf’s) with © C IR¥, k> 1. Let h:© — A bea
mapping of © onto A C IRP, 1< p<k. If @ is an MLE of 6, then h(f) is an MLE of k().

Proof:

For each \ € A, we define
Or=1{0 : 0€O,h(0) =)}

and

M(X;z) = sup L(0;z),
0EO )

the likelihood function induced by h.
Let 6 be an MLE and a member of Oj, where X = h(f). Tt holds

M(X;z) = sup L(6;z) > L(6; z),
96@5\
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but also

Therefore,

Thus, A = h(0) is an MLE.

Example 8.7.9:
Let X1,...,X, beiid Bin(l,p). Let h(p) = p(1 — p).

Since the MLE of p is p = X, the MLE of h(p) is h(p) = X (1 — X).
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Theorem 8.7.10:
Consider the following conditions a pdf fy can fulfill:

(i) alggaf", 32;;%10", 33;;%10" exist for all # € © for all z. Also,

© dfp(x) , dlog fo(X)\ _

L [ 0% fo(x)
(ii) /_oo 502 dr =0 V0 € 0.

(i) —o0 < /oo Plog fol@) o viw <0 Vo€ O,

(iv) There exists a function H(x) such that for all § € ©:
0° log fy(x)

905 < H(z) and /_o:o H(z)fo(z)dx = M(0) < 0.

(v) There exists a function g(#) that is positive and twice differentiable for every 6 € © and there
exists a function H (z) such that for all # € ©:

0 dlog fo(z)
902 {9(9) 90 ]

< H(z) and /_0:0 H(z)fo(z)dz = M(0) < oo.

In case that multiple of these conditions are fulfilled, we can make the following statements:

(i) (Cramér) Conditions (i), (iii), and (iv) imply that, with probability approaching 1, as n — oo,

the likelihood equation has a consistent solution.

(ii) (Cramér) Conditions (i), (ii), (iii), and (iv) imply that a consistent solution 6, of the likelihood

equation is asymptotically Normal, i.e.,

6, —0) % z

5

o\ —1
where Z ~ N(0,1) and o = (Eg ((810g8};9(X)) >> ‘
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(iii) (Kulldorf) Conditions (i), (iii), and (v) imply that, with probability approaching 1, as n — oo,

the likelihood equation has a consistent solution.

(iv) (Kulldorf) Conditions (i), (ii), (iii), and (v) imply that a consistent solution 6, of the likelihood

equation is asymptotically Normal.

Note:

In case of a pmf fy, we can define similar conditions as in Theorem 8.7.10. [ |
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8.8 Decision Theory — Bayes and Minimax Estimation
Let {fp : 0 € ©} be a family of pdf’s (or pmf’s). Let Xi,..., X, be a sample from fy. Let A be
the set of possible actions (or decisions) that are open to the statistician in a given situation , e.g.,
A = {reject Hy, do not reject Hy} (Hypothesis testing, see Chapter 9)
A = artefact found is of { Greek, Roman} origin (Classification)

A = © (Estimation)

Definition 8.8.1:
A decision function d is a statistic, i.e., a Borel-measurable function, that maps IR" into A. If

X =z is observed, the statistician takes action d(z) € A. ]

Note:
For the remainder of this Section, we are restricting ourselves to A = ©, i.e., we are facing the

problem of estimation. ]

Definition 8.8.2:
A non-negative function L that maps © x A into IR is called a loss function. The value L(0,a)

is the loss incurred to the statistician if he/she takes action @ when @ is the true parameter value. m

Definition 8.8.3:
Let D be a class of decision functions that map IR"™ into A. Let L be a loss function on © x A. The
function R that maps © X D into IR is defined as

R(0,d) = Ey(L(0,d(X)))

and is called the risk function of d at 0. []

Example 8.8.4:
Let A=0 C IR. Let L(#,a) = (6 —a)?. Then it holds that

R(0,d) = Ey(L(0,d(X))) = Ep((6 — d(X))?) = Ep((0 — 0)°).
Note that this is just the MSE. If § is unbiased, this would just be Var(6). |

Note:

The basic problem of decision theory is that we would like to find a decision function d € D such
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that R(f,d) is minimized for all # € ©. Unfortunately, this is usually not possible.

Definition 8.8.5:

The minimax principle is to choose the decision function d* € D such that

Note:

max R(6,d")

0coO

< maxR(#,d) Vd € D.
0co

If the problem of interest is an estimation problem, we call a d* that satisifies the condition in

Definition 8.8.5 a minimaz estimate of 6.

Example 8.8.6:
Let X ~ Bin(l,p), pe© ={

13
11

b= A

We consider the following loss function:

The set of decision functions consists of the following four functions:

First, we evaluate the loss function for these four decision functions:

NI [N e o
S N PR g I e

ai(0) = §
B (0) =
as(0) = 5
a0 =3

) =5
d() =3
ds(1) :i
=2

B
e
S
= Mypg=?
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L(G.d(0) = L(7.7) =0
LGd(1) = L(3,5)=2
LG (0) = L33 =5
LG ) = L5 =0
L(G.ds(0) = L(3.5)=2
L(Gds(1) = L(3,5)=0
LG ds(0) = L(3,5)=0
LC.ds(1) = L. =5
L(Gdi(0) = L(3.5)=2
LG 1) = L(3,5) =2
LEdi0) = (3,5 =0
LC. ) = LG5 =0

Then, the risk function
R(p,di(X)) = Ep(L(p,d(X))) = L(p,d(0)) - P,(X = 0) + L(p,d(1)) - P,(X =1)

takes the following values:

' R(%,d; R(3,d; R(p,d;
¢ (4a i) (45 i) pe{{r/lix3/4} (p,d;)
1 0 ) )
2| 4043 2=4| §-5+50-1 ;
3 1 _ 3 1 3 __ 15 15
311°2+4:0=35|7-0+7:5=7 T
4 2 0 2
Hence,
)
i R(p,d;) = —.
e gy pe B4 = g
Thus, dy is the minimax estimate. [ |
Note:

Minimax estimation does not require any unusual assumptions. However, it tends to be very con-

servative. [ ]
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Definition 8.8.7:

Suppose we consider 6 to be a rv with pdf 7(6) on ©. We call 7 the a priori distribution (or

prior distribution). ]

Note:
f(z ] 0) is the conditional density of z given a fixed . The joint density of z and 6 is
flz,0) ==(0)f(z|0),
the marginal density of z is
o) = [ Fa0)db,

and the a posteriori distribution (or posterior distribution), which gives the distribution of

after sampling, has pdf (or pmf)

0
9(z)
|
Definition 8.8.8:
The Bayes risk of a decision function d is defined as
R(w,d) = E.(R(0,d)),
where 7 is the a priori distribution. [ |

Note:

If @ is a continuous rv and X is of continuous type, then

R(r,d) = E4(R(6,d))
_ /R(e,d) (6) do
= [ [L6.dw) 1) 0) w(6) da a8
_ //L(e,d@)) f(z,0) dz df
_ /g(g) (/ L(0, d(z))h(0 | z) d9> dz

o6



Similar expressions can be written if # and/or X are discrete. ]

Definition 8.8.9:

A decision function d* is called a Bayes rule if d* minimizes the Bayes risk, i.e., if

R(m,d*) = ;él?fDR(w,d).

Theorem 8.8.10:
Let A=0 C IR. Let L(6,d(z)) = (§ — d(z))?. In this case, a Bayes rule is

d(z) =E@0 | X =z).

ﬁlizing
R(r,d) = [ (o) ([0~ d()?1(0 | ) d0) dz,

where ¢ is the marginal pdf of X and A is the conditional pdf of § given z, is the same as minimizing

[©~ d@)*nio | 2) db.

However, this is minimized when d(z) = E(0 | X = z). ]
Note:
Under the conditions of Theorem 8.8.10, d(z) = E(6 | X = z) is called the Bayes estimate. ]

Example 8.8.11:
Let X ~ Bin(n,p). Let L(p,d(z)) = (p — d(z))?.

Let w(p) =1 Vpe€ (0,1), i.e., 7 ~ U(0,1), be the a priori distribution of p.
Then it holds:




Thus, the Bayes rule is

The Bayes risk of d*(X) is

R(m,d* (X)) =

E(p | x)

0
z+1
n+ 2
X+1
d"(X) = .
(X) n+ 2

/01 () Z L(p,d*(x))f (z | p)dp
z=0
/o1 W(p)ﬁ%(zj:; —p)*f(z | p)dp
! X+1
/0 Ep((n+2 — )2>dp
‘g (AL X+1
/0 Ep<(n+2)2_ iz TP

1
(n+2)2 Jo

o8

[ =)+ (1~ 2



1

6(n +2)
Now we compare the Bayes rule d*(X) with the MLE pz, = 2. This estimate has Bayes risk
X 1 X
Rr =) = [ Bl —p))dp
n 0 n
[ Lm0~
= — —n
0 TL2 D p p
1
p(l—p
_ [,
0 n
1
~ 6n
which is, as expected, larger than the Bayes risk of d*(X). [

Theorem 8.8.12:
Let {fyp : 0 € O} be a family of pdf’s (or pmf’s). Suppose that an estimate d* of 0 is a Bayes

estimate corresponding to some prior distribution 7 on ©. If the risk function R(6,d*) is constant

on O, then d* is a minimax estimate of 6. [ |
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9 Hypothesis Testing

9.1 Fundamental Notions

We assume that X = (Xq,..., X,,) is a random sample from a population distribution Fy, # € © C
IR*, where the functional form of Fj is known, except for the parameter . We also assume that ©

contains at least two points.

Definition 9.1.1:

A parametric hypothesis is an assumption about the unknown parameter 6.

The null hypothesis is of the form
Hy: 0 €0y CO.
The alternative hypothesis is of the form

Hi: €6, =0-0,.

Definition 9.1.2:
If ©¢ (or ©1) contains only one point, we say that Hy and ©y (or H; and ©1) are simple. In this

case, the distribution of X is completely specified under the null (or alternative) hypothesis.

If ©) (or O©1) contains more than one point, we say that Hy and ©¢ (or H; and ©1) are composite.
| |

Example 9.1.3:
Let Xy,...,X, be iid Bin(l,p). Examples for hypotheses are p = % (simple), p > % (composite),
p £ i (composite), etc. [
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Note:

The problem of testing a hypothesis can be described as follows: Given a sample point z, find a
decision rule that will lead to a decision to accept or reject the null hypothesis. This means, we
partition the space IR"™ into two disjoint sets C' and C° such that, if z € C, we reject Hy : 6 € O
(and we accept Hi). Otherwise, if z € C¢, we accept Hy that X ~ Fy, 0 € ©y. [

Definition 9.1.4:
Let X ~ Fp, 0 € ©. Let C be a subset of IR" such that, if z € C, then Hj is rejected (with
probability 1), i.e.,

C={z € R" : Hy is rejected for this z}.

The set C' is called the critical region. [

Definition 9.1.5:
If we reject Hy when it is true, we call this a Type I error. If we fail to reject Hy when it is

false, we call this a Type II error. Usually, Hy and H; are chosen such that the Type I error is

considered more serious. []

Example 9.1.6:

We first consider a non-statistical example, in this case a jury trial. Our hypotheses are that the
defendant is innocent or guilty. Our possible decisions are guilty or not guilty. Since it is considered
worse to punish the innocent than to let the guilty go free, we make innocence the null hypothesis.

Thus, we have

Truth k

ruth (unknown) Innocent (Hyp) | Guilty (H;)

Decision (known)
Not Guilty (Hp) Correct Type I Error

Guilty (H;) Type I Error Correct

The jury tries tomake a decision “beyond a reasonable doubt”, i.e., it tries to make the probability

of a Type I error small. n

Definition 9.1.7:
If C is the critical region, then Py(C), 6 € O, is a probability of Type I error, and Py(C*), 6 € O,
is a probability of Type II error. [ |

Note:
We would like both error probabilities to be 0, but this is usually not possible. We usually settle
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for fixing the probability of Type I error to be small, e.g., 0.05 or 0.01, and minimizing the Type

II error. [ ]

Definition 9.1.8:
Every Borel-measurable mapping ¢ of IR" — [0,1] is called a test function. ¢(z) is the probabil-

ity of rejecting Hy when z is observed.

If ¢ is the indicator function of a subset C' C IR", ¢ is called a nonrandomized test and C is the

critical region of this test function.

Otherwise, if ¢ is not an indicator function of a subset C' C IR", ¢ is called a randomized test. =

Definition 9.1.9:
Let ¢ be a test function of the hypothesis Hy : 6 € Oy against the alternative H; : 0 € 0. We

say that ¢ has a level of significance of « (or ¢ is a level-a—test or ¢ is of size «) if

Ey(¢p(X)) = Py(rejet Hp) < VO € O.

In short, we say that ¢ is a test for the problem («, ©g, ©1). [ ]

Definition 9.1.10:
Let ¢ be a test for the problem («, Oy, ©1). For every 6 € ©, we define

Bs(0) = Eg(¢(X)) = Py(rejct Ho).

We call 3,4(0) the power function of ¢. For any 6 € Oy, 34(0) is called the power of ¢ against
the alternative 6. [ |

Definition 9.1.11:
Let @, be the class of all tests for (a, ©p,01). A test ¢y € ®, is called a most powerful (MP)

test against an alternative 8 € © if

Bso(0) > B4(0) Vo € .

Definition 9.1.12:
Let @, be the class of all tests for (a,©p,01). A test ¢pg € @, is called a uniformly most
powerful (UMP) test if

By (0) > By(0) Y € B, VO € O.

62



Stat 6720 Mathematical Statistics 11 Spring Semester 2000

Lecture 18: Tuesday 2/22/2000

Scribe: Jiirgen Symanzik

Example 9.1.13:
Let X1,...,X, beiid N(u,1), p€ O ={po,p1}, po < p1.

Let H() : Xz ~ N(/j,g, 1) VS. H1 : Xz ~ N(,ul, 1)
Intuitively, reject Hy when X is too large, i.e., if X > k for some k.

Under Hy it holds that X ~ N (uo, % For a given «, we can solve the following equation for &:

— X — k—
Puy(X > k) = P(C—= al

)=P(Z>2,) =«

YNTIREYN
Here, ?/7\/‘%0 =7 ~ N(0,1) and z, is defined such in such a way that P(Z > z,) = a, i.e., z, is the
upper a—quantile of the N (0, 1) distribution. It follows that ’17\;‘% = 2o and therefore, k = g+ Z—C;l

Thus, we obtain the nonrandomized test

1, iff>,lto+z—o;b
¢(§)—{ vr

0, otherwise

¢ has power

2o

By(p1) = Pu1(7>uo+\/ﬁ

= PR > (o= m)Vi+ 2

= P(Z>zo—Vn(u — o))
————
>0
> o

The probability of a Type II error is

P(Type I error) = 1 — By (p1)-
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Example 9.1.14:
Let X ~ Bin(6,p), p€ © =(0,1).

H(): p:%, Hltp#%.

Desired level of significance: a = 0.05.

Reasonable plan: Since E,_1(X) = 3, reject Ho when [ X — 3 [> c for some constant c. But how
2

should we select ¢?

z |c=|z—3]| Pp:%(X::E) Pp:%(|X—3|Zc)
0,6 3 0.015625 0.03125

1,5 2 0.093750 0.21875
2,4 1 0.234375 0.68750

3 0 0.312500 1.00000

Thus, there is no nonrandomized test with o = 0.05.

What can we do instead? — Three possibilities:
(i) Reject if | X — 3 |= 3, i.e., use a nonrandomized test of size o = 0.03125.

(ii) Reject if | X —3 |> 2, i.e., use a nonrandomized test of size a = 0.21875.

(iii) Reject if| X —3 |= 3, do not reject if | X —3 |< 1, and reject with probability 295003125 — (1
if | X — 3 |=2. Thus, we obtain the randomized test

1, ifz=0,6
d(z)y=1¢ 0.1, ifzx=1,5
0, ifr=2,3,4
This test has size
o= Ep:;(gﬁ(X)) =1-0.015625-2+0.1-0.093750 - 2+ 0 - (0.24375 - 2 + 0.3125) = 0.05
2

as intended. The power of ¢ can be calculated for any p # % and it is

By(p) = Pp(X =00r X =6)4+0.1-P(X =1or X =5)
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9.2 The Neyman—Pearson Lemma

Let {fg : 0 € ©® ={6,0,}} be a family of possible distributions of X. fy represents the pdf (or
pmf) of X. For convenience, we write fo(z) = fp,(z) and fi(z) = fo, (z).

Theorem 9.2.1: Neyman—Pearson Lemma (NP Lemma)
Suppose we wish to test Hy : X ~ fo(z) vs. Hy: X ~ fi(z), where f; is the pdf (or pmf) of X
under H;, ¢+ = 0,1, where both, Hy and Hy, are simple.

(i) Any test of the form

L if filz) > kfo(z)
¢(z) = 7(z), if fi(z) =kfo(z) (%)
0, if f1(z) < kfo(z)
for some k > 0 and 0 < y(z) < 1, is most powerful of its significance level for testing Hy vs.
H,.
If k£ = oo, the test

ola) = { Loiffole) =00

0, if folz) >0

is most powerful of size (or significance level) 0 for testing Hy vs. Hj.

(ii) Given 0 < a < 1, there exists a test of the form (%) or (xx) with y(z) = v (i.e., a constant)
such that
Ep ($(X)) =

Proof:

We prove the continuous case only.

Let ¢ be a test satisfying (x). Let ¢* be any test with Ey, (¢* (X)) < Ep, (¢(X)).

It holds that

6@ - @@ -k = ([ (6 -6 @)@ - ki)

1>k fo

+ </ﬁ<kf0<¢@> —¢* (@) (f1(z) ’ffo@”‘l&)
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since

/lzkfo(ﬁé(i) - ¢*(£))(f1(£) — kfﬂ(l))di =0.

It is

/ (¢(z) — ¢*(2))(f1(z) — kfolz))dz = / (1—9¢"(2)) (filz) — kfolz))dz >0
fi>kfo fi>kfo ~

~ v

~~

>0 >0

and

/ (¢(z) — ¢*(2))(f1(z) — kfo(z))dz = / (0 —¢"(2)) (f1(z) - kfo(z)) dz > 0.
f1<kfo f1<kfo

~~ ~~

<0

Therefore,
0 < (@) - F @) - ko)
= Ep, ($(X)) — Ep, (6" (X)) — k(Boy ($(X)) — Epy (" (X)))-

Thus,
Bp(01) — By (61) = k(Epy (p(X)) — Eg, (¢*(X))) 2 0.

If k = oo, any test ¢* of size 0 must be 0 on the set {z | fo(z) > 0}. Therefore,

Bp(01) — By-(61) = By, ($(X)) — Ep, (¢" (X)) = /{Ifo(m)o}(l — ¢*(z)) fr(z)dz > 0.

(ii):

If & = 0, then use (xx). Otherwise, assume that 0 < a <1 and y(z) =~. It is

Ep (X)) = Py (f1(X) > kfo(X)) +vPp, (f1(X) = kfo(X))

= 1 - Py, (f1(X) <kfo(X)) + 7P, (f1(X) = kfo(X))

= - < or, I <),

Note that the last step is valid since Py, (fo(X) = 0) = 0.
Therefore, given «, we want k and - such that

f1(X) f1(X)

P, <k)—~P, =k)=1—-oa.
o) =070 =0
Note that ﬁ%g is a rv and, therefore, Pgo(ﬁ%g < k) is a cdf.
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If there exists a kg such that
X

fo(X)

~—

Pﬂo( SkO):l_aa

we choose v = 0 and k = ky.

Otherwise, if there exists no such kg, then there exists a k; such that

f1(X) f1(X)
fo(X) fo(X)

i.e., the cdf has a jump at k;. In this case, we choose k = k1 and

P90(

<k‘1)§1—0¢<PgO(

< k1),

P <k -1 -a)
= Ifl)

Py, (145

—

>

Theorem 9.2.2:
If a sufficient statistic T' exists for the family {fy : 6 € © = {6y, 6,}}, then the Neyman—Pearson

most powerful test is a function of T'.

Proof:

Homework -

Example 9.2.3:
We want to test Hy : X ~ N(0,1) vs. H; : X ~ Cauchy(1,0), based on a single observation. It

18
2

file) ot [2exp(%)
folz) exp(—xz) B \/; 1+a22°

N

The MP test is

0, otherwise
If a < 0.113, we reject Hy if | z |> 2.

If & > 0.113, we reject Hy if | z |[> ky or if | z |< ko, where ky > 0, ko > 0, such that

2 2
exp(%l) _ exp(%) and /kl 1 z? l-—«
k

= exp(——)dz =
1+ k? 1+ k3 , V2T *p( 2) 2
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9.3 Monotone Likelihood Ratios

Suppose we want to test Hy : 0 < 0y vs. Hy : 0 > 0 for a family of pdf’s {fy : 0 € © C R}. In
general, it is not possible to find a UMP test. However, there exist conditions under which UMP

tests exist.

Definition 9.3.1:

Let {fs : 6 € © C IR} be a family of pdf’s (pmf’s) on a one-dimensional parameter space. We

say the family {fy} has a monotone likelihood ratio (MLR) in statistic T'(X) if for 6; < 65,
f02 (E)

whenever fy and fy, are distinct, the ratio (@ is a nondecreasing function of T'(z) for the set of
(2

values z for which at least one of fy, and fp, is > 0. ]

Note:
We can also define families of densities with nonincreasing MLR in T'(X), but such families can be

treated by symmetry. [ |

Example 9.3.2:
Let X1,...,X, ~UJ[0,0], 8 > 0. Then the joint pdf is
1
L o< <0
{15

S . ’
otherwise [0,0] (Tmaz)

where T4, = max z;.
i=1,...,n

Let 65 > 01, then

fo,(z) _ ﬁ)nw
fo,(z) 0y I[O,Hl](wmax)‘
It is
T10,02) (@ maa) _ { L, Zmax €[0,01]
I[O,Gl}(wmax) B 00, Tmaz € (91,92]

since for Zyq, € [0,61], it holds that T, € [0,62]. But for zmeq € (61,02], it is Ijg g, (Tmaz) = 0.

= as T'(X) = X4z increases, the density ratio goes from (z—;)” to oo.

— fZ—2 is a nondecreasing function of T'(X) = X4z
1

= the family of U[0, #] distributions has a MLR in T'(X) = Xyaz ]

68



Theorem 9.3.3:
The one—parameter exponential family fp(z) = exp(Q(0)T(z) + D(6) + S(z)), where Q(0) is non-
decreasing, has a MLR in T'(X).

Proof:

Homework. []

Example 9.3.4:
Let X = (Xy,---,X,) be a random sample from the Poisson family with parameter A > 0. Then
the joint pdf is
n 1 R n o n n
fiz) = H <e/\>\“a> — e M T H — = oxp (—n)\ + ZIL‘Z ~log(N\) — Zlog(wﬂ)) ,
i=1 i i=1"% i=1 i=1
which belongs to the one-parameter exponential family.

Since Q(A\) = log(\) is a nondecreasing function of A, it follows by Theorem 9.3.3 that the Poisson
n

family with parameter A > 0 has a MLR in T'(X) = ) X;.
i=1

We can verify this result by Definition 9.3.1:

Fro(z) AQZmi e e (ﬁ)zx o2 —A1)
I (z) )\IZ zi e "M A1

Ao Ao le . . .
If Ay > Ay, then 2> 1 and (A_l) is a nondecreasing function of ) ;.

n

Therefore, fp has a MLR in T(X) = ZXl ]
=1

Theorem 9.3.5:
Let X ~ fp, 0 € © C IR, where the family {fp} has a MLR in T'(X).

For testing Hy : 0 < 6y vs. Hy : 0 > 0y, 0y € O, any test of the form

1, if T(z) > to
$plz) =93 v fT@ =t (¥
0, if T(i) <o

has a nondecreasing power function and is UMP of its size Ep,(¢(X)) = «, if the size is not 0.

Also, for every 0 < o < 1 and every 6y € O, there exists a typ and a v (—oo <ty < o0, 0 <y < 1),
such that the test of form (x) is the UMP size « test of Hy vs. Hj.
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Proof:
“:”:
Let 01 < 02, 01,00 € © and suppose Ep, (¢(X)) > 0. Since fy has a MLR in T, fo, @)

nondecreasing function of T'. Therefore, any test of form (x) is equivalent to a test

1’ if f92(£) k

fo, (@) >
bla) =4 7, HPEE =k ()
o Jo, (@)
0, if fGi@) <k

which by the Neyman-Pearson Lemma (Theorem 9.2.1) is MP of size « for testing Hy : 0 = 6, vs.
H1 10 = 02.

Let @, be the class of tests of size «, and let ¢, € @, be the trivial test ¢;(z) = o Vz. Then ¢
has size and power «. The power of the MP test ¢ of form (*) must be at least a as the MP test

¢ cannot have power less than the trivial test ¢y, i.e,

Ep, ($(X)) = Ep, (¢1(X)) = a = Ep, ($(X)).

Thus, for 65 > 64,
By, ($(X)) > Ep, ($(X)),

i.e., the power function of the test ¢ of form (x) is a nondecreasing function of 6.

Now let 6; = 6y and 6y > 6;. We know that a test ¢ of form (x) is MP for Hy : 6 = 6y vs.
H, : 0 =60y > 0, provided that its size o = Ejp,(¢$(X)) is > 0.

Notice that the test ¢ of form (%) does not depend on 5. It only depends on ty and 7. Therefore,
the test ¢ of form (x) is MP for all 6, € ©1. Thus, this test is UMP for simple Hy : 8 = 6y vs.
composite H; : 0 > 6y with size Ey,(4(X)) = .

Since ¢ is UMP for a class ®” of tests satisfying

Eg, (4" (X)) < o,

¢ must also be UMP for the more restrictive class ®" of tests satisfying
Eg(qu(l)) S (67} Vo S 00.
But since the power function of ¢ is nondecreasing, it holds for ¢ that

Ey(p(X)) < Ep,y(¢(X)) = a VO < 6.

Thus, ¢ is UMP for Hy : 0 < 6y vs. Hy : 0 > 6.
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« »,
"

Use the Neyman-Pearson Lemma (Theorem 9.2.1).

Note:

By interchanging inequalities throughout Theorem 9.3.5 and its proof, we see that this Theorem

also provides a solution of the dual problem H| : 6 > 6y vs. H{ : 6 < 0.

Theorem: 9.3.6

For the one-parameter exponential family, there exists a UMP two-sided test of Hy : 8 < 6y or

0 > 0y, (where 01 < 05) vs. Hy : 01 < 0 < 05 of the form

L, ife <T(z)<e
0, ifT(z)<ey, orifT(z) > co

Note:

UMP tests for Hy : 81 < 0 < 65 and H|) : 0 = 6y do not exist for one-parameter exponential

families.
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9.4 Unbiased and Invariant Tests

If we look at all size « tests in the class ®,, there exists no UMP test for many hypotheses. Can

we find UMP tests if we reduce @, by reasonable restrictions?

Definition 9.4.1:
A size a test p of Hy: 6 € ©y vs Hy : 0 € O is unbiased if

Ep(¢(X)) > a Vo€ O,.

|
Note:
This condition means that B4(0) < a V8 € ©g and B4(0) > a V8 € O;. In other words, the power
of this test is never less than «. ]

Definition 9.4.2:
Let U, be the class of all unbiased size « tests of Hy vs Hy. If there exists a test ¢ € U, that has
maximal power for all § € ©1, we call $ a UMP unbiased (UMPU) size « test. [

Note:

It holds that U, C ®,. A UMP test ¢, € ®, will have By, > a VO € ©1 since we must compare
all tests ¢, with the trivial test ¢(z) = a. Thus, if a UMP test exists in ®,, it is also a UMPU
test in Ul,. [ ]

Example 9.4.3:

Let X1,...,X, be iid N(u,0?), where 02 > 0 is known. Consider Ho : p = po vs Hy : pu # pio.
From the Neyman—-Pearson Lemma, we know that for p; > pg, the MP test is of the form

1, if X > Mo + ﬁza
0, otherwise

1, if7<,uo—ﬁza
0, otherwise
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If a test is UMP, it must have the same rejection region as ¢; and ¢o. However, these 2 rejection

regions are different (actually, their intersection is empty). Thus, there exists no UMP test.

We next state a helpful Theorem and then continue with this example and see how we can find a
UMPU test. [ |
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Theorem 9.4.4:
Let ¢1,...,¢, € IR be constants and fi(x), ..., fnt+1(z) be real-valued functions. Let C be the class
of functions ¢(z) satisfying 0 < ¢(z) < 1 and

[~ @@z =ci vi=1,...,n

If ¢x € C satisfies
L if furai(z >Z/f filz
¢*(z) =
0, if for1(z) < Zkz filz
for some constants ki, ..., k, € IR, then ¢* maximizes / d(z) frnr1(z)dz among all ¢ € C.

Proof:
Let ¢*(x) be as above. Let ¢(x) be any other function in C. Since 0 < ¢(z) <1 Vz, it is

(¢*(§) - ¢( (fn-i—l Zk fz ) >0 V&-

This holds since if ¢*(x) = 1, the left factor is > 0 and the right factor is > 0. If ¢*(xz) = 0, the
left factor is < 0 and the right factor is < 0.

Therefore,

0 < [ -d@ (fn+1 Zkfz )
= [ @hn@dz- [ $@)fun(e Zk(/¢ \filz dx—/¢ Vfilz dm)

=1

701701

Thus,
[ ¢ @hn@de > [ ¢z
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Note:

(i) If fp41 is a pdf, then ¢* maximizes the power.

(ii) The Theorem above is the Neyman-Pearson Lemma if n = 1, fi = fy,, f2 = fo,, and ¢1 = .

Example 9.4.3: (continued)
So far, we have seen that there exists no UMP test for Hy : p = po vs Hy @ pu # po.

We will show that

1, if7<ﬂﬂ_ﬁza/2 or if7>ﬂﬂ+ﬁza/2
$3(z) =
0, otherwise
is a UMPU size « test.
Due to Theorem 9.2.2, we only have to consider functions of sufficient statistics T'(X) = X.
2

Let 72 = "7

To be unbiased and of size «, a test ¢ must have

Q) / $(t) fo (t)dt = @, and

dt =0, i.e., we have a minimum at pg.
1=Ho

) 4 [ st = [ 60) (5:50)

We want to maximize /qb(t)fﬂ(t)dt, i # po such that conditions (i) and (ii) hold.

We choose an arbitrary p; # po and let
H@) = Fuo(t)

L) = %fm

B=po

f3(t) = fu(?)

We now consider how the conditions on ¢* in Theorem 9.4.4 can be met:

f3(t) > kifi(t) + kafa(t)

< exp(———= (T — > exp(———= (7 — +
Ty P (@ = m)?) 5 OXP(—5 5 (T — po)’)
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— eXP(—W(ﬁU—Ml) ) > eXP(—W(x—MO) )+eXP(—2—T2($—M0) )( = )
1 —
= exp(g5(F ) = @F—m)”) > kit k()
T(pw —po)  pf— pg T — o
<~ exp( p. - 1272 0) > Ky + ko =3 )

Note that the left hand side of this inequality is increasing in T if 1 > po and decreasing in T
if uy < po. Either way, we can choose k; and ke such that the linear function in T crosses the

exponential function in T at the two points
_ o _ o
nr = po — \/ﬁza/% hu = Ko + \/ﬁza/Q'

Obviously, ¢3 satisfies (i). We still need to check that ¢3 satisfies (ii) and that 3y, (x) has a mini-

mum at pg but omit this part from our proof here.

@3 is of the form ¢* in Theorem 9.4.4 and therefore ¢3 is UMP in C. But the trivial test ¢ (z) = «
also satisfies (i) and (ii) above. Therefore, B4, (1) > @ Vp 7# po. This means that ¢3 is unbiased.

Overall, ¢3 is a UMPU test of size a. [
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Definition 9.4.5:
A test ¢ is said to be a—similar on a subset ©* of © if

Bs(0) = Ey(p(X)) = a VO € OF.

A test ¢ is said to be similar on ©* C O if it is a—similar on ©* for some a, 0 < a < 1. [
Note:
The trivial test ¢(z) = « is a-similar on every 0* C 0. ]

Theorem 9.4.6:
Let ¢ be an unbiased test of size o for Hy : 0 € ©g vs Hy : 6 € Oy such that §4(0) is a continuous
function in . Then ¢ is o—similar on the boundary A = ©3N 01, where O and ©; are the closures

of Oy and Oy, respectively.

Proof:
Let 6 € A. There exist sequences {0, } and {6} whith 6,, € Oy and 6], € ©1 such that Jim 6, =6

and lim 0], = 6.
n— 00

By continuity, £(0n) — B85(6) and 54 (0;,) — B,(0).
Since B4(0n) < « implies 4(f) < « and since §4(6;,) > « implies B4(#) > « it must hold that
Bs(0) = o VO € A. |

Definition 9.4.7:
A test ¢ that is UMP among all a-similar tests on the boundary A = ©¢ N O is called a UMP

a—similar test. m

Theorem 9.4.8:
Suppose (34(0) is continuous in 6 for all tests ¢ of Hy: § € Og vs Hy : 0 € O;. If a size « test of
Hy vs Hy is UMP a-similar, then it is UMP unbiased.

Proof:
Let ¢ be UMP a—similar and of size . This means that Ey(¢(X)) < a V0 € ©y.

Since the trivial test ¢(z) = o is a—similar, it must hold for ¢y that B4, (0) > a VO € O since ¢y
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is UMP a-similiar. This implies that ¢q is unbiased.

Since (34(#) is continuous in @, we see from Theorem 9.4.6 that the class of unbiased tests is a

subclass of the class of a—similar tests. Since ¢g is UMP in the larger class, it is also UMP in the

subclass. Thus, ¢¢ is UMPU. [ |
Note:
The continuity of the power function 34(#) cannot always be checked easily. [
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Example 9.4.9:
Let Xq,...,X, ~ N(p,1).

Let Hy: pu<0vs Hi: pu>0.

n
Since the family of densities has a MLR in Z X;, we could use Theorem 9.3.5 to find a UMP test.

=1
However, we want to illustate the use of Theorem 9.4.8 here.

R™ 27( i—1

of any test ¢ is continuous in p. Thus, due to Theorem 9.4.6, any unbiased size « test of Hy is

a~similar on A.
We need a UMP test of H): p=0vs Hy: p>0.

By the NP Lemma, a MP test of Hf : =0 vs H{ : = p1, where py > 0 is given by
2 N2
1, if exp (E;l - Z(x; ) > >k

0, otherwise

P(z) =

or equivalently, by Theorem 9.2.2,

1, fT=> X;>k
P(z) = i=1

0, otherwise

Since under Hy, T~ N(0,n), k is determined by o = P,—o(T > k) = P(\/lﬁ > %), Le., k= /nz,.
¢ is independent of pq for every g > 0. So ¢ is UMP «-similar for Hj vs. Hj.

Finally, ¢ is of size «, since for p < 0, it holds that
Eu(‘ﬁ(z)) = PM(T > \/Eza)

T —
n'u>za_\/ﬁ:u)

:p(\/ﬁ
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—~
*
~

< P(Z > z,)

«

(*) holds since T2 ~ N(0,1) for u < 0 and zo — /1o > 24 for i < 0.

vn
Thus all the requirements are met for Theorem 9.4.8, i.e., 84 is continuous and ¢ is UMP a—similar
and of size «, and thus ¢ is UMPU. ]

Note:

Rohatgi, page 428-430, lists Theorems (without proofs), stating that for Normal data, one— and
two—tailed tests, one— and two-tailed ¢-tests, one— and two-tailed x?—tests, and two-tailed F-tests
are all UMPU. [ |

Note:

Recall from Definition 8.2.4 that a class of distributions is invariant under a group G of transfor-
mations, if for each g € G and for each # € © there exists a unique " € © such that if X ~ P,
then g(X) ~ Py. ]

Definition 9.4.10:

A group G of transformations on X leaves a hypothesis testing problem invariant if G leaves both
{Py : 0 € Oy} and {Py : 0 € Oy} invariant, i.e., if y = g(z) ~ hg(y), then {fy(z) : 0 € Og} =
{hg(y) : 0 € ©g} and {fp(z) : 0 € ©1} = {ho(y) : 0 € O1}. [ ]

Note:

We want two types of invariance for our tests:

Measurement Invariance: If y = g(z) is a 1-to-1 mapping, the decision based on y should be
the same as the decision based on z. If ¢(z) is the test based on z and ¢*(y) is the test based
on y, then it must hold that ¢(z) = ¢*(g(z)) = ¢*(y).

Formal Invariance: If two tests have the same structure, i.e, the same O, the same pdf’s (or
pmf’s), and the same hypotheses, then we should use the same test in both problems. So, if
the transformed problem in terms of y has the same formal structure as that of the problem
in terms of z, we must have that ¢*(y) = ¢(z) = ¢*(9(z)).

We can combine these two requirements in the following definition: |

80



Definition 9.4.11:

An invariant test with respect to a group G of tansformations is any test ¢ such that

d(z) = ¢p(g9(z)) Vz Vg€ G.

Example 9.4.12:
Let X ~ Bin(n,p). Let Hy: p = % vs. Hi: p# %

Let G = {g1,92}, where g1 (z) =n — z and g2(z) = z.
If ¢ is invariant, then ¢(z) = ¢(n —x). Is the test problem invariant? For g9, the answer is obvious.

For ¢,, we get:
g1(X)=n—X ~ Bin(n,1 —p)

Hy: p=3%:{fp(z) :p=3}={hp(g1(z)) : p= 5} = Bin(n, }

Hi: p# (o) 9 # 50 = Uyl (@) :p # 5)

~~ ~~

=Bin(n,p#3) =Bin(n,p#3)
So all the requirements are met. If, for example, n = 10, the test

1, ifzr=0,1,2,8,9,10
p(z) =

0, otherwise

is invariant. For example, ¢(4) = 0 = ¢(10 — 4) = ¢(6), and, in general, ¢(z) = ¢(10 — x) Vz €
{0,1,...,9,10}. n

Example 9.4.13:
Let Xi,...,X, ~ N(u,0?%) where both 4 and 02 > 0 are unknown. It is X ~ N(,u,%z) and
RU—EISZ ~ x2_; and X and S? independent.

Let Hy: p<0vs. H: u>0.
Let G be the group of scale changes:

g= {QC(Ta 82),0 >0: gc(f, 32) = (Cf, 0282)}

The problem is invariant because, when g¢.(Z, s%) = (%, ¢?s?), then

(i) ¢X and c2S? are independent.

2

€Y e {N(n, )}

sy nel 202 2
(iii) &5c°S% ~ xn_1-

(ii) X ~ N(cp,
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So, this is the same family of distributions and Definition 9.4.10 holds because p < 0 implies that
cu <0 (for ¢ > 0).

An invariant test satisfies ¢(%, s?) = ¢(cz, c?s?), ¢ > 0,52 > 0,7 € IR.
Let ¢ = % Then $(Z, s*) = ¢(Z,1) so invariant tests depend on (Z, s?) only through Z.

If % f—;, then there exists no ¢ > 0 such that (Zo,s3) = (cT1,c%s?). So invariance places no

restrictions on ¢ for different % = f—; Thus, invariant tests are exactly those that depend only on
%, which are equivalent to tests that are based only on ¢t = S/L\/ﬁ Since this mapping is 1-to—1,

the invariant test will use T' = % ~ t,_1 if g = 0. Note that this test does not depend on the

nuisance parameter o2. Invariance often produces such results. [ |
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Definition 9.4.14:

Let G be a group of transformations on the space of X. We say a statistic 7'(z) is maximal

invariant under G if

(i) T is invariant, i.e., T'(z) = T(g(z)) Vg € G, and

(ii) T is maximal, i.e., T(z;) = T'(z,) implies that z; = g(z,) for some g € G.

|
Example 9.4.15:
Let z = (z1,...,2pn) and g.(z) = (1 + ¢, ..., Tn + €).
Consider T'(z) = (zp, — T1,Zn — T2y -+, T — Tp—1)-
It is T(gc.(z)) = (£n — 21, % — X2y - ., Ty — Tp—1) = T'(z), so T is invariant.
I T(z)=T(z'), then z, —z; =2}, — 2} Vi=1,2,...,n—1
This implies that z; — 2, = x, — z, = ¢. Thus, g.(2') = (¢} +¢,..., 2}, +¢) =z
Therefore, T' is maximal invariant. [ |

Definition 9.4.16:
Let I, be the class of all invariant tests of size &« of Hy: 6 € ©g vs. Hy : 0 € ©4. If there exists a
UMP member in I, it is called the UMP invariant test of Hy vs H;. [ |

Theorem 9.4.17:
Let T'(xz) be maximal invariant with respect to G. A test ¢ is invariant under G iff ¢ is a function
of T

Proof:

="

Let ¢ be invariant under G. If T'(z;) = T'(z,), then there exists a ¢ € G such that z; = g(z,).
Thus, it follows from invariance that ¢(z,) = ¢(g(z2)) = ¢(z5). Since ¢ is the same whenever
T(z,) = T(zy), » must be a function of T'.
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Let ¢ be a function of T', i.e., ¢(z) = h(T'(z)). It follows that

This means that ¢ is invariant. [ |

Example 9.4.18:
Consider the test problem

Hy : XNfO(a:l_ga"'axn_o) vs. Hy: XNfl(a:l_ga"'aa:n_o)a
where 0 € IR.
Let G be the group of transformations with
ge(z) = (r1+ ¢ ...,z + ),

where ¢ € IR and n > 2.

As shown in Example 9.4.15, a maximal invariant statistic is T(X) = (X; — X, ..., Xpo1 — Xp) =
(Ty,...,Ty—1). Due to Theorem 9.4.17, an invariant test ¢ depends on X only through 7.

Since the transformation

T X, - X,
() |
Z Tn—l Xn—l Xn
Z X,

is 1-to-1, there exists inverses X,, = Z and X; =T; + X,, =T, + Z Vi=1,...,n— 1. Applying
Theorem 4.3.5 and integrating out the last component Z (= X,,) gives us the joint pdf of T =
(Th, ..., Tph—1).

oo
Thus, under H;,7 = 0, 1, the joint pdf of T is given by / filti+z,ta+2,...,tn_1 + 2, 2)dz which
— 00
is independent of . The problem is thus reduced to testing a simple hypothesis against a simple
alternative. By the NP Lemma (Theorem 9.2.1), the MP test is

1, ifA(t) >c
oo tn1) = -
Pl 1) {Q if A(t) < ¢
o
/ filti+ 2z, b2+ 2, tn1 + 2,2)d2
where t = (¢1,...,t,—1) and A(t) = == .
/ folti + 2,82+ 2, tn1 + 2,2)d2
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In the homework assignment, we use this result to construct a UMP invariant test of
Hy: X ~N(0,1) vs. H: X ~ Cauchy(1,0),

where a Cauchy(1, #) distribution has pdf f(z;6) = %m, where 0 € IR.
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10 More on Hypothesis Testing

10.1 Likelihood Ratio Tests

Definition 10.1.1:
The likelihood ratio test statistic for

Hy: 0€6©yvs. H: 00, =0 -0,

is
sup fo(z)
€0y

sup fo(z)
0o

The likelihood ratio test (LRT) is the test function

Az)

P(z) = I,y (A(2)),

for some constant ¢ € [0, 1], where ¢ is usually chosen in such a way to make ¢ a test of size . ™

Note:

(i) We have to select ¢ such that 0 < ¢ <1 since 0 < A(z) < 1.

(ii) LRT’s are strongly related to MLE’s. If 6 is the unrestricted MLE of 6 over © and 6 is the

MLE of 0 over ©g, then A\(z) = —J;féo(%)-

Example 10.1.2:
Let X1,...,X, be a sample from N(u,1). We want to construct a LRT for

Hy: p=povs. Hy: p# po.
It is jig = po and i = X. Thus,

AMz) = (2m) "2 exp(—3 (2 — po)?)
7 (@2m) 2 exp(—% Y (3 — T)?)

= exp(—5 (7 — m)?).
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The LRT rejects Hy if A(z) < ¢, or equivalently, | T — p |> 4/ —21355—0. This means, the LRT rejects
Hy: p=po if T is too far from pyg. [

Theorem 10.1.3:

If T(X) is sufficient for & and A*(¢) and A(z) are LRT statistics based on T" and X respectively,
then

AN(T(z)) = Mz) Vaz,
i.e., the LRT can be expressed as a function of every sufficient statistic for 6.

Proof:
Since T is sufficient, it follows from Theorem 8.3.5 that its pdf (or pdf) factorizes as fy(z) =
go(T)h(z). Therefore we get:

sup fp(z)
A(x) _ JS(SH)

sup fo(z)
06

sup go(T)h(z)
[ASICN)

sup go(T')h(z)
6cO

sup go(T)
[ASCH)

sup go(T')
6coO

= A (T(2))

Thus, our simplified expression for A(z) indeed only depends on a sufficient statistic T'. [

Theorem 10.1.4:

If for a given a, 0 < o < 1, and for a simple hypothesis Hy and a simple alternative H; a non-

randomized test based on the NP Lemma and LRT’s exist, then these tests are equivalent. [ |

Note:

Usually, LRT’s perform well since they are often UMP or UMPU size « tests. However, this does
not always hold. Rohatgi, Example 4, page 440-441, cites an example where the LRT is not unbi-
ased and it is even worse than the trivial test ¢(z) = a. ]
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Theorem 10.1.5:
Under some regularity conditions on fy(z), the rv —2log A(X) under Hj has asymptotically a chi—

squared distribution with v degrees of freedom, where v equals the difference between the number

of independent parameters in © and Oy, i.e.,

—2log M(X) LN x> under H.

Note:

The regularity conditions required for Theorem 10.1.5 are basically the same as for Theorem 8.7.10.

Under “independent” parameters we understand parameters that are unspecified, i.e., free to vary.
|

Example 10.1.6:
Let X1,..., X, ~ N(u,0?) where p € IR and 02 > 0 are both unknown.

Let Hy: p=povs. Hy: p# pyp.
We have 0 = (u,0?), © = {(p,0?) : p € R,0? >0} and Oy = {(po,0?) : o > 0}.

n n
It is O = (10, L Y (xi — po)?) and 6 = (7,2 3 (z; — 7)?).
i=1 1=1
Now, the LR test statistic A(z) can be determined:
i (z
) = fa®
fs(2)

v _ 2 (@i=®)?
(%)%(E(mi*fp)% xp < 21 E(xiﬁp)
(i — po)?

_ S x? — nz? 2
A\ X2 - 2up Yz + npd — nT? + nT?

2

1
1+ ( %21%22)

Note that this is a decreasing function of
t(X) — \/E(Y_N’U) — \/E(Y_MO)
5 (X - X)? 5

~ tn_1.
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So we reject Hy if ¢(z) is large. Now,

n T — 2
~2logA(z) = —2(-3)log (1 —l—n%)
Z — )2
= nlog <1 + n%)

~ Y2
Under H,, M ~ N(0,1) and E()flfiZX) ~ x2_, and both are independent.

Therefore, under H,

)
.
g L (X — X)?

Thus, the mgf of —2log A\(X') under Hj is

Mn(t) = Emy(exp(—2tlog A(X)))

= FEp,(exp(ntlog(l + %)))

= FEp,(exp(log(l + %)nt))

Note that

(%) 1 f\®
Finot () = 2 (14 L) T o ()
is the pdf of a Fy ,_; distribution.
-1
Let y = (1+34) , then ;L = =¥ and df = —25ldy,

Thus,

_ r(3) 1 (i, F N
o= r("-1>r(%><n—1>%/o ﬂ<1+n—1> "

_ F(%) n — % ! "T_ant _ 7%
p e AR G
_ (%) n—1 1

BRI Y
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_ L(5) (%3 —nt)l(3)
L(2F)0(z) (5 —nt)

_ LB T3 —nt) 11

ST TR S2

As n — oo, we can apply Stirling’s formula which states that

D(a(n) +1) & (@(n))! & v2r(a(n) ™3 exp(-a(n)).

So,
n_oyn=Ll n n(1—92¢)—3 \ n(1=2t)—2 n(1—2t)—
My~ YERUE)T exp(otg)Vam(E) " T exp(-
n ~ n—: " on_o n(l-2t)—1 —on
Var(254) "5 exp(—252) Var(M2) TEE exp(- 2002
n—2 1 n(l—2t)—2 1
B (n—2> 2 <n—2>2<n(1—2t)—3> 2 <n(1—2t)—2> 2
 \n-3 2 n(l —2t) —2 2
1 1 1
1 2 1 2 n—2 2
— 14— yn2 10— n(12t)2> < >
K(+n—3) )J« ni—2)—2 n(l—21) —2
— e as nooo e % as nooo *)(172t)7% as n—oo
Thus,
1
M, (t) — ———— as n — oc.
(1—2t)2

Note that this is the mgf of a x? distribution. Therefore,

—2log A(X) -5 2.
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10.2 Parametric Chi—-Squared Tests

Definition 10.2.1: Normal Variance Tests

Let X1,..., X, be a sample from a N(y,0?) distribution where ; may be known or unknown and

o2 > 0 is unknown. The following table summarizes the y? tests that are typically being used:

Reject Hy at level « if

Hy Hy i known 1 unknown
2
2 2.2 2« 90 .2
I |o0>00 0<op Y(zi—n) <o5Xni-a 5° < TN Xn—151-a
2
2 2.2 2 9 2
IT |o<o09 0>09 2 (@i — ) 2 05Xnia 7 2 75 Xn-1;a

IIT|o=09 o#00 (v~ /1')2 < U[%Xi;l_a/z s? < mXi_1;1_a/2

2 2.2 2 0 2
or E($l - N) > UOXn;a/Q or s > n_fOTXn—l;a/2

Note:

(i) In Definition 10.2.1, oy is any fixed positive constant.
(ii) Tests I and II are UMPU if p is unknown and UMP if 4 is known.

(iii) In test ITI, the constants have been chosen in such a way to give equal probability to each

tail. This is the usual approach. However, this may result in a biased test.

(iv) We can also use x? tests to test for equality of binomial probabilities as shown in the next

few Theorems.

Theorem 10.2.2:
Let X1,..., X\ be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. Then it holds that

k X; — P 2
i n;p; d )
: 1( nipi(l—pi)>

as ni,...,ng — 0.
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Proof:

Homework []

Corollary 10.2.3:
Let Xi,..., X, be as in Theorem 10.2.2 above. We want to test the hypothesis that Hy : p; =

p2 = ... =pp = p, where p is a known constant. An appoximate level-« test rejects Hy if
k 2
Li — P 2
y= | 2 Xk
; < nip(1l — p)) ¢
|
Theorem 10.2.4:
Let X1,..., X\ be independent rv’s with X; ~ Bin(n;,p),s =1,...,k. Then the MLE of p is
k
>
. =1
> mi
i=1
Proof:
This can be shown by using the joint likelihood function or by the fact that > X; ~ Bin(}_ n;,p)
and for X ~ Bin(n,p), the MLE is p = . [

Theorem 10.2.5:
Let Xi,..., X, be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. An approximate level-«

test of Hy: p1 =p2 = ... = p = p, where p is unknown, rejects Hy if
k Ti — NP ?
1 1 2
y= ———=] 2 Xk—1;
2-2::1 ( nip(1 —p)> v
where p = %zl [

Theorem 10.2.6:

k k
Let (X1,..., X)) be a multinomial rv with parameters n, p1, po, . .., pr, where Zpi =1land Z X, =

i=1 i=1
n. Then it holds that

k 2
(Xi —npi))® d. o
Uk 2271 - — = X1
i=1 i

as n — oQ.
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An approximate level-a test of Hy : p1 = p},p2 =pbh,...,pr = p}, rejects Hy if

k \2

(z; — np;) 2
271 ! > Xk—1;a-
=1 )

Proof:
Case k = 2 only:

(X1 — np1)? n (X2 — np2)?

U, =
npi1 np2
_ K (= X —n(l = py)”
np1 n(1—p1)
1 1
= (X; —np1)? <— + 7>
(%1 = np) npr - n(l—pi1)
1—p1) +P1>
— (X —np)? <(7
(%1 =np1) np1(l —p1)
_ (X1 —npy)?
np1(1l —p1)
By the CLT, —2L=1PL_ N N(0,1). Therefore, U, N X3 [ ]

np1(1-p1)

Theorem 10.2.7:

Let X1,..., X, be a sample from X. Let Hy: X ~ F, where the functional form of F' is known
completely. We partition the real line into k disjoint Borel sets Ay, ..., Ay and let P(X € A;) = p;,
where p; >0 Vi=1,...,k.

n
Let Yj = #X/sin A; =Y I, (Xi), Vi=1,... k.
i=1
Then, (Y1,...,Y%) has multinomial distribution with parameters n,p1,po, ..., pk. [

Theorem 10.2.8:

Let X1,...,X, be a sample from X. Let Hy : X ~ Fy, where § = (0y,...,6,) is unknown.
Let the MLE 6 exist. We partition the real line into k disjoint Borel sets Aq,..., Ax and let
Py(X € A;) = p;, where p; >0 Vi=1,... k.

n
Let Yj = #X/sin A; =Y I4,(Xi), Vi=1,...,k
=1

Then it holds that .
Y, —np;)? 4
Vk — Z M — Xz—r—l'

~

=1 P
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An approximate level-« test of Hy : X ~ Fp rejects Hy if

k '_nAz‘Q
Z(yz Pi)

2
~ > Xk—r—1;a
i=1 i 7

where r is the number of parameters in 6 that have to be estimated.
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10.3 {—Tests and F—Tests

Definition 10.3.1: One— and Two—Tailed ¢-Tests

Let X1,...,X, be a sample from a N(u,o?) distribution where o> > 0 may be known or unknown
n n

and p is unknown. Let X = %ZX, and S? = ﬁ 2:(XZ - X)2
i=1 i=1

The following table summarizes the z— and t-tests that are typically being used:

Reject Hy at level « if

Hy H; o2 known o2 unknown

I w0 p> o YZNO"F%ZQ XZMO‘i‘ﬁtnfl;a
IT {p>po p<po X<pot+FZrma X <po+ Zotnoii-a

HI|p=po p#po | X —mol> Fzap | X —mol2 FEtra

Note:

(i) In Definition 10.3.1, y is any fixed constant.
(ii) These tests are based on just one sample and are often called one sample t—tests.

(iii) Tests I and IT are UMP and test III is UMPU if 02 is known. Tests I, II, and III are UMPU

and UMP invariant if o2 is unknown.

(iv) For large n (> 30), we can use z-tables instead of t-tables. Also, for large n we can drop the
Normality assumption due to the CLT. However, for small n, none of these simplifications is
justified.

Definition 10.3.2: Two—Sample ¢-Tests

Let X1,..., X, be a sample from a N (u1,0?) distribution where 0?7 > 0 may be known or unknown

and j is unknown. Let Y7,...,Y, be a sample from a N(ug,02) distribution where o2 > 0 may

be known or unknown and 9 is unknown.
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=1

n
Let Y =137V and 53 = 5
i=1
(m—1)Si+(n—1)532
m+n—2 .

LetYZ%ZXZ- and S? = Z
20"

Let Sg =

The following table summarizes the z— and t—tests that are typically being used:

Reject Hy at level « if

Hy Hy 02,03 known 02,02 unknown, oy = oy
— — 2 2 — —
I :U'I_N’ZS(S Nl_ﬂ’2>5 X_YZ(s_’_Za U_l"i'% X_Y25+tm+n72;asp %""%
ol L0 ¥ L1
mtw X- Vi ta

IT |1 —p2>8 pr—pe<d X—-Y <d+21_4
Y —

2 J—
6|2Za/2\/%+% |X

?§5+tm+n 2;1— aSp
Y —

IIT |y —pe =0 g —pe #0 | X — 81> tign-250/250\ 7 + &

Note:

(i) In Definition 10.3.2, ¢ is any fixed constant.
(ii) All tests are UMPU and UMP invariant.

(iii) If 0? = 03 = 0? (which is unknown), then S’; is an unbiased estimate of 02. We should check

that 07 = 03 with an F-test.

(iv) For large m + n, we can use z—tables instead of t¢-tables. Also, for large m and large n we
can drop the Normality assumption due to the CLT. However, for small m or small n, none

of these simplifications is justified.

Definition 10.3.3: Paired ¢-Tests
Let (X1,Y1) ..., (Xn, Yn) be a sample from a bivariate N(uq, po, 0%, 03, p) distribution where all 5

parameters are unknown.

Let D; = X; — Y; ~ N(py — p2, 01 4 03 — 2po102).
n n

Let D=21%"D;and §3 = -1 > (D; — D)%
i=1 i=1

The following table summarizes the t—tests that are typically being used:
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Hy H; Reject Hy at level « if

I \pp—p2<d pr—p2>0 3254_%757171;(1

IT | —pe >0 i —pe <9 Egé‘i‘%tn—l;l—a

IIT |y —p2 =06 p1—po#0 |§_6|Z%tnfl;a/2

Note:

(i) In Definition 10.3.3, ¢ is any fixed constant.

(ii) These tests are special cases of one-sample tests. All the properties stated in the Note
following Definition 10.3.1 hold.

(iii) We could do a test based on Normality assumptions if 02 = 07 + 02 — 2po,09 were known,

but that is a very unrealistic assumption.

|
Definition 10.3.4: F—Tests
Let X1,...,X,, be a sample from a N(u1,0?) distribution where y; may be known or unknown
and o? is unknown. Let Y7,...,Y, be a sample from a N(uso,03) distribution where po may be

known or unknown and o3 is unknown.

Recall that

Y (X - X)? Y (Yi-Y)
=1 ~ X2 =1 ~ X2
O’% m—1> U% n—1»
and
m R—
> (X - X)?
=1 2 @2
(m-1)o} 03 57
=9 a2 ~lm-1n-1.
zn:(y o _)2 0—% 822 " "
1
=1
(n—1)o3

The following table summarizes the F—tests that are typically being used:
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Reject Hy at level « if
Hy H; 141, o known 141, 2 unknown
T 2
2 2 2 2 w 53
I |oi <05 of>o0; %ﬁ 2 Fona 52 > Fon1n L
n
1 2
2 2 2 2 =2 (Yi—pa)® S3
II | oy > 05 of <03 L% Xi—p1)? = Fomia 52 > Py tm—ta
™ / i Hl
1 2
2_ 2 2 2 w2 (Xi— Ml s
IIT | of =05 of # 03 EE(Yz 5 2 Finsa/2 S—;g > Fy in 1002
n
L3 (Vi—p2) S2
ni Z2
or i Z(Xl )2 > Fn ,m;a/2 or 5% > anl,mfl;a/Q

Note:
(i) Tests I and IT are UMPU and UMP invariant if p; and po are unknown.

(ii) Test III uses equal tails and therefore may not be unbiased.

(iii) If an F—test (at level a;) and a t—test (at level ay) are both performed, the combined test

has level « =1 — (1 — a1)(1 — a2) > maz(ai, a2) (= a1 + as if both are small).
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10.4 Bayes and Minimax Tests

Hypothesis testing may be conducted in a decision-theoretic framework. Here our action space A

consists of two options: ag = fail to reject Hy and a; = reject Hy.

Usually, we assume no loss for a correct decision. Thus, our loss function looks like:

( ) 0, if 0 € O
L 9,&0 =
a®), if6e e,

b(6), if6 €O
L(oaal) =
0, iffe®o,

We consider the following special cases:

0—1 loss: a(f) = b(A) =1, i.e., all errors are equally bad.

Generalized 0-1 loss: a(f) = ¢;7, b(0) = ¢y, i.e., all Type I errors are equally bad and all Type

II errors are equally bad and Type I errors are worse than Type II errors or vice versa.

Then, the risk function can be written as

R(0,d(X)) = L(0,a0)Pp(d(X) = ag) + L(0,a1) Py (d(X) = a1)
- { a(0)Py(d(X) = ag), iffe O
| W) PyAX) = a1), 0 €O

The minimax rule minimizes

masc{a(0) Py(d(X) = ap), b(O)Py(d(X) = ar)}.
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Theorem 10.4.1:

The minimax rule d for testing

H(): 0:00VS. H1: 9:91

under the generalized 0-1 loss function rejects Hy if

fal(i) >k

fao(i) 7

where k is chosen such that

R(6o,d(X)) = R(61,d(X))

= Py (dX)=a0) = erPy(d(X) = a)
fﬂl(l) _ fal(l)
= by (fao(1)<k> = fo <f00(1)2k>'

Proof:

Let d* be any other rule.
o If R(0y,d) < R(0y,d*), then
R(6y,d) = R(61,d) < max{R(0y,d"), R(61,d")}.
So, d* is not minimax.
o If R(6y,d) > R(6y,d*), then
P(reject Hy | Hy true) = Py (d = a1) > Py, (d* = ay).
By the NP Lemma, the rule d is MP of its size. Thus,
Py (d=a1) > Py, (d* =a1) < Py (d=ag) < Py (d*=ap)
= R(01,d) < R(0y,d¥)
= max{R(6y,d), R(61,d)} = R(61,d) < R(61,d") < max{R(0y,d"), R(01,d")} Vd*

=—> d is minimax
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Example 10.4.2:
Let Xi,...,X, beiid N(u,1). Let Hy: p=po vs. Hy: = py > po.
)

fo, (@
As we have seen before, fg(l)@)

> k1 is equivalent to T > k.
Therefore, we choose ko such that
C[[P#1 (7 < k‘g) = CIPMO (y > kg)
= cn®(Vnlks —m)) = cr(l—@(nlk2 — po))),

where ®(z) = P(Z < z) for Z ~ N(0,1).

Given ¢y, ¢y, o, p41, and n, we can solve (numerically) for ks using Normal tables. [ |

Note:
Now suppose we have a prior distribution 7(f) on ©. Then the Bayes risk of a decision rule d

(under the loss function introduced before) is
R(m,d) = EpR(6,d(X))
_ / R(6, d)r(6)d0
(€]

= [ pO)T(O)Py(d(X) = an)dd + | a(O)n(6)Py(d(X) = ao)df

if 7 is a pdf.

The Bayes risk for a pmf 7 looks similar (see Rohatgi, page 461). [ ]

Theorem 10.4.3:
The Bayes rule for testing Hy : 0 = 0y vs. Hy; : 6 = 0; under the prior w(6y) = mp and

7(01) = m =1 — my and the generalized 0-1 loss function is to reject Hy if

fel(ﬁ) S CI7o
fo,(z) — crrm

Proof:

We wish to minimize

R(m,d) = Ex(R(0,d)) = E-(Ep(L(0,d) | X)).

Therefore, it is sufficient to minimize Fy(L(0,d) | X).
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The a posteriori distribution of @ is

> 7(0) fo(x)
0
70 fo, () _
_ mofoq(z)+m1fo, (2)° 0 =10
o 71 fo, (z) _
Wofoo(E)Jrlﬂlfel@)’ 0 =6,
Therefore,
(cih(By | z), if0=0,d(z)=a;
C]]h(01 | g), if 0 = 91,d(g) = ag
Ep(L(0,d(z)) | X =1x)=
0, if 6 = eg,d(i) = ap
\ 0, if0:91,d(g) = a1

This will be minimized if we reject Hy, i.e., d(z) = a1, when cfh(6y | z) < crrh(6 | z)

= crmofo,(z) < crrmifo, (z)

fo (l) Crmo
= fe(l)(&) = CIIIWI

Note:

For minimax rules and Bayes rules, the significance level « is no longer predetermined.
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Example 10.4.4:
Let X1,...,X, beiid N(u,1). Let Hy: p=po vs. Hy: p=p1 > po. Let cf = cpy.

By Theorem 10.4.3, the Bayes rule d rejects Hy if

fou (i; > 0

fgo( 1—- 0
2 N2
—  exp _E(xz /1'1) + E(wz /1'0) > o
2 2 1— 0
n(ug — pi) o
e — . v v 7
exp ((m Ho) DT+ = = g

= (m—uo)zxﬁw > In(—")

2 - 1—my
1 1 In(72%
. _chi > = (1 w0)+M0+M1
n 1 — o 2
If mg = %, then we reject Hy if T > % [
Note:
We can generalize Theorem 10.4.3 to the case of classifying among k options 61, ...,0;. If we use

the 0-1 loss function
1, ifd(X) =6 Vj#i
0, ifdX)=¢;

then the Bayes rule is to pick 6; if

mifo, () > mjfo, (x) Vi F# i

Example 10.4.5:
Let X1,...,X, beiid N(p,1). Let p1 < po < pg and let m = mp = 7.

Choose pu = p; if

— )2 02
7; €Xp (_M> > 1 exp (_M» j#i5=123.
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Similar to Example 10.4.4, these conditions can be transformed as follows:

(i — 1) (pi + 1)
2

In our particular example, we get the following decision rules:
(i) Choose py if 7 < MLFH2 (and 7 < H1342),

(ii) Choose p2 if T > “1‘2“‘2 and T < ‘”T‘H“

(iii) Choose pg if T > £25M8 (and 7 > KL7A2),

Note that in (i) and (iii) the condition in parentheses automatically holds when the other condition
holds.

If iy =0, po =2, and pu3 = 4, we have the decision rules:
(i) Choose p if 7 < 1.
(ii) Choose pg if 1 < T < 3.

(iii) Choose pus if T > 3.

We do not have to worry how to handle the boundary since the probability that the rv will realize

on any of the two boundary points is 0. [ |
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11 Confidence Estimation

11.1 Fundamental Notions

Let X be a rv and a, b be fixed positive numbers, ¢ < b. Then

Pla<X <b) = Pla<X and X <)

X

= P(a<Xand€<1)
X

= P(a<XandaT<a)

X
= P(GT <a<X)
The interval I(X) = (%X, X) is an example of a random interval. I(X) contains the value a with

a certain fixed probability.

For example, if X ~ U(0,1),a = i, and b = %, then the interval I(X) = (%,X) contains i with

probability % .

Definition 11.1.1:

Let P,0 € © C IR, be a set of probability distributions of a rv X. A family of subsets S(z) of
©, where S(z) depends on z but not on 0, is called a family of random sets. In particular, if
6 € © C IR and S(z) is an interval (6(z),0(z)) where §(z) and 0(z) depend on z but not on 6,

we call S(X) a random interval, with §(X) and 6(X) as lower and upper bounds, respectively.
A(X) may be —oco and 6(X) may be +oo. ]

Note:
Frequently in inference, we are not interested in estimating a parameter or testing a hypothesis
about it. Instead, we are interested in establishing a lower or upper bound (or both) for one or

multiple parameters. u

Definition 11.1.2:
A family of subsets S(z) of © C IRF is called a family of confidence sets at confidence level
l—aif

Py(S(X)280)>1—a V€O,

where 0 < a < 1 is usually small.

The quantity
inf Py(S(X)  6)
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is called the confidence coefficient. []

Definition 11.1.3:

For k = 1, we use the following names for some of the confidence sets defined in Definition 11.1.2:

(i) If S(z) = (6(z), 00), then O(z) is called a level 1 — o lower confidence bound.
(ii) If S(z) = (—00,0(z)), then O(z) is called a level 1 — o upper confidence bound.

(iii) S(z) = (8(z),0(z)) is called a level 1 — o confidence interval (CI).

Definition 11.1.4:

A family of 1 — « level confidence sets {S(z)} is called uniformly most accurate (UMA) if
Py(S(X)>30) < Py(S'(X)30) V0,0 €O

and for any 1 — « level family of confidence sets S'(X). ]
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Theorem 11.1.5:
Let Xi,..., X, ~ Fy, 6 € O, where © is an interval on IR. Let T(X,0) be a function on R" x ©

such that for each 0, T'(X,0) is a statistic, and as a function of #, T is strictly monotone (either

increasing or decreasing) in 6 at every value of x € IR".

Let A C IR be the range of T' and let the equation A = T'(z,6) be solvable for # for every A € A
and every z € IR".

If the distribution of T'(X, 6) is independent of 6, then we can construct a confidence interval for 6

at any level.

Proof:
Choose « such that 0 < o < 1. Then we can choose A\ (a) < A2(a) (which may not necessarily be
unique) such that

Pg()\l(a) < T(K, 9) < )\2(04)) >1—ao V6.

Since the distribution of T'(X, 6) is independent of 6, A («) and A2(c) also do not depend on 6.

If T(X,0) is increasing in 6, solve the equations A\ () = T'(X,0) for 8(X) and As(«) = T'(X,0) for
0(X).

If T(X,0) is decreasing in 6, solve the equations \;(a) = T'(X,0) for (X) and \o(a) = T(X,6)
for (X).

In either case, it holds that

P0(X)<0<0(X)>1—a V0.

Note:

(i) Solvability is guaranteed if 7" is continuous and strictly monotone as a function of 6.

(ii) If T is not monotone, we can still use this Theorem to get confidence sets that may not be

confidence intervals.
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Example 11.1.6:
Let X1,..., X, ~ N(u,0?), where y and 0 > 0 are both unknown. We seek a 1—« level confidence

interval for p.

Note that

X —p
(X, p) = Sivn "~ tn—1

is independent of ;1 and monotone and decreasing in p.

We choose A («) and Az(«) such that
P(Ai(a) <T(X,p) <) =1 -«

and solve for y which yields

P(X — S%a) <u<X-— Si}%o‘)) =1-a.
Thus,
(X - S);;(;a) X S):;T(_la))
is a 1 — a level CI for 4. We commonly choose Aa(a) = —A1(a) = t,_1,0/2- ]

Example 11.1.7:
Let Xq,...,X, ~U(0,0).

We know that 6 = max(X;)) = Maz,, is the MLE for ¢ and sufficient for 6.

The pdf of Max,, is given by

Then the rv T, = M4 has the pdf
ha(t) = nt™ 1o 1) (t),

which is independent of 6. T;, is monotone and decreasing in 6.

We now have to find numbers A;(«) and Ao(a) such that

PM\(a) <Tp, < X(a) = 1—a
= n/bt"_ldt = 1l—qa
= M-\ = 1l—«
If we choose Ay = 1 and A\; = a!/", then (Maz,, a‘l/"Mamn) isa 1l — «a level CI for 6. [ |
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11.2 Shortest—Length Confidence Intervals

In practice, we usually want not only an interval with coverage probability 1 — « for 8, but if

possible the shortest (most precise) such interval.

Definition 11.2.1:
A rv T(X,0) whose distribution is independent of 6 is called a pivot. [

Note:
The methods we will discuss here can provide the shortest interval based on a given pivot. They

will not guarantee that there is no other pivot with a shorter minimal interval. [ |

Example 11.2.2:

Let X1,...,X, ~ N(u,0?), where 02 is known. The obvious pivot for p is

_X-n
o/

Suppose that (a,b) is an interval such that P(a < Z <b) =1 — «, where Z ~ N(0,1).

T.(X) N(0,1).

A 1 — « level CI based on this pivot is found by

X — _ _
l—a=Pla< “<b):P(X—bin<u<X—ai).

o/ VD Vi

The length of the interval is L = (b — a)%.

To minimize L, we must choose a and b such that b — a is minimal while

b 2
O(b) — ®(a) = \/%/a e~ Tdr=1-q,
where ®(z) = P(Z < z).

To find a minimum, we can differentiate these expressions with respect to a. However, b is not a

constant but is an implicit function of a. Formally, we could write %}f). However, this is usually

db
shortened to L

Here we get p W
—(®(b) - ®(a)) = $(b) 5 — (a) =0

and
o dla)
vilem Y
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The minimum occurs when ¢(a) = ¢(b) which happens when a = b or a = —b. If we select a = b,
then ®(b) — ®(a) = ®(a) — ®(a) =0 # 1 — a. Thus, we must have that b = —a = 2z,/,. Thus, the

shortest CI based on T}, is
_ o —
(X = Zajo—=, X + 242

v )

vn
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Definition 11.2.3:

A pdf f(z) is unimodal iff there exists a z* such that f(x) is nondecreasing for x < z* and f(z)

is nonincreasing for x > z*. |

Theorem 11.2.4:
Let f(z) be a unimodal pdf. If the interval [a, b] satisfies

(iii) @ < z* < b, where z* is a mode of f(z),

then the interval [a,b] is the shortest of all intervals which satisfy condition (i).

Proof:

b
Let [a/, V'] be any interval with &’ —a’ < b — a. We will show that this implies / flx)dxr <1—a,
a

i.e., a contradiction.
We assume that o’ < a. The case a < @' is similar.

e Suppose that b’ < a. Then o’ < b < a < z*. It follows

(s < JO0-d) <<t s @) < 0)
< fla)(' —d) V' <a<a® = f(V) < fla)
< f(a)(b—a) b —a' <b—aand f(a) >0
< /abf(x)dx |f(z) > f(a) fora <z <b
— 1-a by (i)

e Suppose b’ > a. We can immediately exclude that b > b since then ¥’ —a’ > b —a, ie., b —a’
wouldn’t be of shorter length than b — a. Thus, we have to consider the case that o’ < a <V < b.
It holds that

b b a b
; f(x)dx:/a f(x)dx—i—/a, f(z)dz — ; f(z)dz
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Note that /a f(z)dz < f(a)(a —a') and ’ f(z)dz > f(b)(b—1"). Therefore, we get
al b/

[ < s@e-a)-rme-v
— f@((a—d)~ B-V)) since f(a) = £(b)
= F@)( —d) = (- a)
< 0

Thus,
bl
/ flz)dr < a—a.

Note:
Example 11.2.2 is a special case of Theorem 11.2.4.

Example 11.2.5:
Let X1,..., X, ~ N(u,0?), where p is known. The obvious pivot for o is

2
~ Xn-

So

— )2 )2

b a
We wish to minimize )

L=(-—= X; — p)?

DY (X
b
such that / fn(t)dt = 1 — «, where f,(t) is the pdf of a x2 distribution.
We get
db
fn(b)% — fnla) =0

and

= (i) D0 = () T

a?
We obtain a minimum if a? f,,(a) = b2 f,, ().
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Note that in practice equal tails X?y o2 and be,lf o/2 A€ used, which do not result in shortest-length
CI’s. The reason for this selection is simple: When these tests were developed, computers did not
exist that could solve these equations numerically. People in general had to rely on tabulated val-

ues. Manually solving the equation above for each case obviously wasn’t a feasible solution. [ |

Example 11.2.6:
Let X1,...,X, ~ U(0,60). Let Maz, = max X; = X(). Since T, = X% has pdf nt" 1 1(t)

which does not depend on #, T,, can be selected as a our pivot. The density of T, is strictly

increasing for n > 2, so we cannot find constants ¢ and b as in Example 11.2.5.
If Pla < T, <b)=1-aq, then P(Men < g < Mata) — 1 _ ¢,
We wish to minimize L1
L=M - — =
axn(a b)
b
such that / nt" ldt =" —a" =1-a.

a

We get
da da bt
—1 —196 _ _
nb"~" —na” %—0 = oy =
and
dL lda 1 prt 1 a™tt —pntt
= aacn(—?% + ﬁ) = Maxn(—w + ﬁ) = Maxn(W) <0 for0<a<b<l.

Thus, L does not have a local minimum. It is minimized when b = 1, i.e., when b is as large as

possible. The corresponding a is selected as a = al/m.

The shortest 1 — « level CI based on T}, is (Max,,, a_l/"Maxn). [ |
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11.3 Confidence Intervals and Hypothesis Tests

Example 11.3.1:
Let X1,...,X, ~ N(u,02), where 02 > 0 is known. In Example 11.2.2 we have shown that the

interval
_ o — o
(X - Za/?%aX + Za/?%)
isa 1 — « level CI for u.

Suppose we define a test ¢ of Hy : u = o vs. Hy : u # po that rejects Hy iff pg does not fall in

this interval. Then,

— o - o
Py (Type Lerror) = P (X — Za/2% > po) + P (X +Za/2% < o)
X — o
= P, <| s |Zza/2>:a7
vn

i.e., ¢ has size a.

Conversely, if ¢(z, 119) is a family of size a tests of Hy : pn = o, theset {po | ¢(z, o) fails to reject Hy}

is a level 1 — « confidence set for pg. ]

Theorem 11.3.2:
Denote Hy(6y) for Hy : 6 = 6y, and H;(6y) for the alternative. Let A(fp),0y € ©, denote the

acceptance region of a level-« test of Hy(6y). For each possible observation z, define

S(z)=1{6 : =€ A(0),0 € B}.

Then S(z) is a family of 1 — « level confidence sets for 6.

If, moreover, A(6y) is UMP for (v, Hy(6y), H1(0p)), then S(z) minimizes Py(S(X) 3 60') VO € Hy(0')

among all 1 — « level families of confidence sets, i.e., S(z) is UMA.

Proof:
It holds that S(z) 3 0 iff z € A(f). Therefore,

Pp(S(X)30) = P(X € A(0)) 21— a.
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Let S*(X) be any other family of 1 — « level confidence sets. Define A*(0) = {z : S*(z) > 0}.
Then,
Py(X € A%(0)) = Py(S*(X) 50) > 1 —a

Since A(fp) is UMP, it holds that
Py(X € A%(00)) > Py(X € A(0y)) VO € Hi(by).
This implies that

Pg(S*(l) = 00) > Pg(& € A(eg)) = Pg(S(K) > 90) Vo e H1(00)

Example 11.3.3:

Let X be a rv that belongs to a one—parameter exponential family with pdf fy(z) = exp(Q(0)T (z)+
S'(z) + D(0)), where Q(6) is non—decreasing. We consider a test Hy : 6 = 6y vs. Hy : 6 < 0.
The acceptance region of a UMP size « test of Hy has the form A(6y) = {z : T(z) > c(0y)}.

For 6 > 0,
Py(T(X) < c(0") = a= Pp(T(X) < c(9)) < Py (T(X) < c(0))

(since for a UMP test, it holds power > size). Therefore, we can choose ¢(f) as non-decreasing.
A level 1 — o CI for 6 is then

S(z) = {8 + z € AB)} = (—00,c™ (T(x))),
where ¢~ }(T'(z)) = sgp{@ :c(0) <T(x)}. ]

Example 11.3.4:
Let X ~ Ezp(0) with fy(x) = %6731(0 ) (). Then Q(0) = — and T(z) = =.

)

We want to test Hy : 8§ =60y vs. H; : 0 < 0,.

The acceptance region of a UMP size « test of Hy has the form A(6y) = {z : = > ¢(0y)}, where

&(6o) c(fo) 1 _= _c(8p)
Oz:/ fao(fﬂ)dxz/ —e fodr=1—¢e % .
0 0 00

Thus,
IC)) 1
e 0 =1—ag — 0(00) = 90 IOg(l—)
—

Therefore, the UMA family of 1 — « level confidence sets is of the form
S(x) = {0 : z€ A0)}
x

= sy

- lo’ log%)] | .
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Note:
Just as we frequently restrict the class of tests (when UMP tests don’t exist), we can make the

same sorts of restrictions on CI’s. [ ]

Definition 11.3.5:

A family S(z) of confidence sets for parameter @ is said to be unbiased at level 1 — « if

Pg(S(&) 99) >1—a«aand Pgl(S(&) 90) <l—«a V0,0’ € 0.

If S(z) is unbiased and minimizes Py (S(X) > 6) among all unbiased CI’s at level 1 — a, it is called

uniformly most accurate unbiased (UMAU). ]

Theorem 11.3.6:
Let A(fy) be the acceptance region of a UMPU size « test of Hy : 0 =6y vs. H; : 0 # 0y (for
all 6y). Then S(z) ={0 : z € A(#)} is a UMAU family of confidence sets at level 1 — a.

Proof:
Since A(#) is unbiased, it holds that

Py(S(X) 3 60) = Py(X € A6)) < 1 —a

Thus, S is unbiased.

Let S*(z) be any other unbiased family of level 1 — a confidence sets, where
A*(0) ={z : S*(z) > 0}.

It holds that
Pgl(& € A*(Q)) = Pgl(s*(l) > 0) <l-a.

Therefore, A*(0) is the acceptance region of an unbiased size « test. Thus,
Py(SHX)560) =  Pp(X € A%0)
> Py (X € A(9))

= P(S(X)30)
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Theorem 11.3.7:
Let © be an interval on IR and fy be the pdf of X. Let S(X) be a family of 1 — « level CI’s, where
S(X) = (8(X),0(X)), # and @ increasing functions of X, and 6(X) — #(X) is a finite rv.

Then it holds that

Ey(0(X) - 0(X))) = / (0(z) — 0(2)) fo(z)dz = o Py(S(X) > ¢') db'.

Proof:

B 0
It holds that § — 8 = / df'. Thus,
[

BOX) -0X) = [ @@ -0@)id

- / Py(S(X) > 6') b’
R

= Py(S(X) > 0') do’

040
|

Note:
Theorem 11.3.7 says that the expected length of the CI is the probability that S(X) includes the
false 0, averaged over all false values of 6. [

Corollary 11.3.8:
If S(X) is UMAU, then F(f(X) — (X)) is minimized among all unbiased families of CI’s.
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Proof:

%@arﬂanzw#%w@ﬁwqw

but a UMAU CI minimizes this probability for all &’. [ ]

Example 11.3.9:
Let X1,..., X, ~ N(u,0?), where 02 > 0 is known.

By Example 11.2.2, (X — za/Qﬁ,Y + Za/zﬁ) is the shortest 1 — « level CI for p.

By Example 9.4.3, the equivalent test is UMPU. So this interval is UMAU and has shortest ex-
pected length as well. ]

Example 11.3.10:
Let X1,..., X, ~ N(u,0?), where 1 and ¢ > 0 are both unknown.

Note that ( ),5’2
n—1
T(X,0%) = S Tl
Thus,
-1 2 -1 2 -1 2
Pofrn <= Vi g e p, (2D e (DS
02 Ao M

We now define P(y) as
—1)52 —1)52 Ty T,
P, (% <o < %) =P (— <v< —) = P(A1y < Ty < A2y) = P(y),
2 1

12
where v = 7.

If our test is unbiased, then it holds that
Pl)=1—-aand P(y) <1l—a Vy<1.

This implies that we can find Ay, Ay such that P(1) =1 — « and

dP(v)

TEC| = e 00) =g () =0,

7=1

where fr is the pdf that relates to T, i.e., a the pdf of a x2_, distribution. We can solve for

(n—1)8? (n—1)52
A2 ’ A1

A1, Ao numerically. Then,

is an unbiased 1 — « level CI.
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Rohatgi, Theorem 4, page 428, states that the related test is UMPU. Therefore, our CI is UMAU

with shortest expected length among all unbiased intervals.

Note that this CI is different both from the equal-tail CI and from the shortest—length CI, i.e., a

similar observation as in Example 11.2.5. [ |
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11.4 Bayes Confidence Intervals

Definition 11.4.1:
Given a posterior distribution h(6 | z), a level 1 — « credible set (Bayesian confidence set) is any
set A such that

P(0€A|g):/Ah(9|§)d0:l—a.

Example 11.4.2:
Let X ~ Bin(n,p) and 7(p) ~ U(0,1).

In Example 8.8.11, we have shown that

Mo o) = —2EZPTT )

1
Azfﬂ—pW”@7

= Blx+ln—z+1)""p"(1—p)" “Lo1)(p)

I'(n+2)
Fz+DI'(n—z+1)

(L —p)" “Ip1(p)

~ Beta(z + 1,n —z + 1),

where B(a,b) = FF(ZZEE:I;) is the beta function evaluated for a and b.

Using tables for incomplete beta integrals or a numerical approach, we can find A\; and Ay such
that Py,(A1 <p < A2) =1—a. So (A1, A2) is a credible interval for p. ]

Note:

(i) The definitions and interpretations of credible intervals and confidence intervals are quite

different. Therefore, very different intervals may result.

(ii) We can often use Theorem 11.2.4 to find the shortest credible interval.
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12 Nonparametric Inference

12.1 Nonparametric Estimation

Definition 12.1.1:

A statistical method which does not rely on assumptions about the distributional form of a rv

(except, perhaps, that it is absolutely continuous, or purely discrete) is called a nonparametric

or distribution—free method. []

Note:
Unless otherwise specified, we make the following assumptions for the remainder of this chapter: Let
X1,..., X, beiid ~ F, where F is unknown. Let P be the class of all possible distributionsof X. m

Definition 12.1.2:
A statistic T'(X) is sufficient for a family of distributions P if the conditional distibution of X
given T =t is the same for all F' € P. [

Example 12.1.3:
Let Xi,..., X, be absolutely continuous. Let T = (X(j),..., X(y))-

It holds that .

so T is sufficient for the family of absolutely continuous distributions on IR. [ |

Definition 12.1.4:

A family of distributions P is complete if the only unbiased estimate of 0 is the 0 itself, i.e.,

Er(h(X))=0 VF€P = h(z) =0 Va.

Definition 12.1.5:
A statistic T'(X) is complete in relation to P if the class of induced distributions of T is com-

plete. [ |
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Theorem 12.1.6:
The order statistic (X(1),...,X(,)) is a complete sufficient statistic, provided that X,..., X, are

of either (pure) discrete of (pure) continuous type. ]

Definition 12.1.7:
A parameter g(F') is called estimable if it has an unbiased estimate, i.e., there exists a T'(X) such
that

Ep(T(X)) = g(F) VF € P.

Example 12.1.8:
Let P be the class of distributions for which second moments exist. Then X is unbiased for
p(F) = [xdF(z). Thus, pu(F) is estimable. ]

Definition 12.1.9:

The degree m of an estimable parameter g(F') is the smallest sample size for which an unbiased

estimate exists for all F' € P.

An unbiased estimate based on a sample of size m is called a kernel. [ |

Lemma 12.1.10:

There exists a symmetric kernel for every estimable parameter.

Proof:
Let T'(Xy,...,X,,) be a kernel of g(F'). Define

1
TS(Xl,...,Xm):% > T(Xi,,...,Xi ).
all permutations of{1,...,m}
where the summation is over all m! permutations of {1,...,m}.
Clearly T is symmetric and E(Ts) = g(F). ]

Example 12.1.11:

(i) E(X1) = u(F), so u(F) has degree 1 with kernel X;.

(i) E(I(¢,00)(X1)) = Pr(X > ¢), where c is a known constant. So g(F) = Pr(X > c) has degree
1 with kernel I, ooy(X1).

(iii) There exists no T(X;) such that E(T(X1)) = 0(F) = [(z — u(F))?dF (z).
But E(T(X1,X3)) = BE(X? - X1X5) = 02(F). So 0?(F) has degree 2 with kernel X7 — X1 X5.

Note that X22 — X9 X is another kernel.
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(iv) A symmetric kernel for o?(F) is

T,(X1, Xo) = 5((XF = X1X5) + (X3 — X1 X)) = 5 (X1 — Xo)".

1
2
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Definition 12.1.12:
Let g(F) be an estimable parameter of degree m. Let Xi,...,X,, be a sample of size n,n > m.
Given a kernel T'(Xj;,,...,X;, ) of g(F'), we define a U—statistic by

1
UXy,...,X,) = WZTS(XZ-I,...,XW),

where T is defined as in Lemma 12.1.10 and the summation is over all (') combinations from

{1,---,n}. U(X1,...,X,) is symmetric in the X;’s and Er(U(X)) = g(F) for all F. ]

Example 12.1.13:
For estimating p(F') with degree m of u(F) = 1:

U-statistic:

For estimating o?(F) with degree m of o%(F) = 2:

Symmetric kernel:
1 2 .. . .
TS(XilﬂXiz):g(Xil_XiQ) y Ayt =1,...,n,0 7522

U-statistic:

1 1
Utr?(l) = m §(X21_Xi2)2
27 41 <i2
11
= @Z (Xll Xi2)2
2 11#£L2
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Theorem 12.1.14:

(n—2 21

TIIC

21757,2
Z > (X , +X72)
11 d2Fi1
1 n n n
=1 |~V S X2 -2 X3 Xi) 423 X
i1=1 11=1 =1 =1

(n—1) zn: X%]

i2=1

i1=1 i1=1 i1=1

n n "
K , ., 2
2’1’L 'I’L—l [ ZX ZXH 2( — XZI) +2Z§:1:Xz+

n n
an;—zXa]

i9=1 t2=1

ﬁ nZXz'Q_(ZXi)Z]
L =1

=1

Let P be the class of all absolutely continuous or all purely discrete distribution functions on IR.

Any estimable function g(F'), F' € P, has a unique estimate that is unbiased and symmetric in the

observations and has uniformly minimum variance among all unbiased estimates.

,Xpn ~ F € P, with T(Xy,...,X,) an unbiased estimate of g(F').

711' :ﬂ(Xl,,Xn) :T(Xil,XiZ,...,Xin), 1= 1,2,...,%!,

over all possible permutations of {1,...,n}.
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Then Ep(T) = g(F) and

Var(T) = E(TZ)—(E(T))2
_ & (%z’m?]—[g(w
L ti=1
= E iiTT] F)?
1=1j=1 J
(;) . iiTQ
i=17=1
< E ZZW
[i=1j=1

= B(T?) - [9(F)]
= Var(T)
(*) holds since (a — b)? = a® — 2ab + b* > 0. Therefore, 2ab < a® + b?, i.e., 2T;T; < T? + Tj2.
With equality iff T; =T, Vi,j =1,...,n
= T is symmetric in (Xq,...,X,) and T =T
= T is a function of order statistics (see Rohatgi, Theorem 2, page 534)

= T is UMVUE |

Corollary 12.1.15:
IfT(Xy,...,Xy,) is unbiased for g(F'), F' € P, the corresponding U—statistic is an essentially unique
UMVUE. [ ]

Definition 12.1.16:

Suppose we have independent samples Xq,..., X, ~ F€P, Y1,...,.Y, S G € P (G may or may
not equal F.) Let g(F, G) be an estimable function with unbiased estimator T'( X1, ..., Xy, Y1,...,Y]).
Define

Ts(Xla"'ana YI,---, l k'l'ZZT (SRR Zka Yrjl,,,,’Y}'l)
Px Py

(where Px and Py are permutations of X and Y') and

UX,Y () ZZT Xipyoo oy Xy Yoo s Y5)
k Cx Cy
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(where Cx and Cy are combinations of X and Y').

U is a called a generalized U—statistic. [

Example 12.1.17:
Let X1,...,X,, and Y7,...,Y, be independent random samples from F' and G, respectively, with
F,G € P. We wish to estimate

9(F,G) = Pra(X <Y).

Let us define

7. I, X;<Y;
P70 Xz

for each pair X;, Y;,i=1,2,...,m, 5 =1,2,...,n.

m n
Then Z Z;; is the number of X'’s <Y}, and Z Z;; is the number of Y's > Xj.
i=1 j=1

and degrees k£ and [ are = 1, so we use

U(X,X ZZ]_I]_IZZ 217 . Zka ijla"'ayvjl)

1 Cx Cy Px Py
(m—1D!(n—1)!
- mlin! ZZT i Xigs }/}17'--7}/}1)
Cx Cy
1 m n
= —> > I(X:i<Y)).
mn - :
1=1j=1

This Mann-Whitney estimator (or Wilcoxin 2-Sample estimator) is unbiased and symmetric in the

X’s and Y’s. It follows by Corollary 12.1.15 that it has minimum variance. |
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12.2 Single-Sample Hypothesis Tests

Let X4q,...,X,, be a sample from a distribution F'. The problem of fit is to test the hypothesis
that the sample Xq,..., X, is from some specified distribution against the alternative that it is

from some other distribution, i.e., Hy : F = Fy vs. Hy : F(x) # Fy(z) for some z.

Definition 12.2.1:
Let Xq,...,X, w F', and let the corresponding empirical cdf be

Fie) = =3 T (X0).
The statistic
Dy = sup | F(z) - F(z) |
is called the two—sided Kolmogorov—Smirnov statistic (K-S statistic).
The one—sided K-S statistics are
D = swlF; (@)~ F(@)] and Dy = sup{F(z) - Fy (@)

n

Theorem 12.2.2:

For any continuous distribution F', the K-S statistics D,,, D,;, D,} are distribution free.

Proof:
Let X(1),...,X(n) be the order statistics of X1,..., X, i.e., X(1) < X() <... < X(;), and define
X0y = —00 and X, 1) = +00.

Then, .
i .
F(z)= - for X(jy <o < X(i11y, 1=0,...,n.

Then,

)
D = max sup ——F(x
fom gl s [P

)
orgzagxn {n [X@Sﬁlvrix(wrl) (IJU)]}
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1%

E

)

=

|s:

|
=
>
=

max { max {E—F(X(i))}, 0}

1<i<n |n
(*) holds since F' is nondecreasing in [X (), X(j41))-

Note that D} is a function of F(X(;)). In order to make some inference about D}, the distribution
of F(X(i)) must be known. We know from the Probability Integral Transformation (see Rohatgi,
page 203, Theorem 1) that for a rv X with continuous cdf Fx, it holds that Fx (X) ~ U(0,1).

Thus, F'(X(;) is the i'" order statistic of a sample from U(0,1), independent from F. Therefore,
the distribution of D;' is independent of F.

Similarly, the distribution of

D, =max { max {F(X(Z-)) —i_l}, 0}

1<i<n n
is independent of F'.

Since
Dy = sup | Fj(«) — F(2) |= max {D}}, Dy},
xr

the distribution of D,, is also independent of F'. [ |

Theorem 12.2.3:

If F' is continuous, then

0, if v <0
1 _l_L +l +2n71
P(Dy<vto) =4 [ 7w 0 < v < 2
2n 1 3 U fon—a ==
I 2 Y m Y
1, if v > 27; 1
n
where
nl, if0<u; <ur<...<wu,<1
flw) = flur,... up) = : "
0, otherwise
is the joint pdf of an order statistic of a sample of size n from U(0, 1). [

Theorem 12.2.4:
Let F' be a continuous cdf. Then it holds Vz > 0:

lim P(D

BLER _ 1) 2 2
Jim ng\/ﬁ)_ ) =1 22 Lexp(—2i%22).
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Theorem 12.2.5:
Let F' be a continuous cdf. Then it holds:

if <0
us us
P(Dy <2)=P(D, <2) / / / fluyde if0<z<1
1-z %—z %—z

ifz>1
where f(u) is defined in Theorem 12.2.3. [ ]
Note:
It should be obvious that the statistics D, and D,, have the same distribution because of symme-
try. ]

Theorem 12.2.6:
Let F' be a continuous cdf. Then it holds Vz > 0:

lim P(D, )= lim P(D, ) = Ly(z) = 1 — exp(—22?)

z
n—00 T n—00 T

Corollary 12.2.7:
Let Vi, = 4n(D;")2. Then it holds V;, SN X2, i.e., this transformation of D;" has an asymptotic x3

distribution.

Proof:
Let z > 0. Then it follows:

lim P(V, <42%) = lim P(4n(D;5)? < 42%)

n— 00 n— 00

= lim P(y/nD; < z)

n— 00

Th122.6 | exp(—222)

4z2_:x

1 —exp(—z/2)

Thus, nll)rgo P(V, <) =1—exp(—z/2) for z > 0. Note that this is the cdf of a x2 distribution.
|
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13 Some Results from Sampling

13.1 Simple Random Samples

Definition 13.1.1:
Let © be a population of size N with mean p and variance o?. A sampling method (of size n) is

called simple if the set S of possible samples contains all combinations of n elements of Q (without
repetition) and the probability for each sample s € S to become selected depends only on n, i.e.,

p(s) = ﬁ Vs € S. Then we call s € S a simple random sample (SRS) of size n. ]

n

Theorem 13.1.2:
Let Q be a population of size N with mean p and variance 0%. Let Y : Q — IR be a measurable

function. Let n; be the total number of times the parameter g; occurs in the population and p; =
be the relative frequency the parameter g; occurs in the population. Let (y1,...,yn) be a SRS of
size n with respect to Y, where P(Y = ;) = p; = .

Then the components y;, ¢=1,...,n, are identically distributed as Y and it holds for ¢ # j:
ngng, k 75 [

(g — 1), k=1

1

P(yi = Gk, y; = 91) = mnkl, where ny = {

Note:
In Sampling, many authors use capital letters to denote properties of the population and small
letters to denote properties of the random sample. In particular, x;’s and y;’s are considered as

random variables related to the sample. They are not seen as specific realizations. [ |

Theorem 13.1.3:

n

Let the same conditions hold as in Theorem 13.1.2. Let § = % Zyl be the sample mean of a SRS
=1

of size n. Then it holds: '

(i) E(y) = u, i.e., the sample mean is unbiased for the population mean pu.

(ii) Var(y) = %%:71‘02 = %(1 — f)%UZ, where f = £.
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Proof:
(i)
1 & . .
E(y) = > E(yi) =p, since B(y) = p Vi.

Var(y) = % (Z Var(y;) +2200”(yiayj))
i=1 1<j
Cov(yi,y)) = Eyi-y;) — E(yi)E(y;)
= Eyi-y) —

= > ki Pyi = G, yj = G1) — 1
k1

Th.13.1.2 1 . - 2 9
= NNoD (Z grgmens + Y Genk(ng — 1)) — p

kAl k
= S - > dkdimgng = dinw | — 5
N(N —1) ' k
1
_ N22 — N(o? + u2)) — 12
N(N—l)( Iz (o +u)) Iz
— 1 2 2 2 2
= m(Nu -0 —p —M(N—l))
1 2
- n-17
_ 1 2 Ly
= Var(7) = -3 \no +n(n—1) N _1°
1 n—1 9
B ﬁ( _N—1>U
- an-17
1 n. N
= oMy 2
n( N)N—l
1 N
= ﬁ(l_f)N—lg
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Theorem 13.1.4:
Let 5 be the sample mean of a SRS of size n. Then it holds that

U e

where N — oo and f =  is a constant.

In particular, when the y;’s are 0-1-distributed with E(y;) = P(y; = 1) = p Vi, then it holds that

o

where N — oo and f =  is a constant. [
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13.2 Stratified Random Samples

Definition 13.2.1:
Let €2 be a population of size N, that is split into m disjoint sets €2;, called strata, of size N,
m

j=1,...,m, where N = Z N;. If we independently draw a random sample of size n; in each
i=1

strata, we speak of a stratified random sample. [ |

Note:

(i) The random samples in each strata are not always SRS’s.

(ii) Stratified random samples are used in practice as a means to reduce the sample variance in the

case that data in each strata is homogeneous and data among different strata is heterogeneous.

(iii) Frequently used strata in practice are gender, state (or county), income range, ethnic back-

ground, etc.

Definition 13.2.2:
Let Y : Q@ — IR be a measurable function. In case of a stratified random sample, we use the

following notation:
Let Yjg, j=1,...,m, k=1,...,N; be the elements in €2;. Then, we define
Nj

i) Y; = Z Yjj the total in the j™ strata,
k=1

(ii) p; = &Y, the mean in the ;% strata,
J

m
(iii) p= Z Njpj the expectation (or grand mean),
j=1
m m Nj
(iv) Nu=>_Y;=> > Yj the total,
j=1 j=1k=1
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(v) 0? = Lj (Yjr. — ;) the variance in the ;% strata, and

N;

m
(vi) 0% =% Z Z ik — f1)? the variance.
j=1k=1

[,

J
(vii) We denote an (ordered) sample in Q; of size n; as (yj1,...,Yjn;) and 7; = % Zyjk the
k=

sample mean in the j* strata.

Theorem 13.2.3:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. Let /i; be an unbiased estimate

of p; and Va;(\ﬂj) be an unbiased estimate of Var(fi;). Then it holds:

m
) b= % Z jf1j is unbiased for p.

m
Var(p) = N2 ZNQVG,’F(,U])
j=1
(ii) Va/r\(,a) = N2 ZNQVar(,u]) is unbiased for Var(j).
j=1
Proof:
(i)
. 1 & R 1 &
E(p) = N ZNJE(NJ) =N ZNJNJ =H
7j=1 7=1
By independence,
. | O
Var(t) = N2 ZN] Var(ji;)
j=1
(i)
. 1 & . 1 & .
BVar(i) = w3 > N2E(WVar(iy)) = 13 Y N2Var(iy) = Var(i)
7=1 7j=1

Theorem 13.2.4:
Let the same conditions hold as in Theorem 13.2.3. If we draw a SRS in each strata, then it holds:

m J
(i) g = % ZNjyj is unbiased for p, where 7; = % Z Yik, J=1,...,m

Var(p) = %ZN — ( f]) 1 ], where f; = WJL
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— m 1
i) Var(f) = =5 N?—(1— f;)s? is unbiased for Var(ji), where

K= j )5 &
; n;
7=1 J

1 &

2 = \2

5 = (yjk — ;)

J n, 1];::1 J J

Proof:
For a SRS in the j' strata, it follows by Theorem 13.1.3:

E(@;) = wy
_ 1 Nj
Vf”"(yj) = n_](l - fj)Nj - IUj
Also,
N.
B = 5y
Now the proof follows directly from Theorem 13.2.3. [ |

Definition 13.2.5:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. If the sample in each strata is of

size n; = n%, j = 1,...,m, where n is the total sample size, then we speak of proportional
selection. -
Note:

(i) In the case of proportional selection, it holds that f; = JT\L,—JJ =x=/f j=1...,m

(ii) Proportional strata cannot always be obtained for each combination of m, n, and N.

Theorem 13.2.6:
Let the same conditions hold as in Definition 13.2.5. If we draw a SRS in each strata, then it holds

in case of proportional selection that

N 11-f Zm =2
Va’r(/“b) = N2 f NJO-J’
j=1
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Theorem 13.2.7:

If we draw (1) a stratified random sample that consists of SRS’s of sizes n; under proportional

m
selection and (2) a SRS of size n = Z n; from the same population, then it holds that

j=1
Var(yg) — Var(p) = %% (]2::1 Nj(pj — 1% — %;(N — Nj)~]2‘) .
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14 Some Results from Sequential Statistical Inference

14.1 Fundamentals of Sequential Sampling

Example 14.1.1:

A particular machine produces a large number of items every day. Each item can be either “de-

fective” or “non—defective”. The unknown proportion of defective items in the production of a

particular day is p.

Let (Xi,...,X,,) be a sample from the daily production where z; = 1 when the item is defective
m

and z; = 0 when the item is non—defective. Obviously, S,, = ZXi ~ Bin(m,p) denotes the

i=1
total number of defective items in the sample (assuming that m is small compared to the daily

production).

We might be interested to test Hy: p < py vs. Hi : p > pg at a given significance level « and use
this decision to trash the entire daily production and have the machine fixed if indeed p > py. A

1, ifs,>c
(I)l(xla"'7$m) =
0, ifs,<c

suitable test could be

where ¢ is chosen such that ®; is a level-a test.

However, wouldn’t it be more beneficial if we sequentially sample the items (e.g., take item # 57,
623, 1005, 1286, 2663, etc.) and stop the machine as soon as it becomes obvious that it produces
too many bad items. (Alternatively, we could also finish the time consuming and expensive process
to determine whether an item is defective or non—defective if it is impossible to surpass a certain
proportion of defectives.) For example, if for some j < m it already holds that s; > ¢, then we

could stop (and immediately call maintenance) and reject Hy after only j observations.

More formally, let us define T' = min{j | S; > ¢} and T' = min{T,m}. We can now consider
a decision rule that stops with the sampling process at random time 7" and rejects Hy if T < m.
Thus, if we consider Ry = {(z1,...,zmy) | t <m} and Ry = {(z1,...,Zm) | Sm > ¢} as critical

regions of two tests ®; and @, then these two tests are equivalent. [ |
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Definition 14.1.2:

Let O be the parameter space and A the set of actions the statistician can take. We assume that the

rv’s X1, Xs,... are observed sequentially and iid with common pdf (or pmf) fy(z). A sequential

decision procedure is defined as follows:

(i) A stopping rule specifies whether an element of A should be chosen without taking any
further observation. If at least one observation is taken, this rule specifies for every set of
observed values (z1,%3,...,2,), n > 1, whether to stop sampling and choose an action in A

or to take another observation z,1.

(ii) A decision rule specifies the decision to be taken. If no observation has been taken, then we
take action dy € A. If n > 1 observation have been taken, then we take action d,,(z1,...,z,) €
A, where d,,(z1,...,z,) specifies the action that has to be taken for the set (x1,...,z,) of

observed values. Once an action has been taken, the sampling process is stopped.

Note:

In the remainder of this chapter, we assume that the statistician takes at least one observation. m

Definition 14.1.3:

Let R, C IR",n =1,2,..., be a sequence of Borel-measurable sets such that the sampling process is

stopped after observing X1 = z1, Xo = zo,..., X, = zy, if (£1,...,2,) € Ry. If (z1,...,2,) ¢ Ry,

then another observation x,; is taken. The sets R,,,n = 1,2,... are called stopping regions. =

Definition 14.1.4:

With every sequential stopping rule we associate a stopping random variable N which takes on

the values 1,2,3,.... Thus, N is rv that indicates the total number of observations taken before
the sampling is stopped. [ |
Note:

We use the (sloppy) notation { N = n} to denote the event that sampling is stopped after observing
exactly n values z1,...,z, (i.e., sampling is not stopped before taking n samples). Then the

following equalities hold:
{N=1} = R

{N=n} = {(z1,...,2,) € R" | sampling is stopped after n observations but not before}
= (RlURQU...URn_l)CﬂRn
— RARSN...NR°_,NR,
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{N<np = U{N=4k}

k=1

Here we will only consider closed sequential sampling procedures, i.e., procedures where sampling

eventually stops with probability 1, i.e.,

P(N <) = 1,
P(N=o00) = 1—P(N < o0)=0.
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Theorem 14.1.5: Wald’s Equation

N

Let X1, Xo,... beiid rv’s with E(| X1 |) < co. Let N be a stopping variable. Let Sy = ZXk If
k=1

E(N) < oo, then it holds

E(Sy) = E(X1)E(N).

Proof:

Define a sequence of rv’s Y;, i =1,2,..., where
1, if no decision is reached up to the (i — 1) stage, i.e., N > (i — 1)
Y; =
0, otherwise
Then each Y; is a function of X1, Xo,..., X;_1 only and Y; is independent of X;.
Consider the rv
o0
> XY,
n=1
Obviously, it holds that
o
Sy =Y XpY,.

n=1

Thus, it follows that
o0
=E (Z XnYn> . (%)
n=1

It holds that
0
S E(XuYal) = Z E(|Yn )

= E( X)) ZPN>n)

n=1

- B )Y Y PV

n=1k=n

oo

— B( X )Y nP(N =n)

n=1
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= E(] X1 )E(N)
< 00

We may therefore interchange the expectation and summation signs in (x) and get

E(Sy) = E(ixnyn>
n=1

= i E(X,Y,)

n=1

n=1

— B(X) Y PN 2 )
n=1

= E(X1)E(N)

which completes the proof.
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14.2 Sequential Probability Ratio Tests

Definition 14.2.1:
Let X1, Xo,... be a sequence of iid rv’s with common pdf (or pmf) fy(z). We want to test a simple

hypothesis Hy : X ~ fg, vs. a simple alternative H; : X ~ fy, when the observations are taken

sequentially.

Let fo, and f1, denote the joint pdf’s (or pmf’s) of Xi,..., X, under Hy and H; respectively, i.e.,
n n
fon(Z1y. .o ap) = Hfgo(xi) and  fin(21,...,2,) = 1—[‘}”491 (x5).
i=1 i=1

Finally, let
_ fln (i)
fUn (i) ’

where z = (x1,...,%,). Then a sequential probability ratio test (SPRT) for testing Hy vs. H;

)\n(fL‘l, e ,:En)

is the following decision rule:
(i) If at any stage of the sampling process it holds that
An(z) = A,
then stop and reject Hy.
(ii) If at any stage of the sampling process it holds that
An(z) < B,
then stop and accept Hy, i.e., reject Hj.

(iii) If
B < \p(z) < A,

then continue sampling by taking another observation ;1.

Note:

(i) It is usually convenient to define

f01 (XZ)
Z; =log T (%)
where 77, Zs, ... are iid rv’s. Then, we work with
n n
log An(z) =Yz = > _(log fo, (i) — log fo, ()
=1 i=1

instead of using A, (z). Obviously, we now have to use constants b = log B and a = log A

instead of the original constants B and A.
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(i) A and B (where A > B) are constants such that the SPRT will have strength (c, 3), where
a = P(Type I error) = P(Reject Hy | Hyp)

and
B = P(Type II error) = P(Accept Hy | Hy).

If N is the stopping rv, then

a=Pyp(An(X) = A) and =P (An(X) < B).

Example 14.2.2:
Let X1, Xo,... be iid N(u,0?), where p is unknown and o

2 > 0 is known. We want to test

Hy: p=povs. Hi: p= puy, where pg < 1.

If our data is sampled sequentially, we can constract a SPRT as follows:

togdale) = 3 (—gmp i = ) = (—p i — o))
i=1
1 n
= 55> (@i = o) = (@i — m)?)
g =1
1 n
= 252 Z (IEZQ — 2zip0 + ,u% — xf + 2z — N%)
=1
1 n
= 552 Z (—Z’Eiuo + ,ug + 2z — M%)
=1
n
M1 — o Mo + 1
e (§ )

We decide for Hy if

ko g
where b* = m—uob'
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We decide for H; if

log \n(z) > a

p — po [ o + 1
o mom (3, )

B
g i=1

v
S]

n
— sz Zn'uo_;/“ +a*,

=

—

2

here ¢* = 2 . []
where a e

Theorem 14.2.3:
For a SPRT with stopping bounds A and B, A > B, and strength («, 3), we have
1-p B

A< —— and B> ,
«a l—«o

where 0 < a<land 0< 8 < 1. [ |

Theorem 14.2.4:

Assume we select for given a, 8 € (0,1), where o + 8 < 1, the stopping bounds A’ = % and
B' = % Then it holds that the SPRT with stopping bounds A’ and B’ has strength (¢, '),
whereo/gﬁ,,@’g%,anda’—i-ﬂ'ga—i-ﬂ. [

Note:

(i) The approximation A" = % and B' = % in Theorem 14.2.4 is called Wald—A pproximation
for the optimal stopping bounds of a SPRT.

ii) A" and B’ are functions of a and £ only and do not depend on the pdf’s (or pmf’s) fy, and
0
fo,. Therefore, they can be computed once and for all fp,’s, 2 =0, 1.

THE END !l
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