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6 Limit Theorems (Continued from Stat 6710)

6.3 Strong Laws of Large Numbers

Definition 6.3.1:
n
Let {X;}2, be a sequence of rv’s. Let T, = ZXl We say that {X;} obeys the SLLN

i=1
with respect to a sequence of norming constants {B;}°,, B; > 0, B; T oo, if there exists a

sequence of centering constants {4;}5°; such that

B, YT, — A,) £ 0.

Note:

Unless otherwise specified, we will only use the case that B, = n in this section. [ |

Theorem 6.3.2:
X, 5 X — lim P(sup | X — X |>¢) =0 Ve >0.
n o0

m>n
Proof: (see also Rohatgi, page 249, Theorem 11)
WLOG, we can assume that X = 0 since X,, =% X implies X,, — X =% 0. Thus, we have to

prove:

X, 250 <= lim P(sup | X, |[>€) =0 Ve >0
n—oo

m>n

Choose € > 0 and define
Aa(e) = {sup | X [> €}
m>n
C = {nlggoX” =0}

“i”:
Since X,, =% 0, we know that P(C) = 1 and therefore P(C®) = 0.

Let B,(e) = C N A,(€). Note that By11(e) C By(e) and for the limit set ﬂ Bp(e) = 0. Tt

n=1
follows that ~
lim P(By(e)) = P([] Bu(e)) =0.
n=1

Lecture 01:
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We also have

P(BA6) = P(4,00)
_ 1 P(CPU A
= 1-P(C% —P(AS) + P(C° N AS)
:/0—/ :VO

= P(An)

= lim P(A4,(¢)) =0

n—0o0

[43 ”.
"

Assume that nlggo P(A,(€)) =0 Ve > 0 and define D(e) = {nli)rgo | Xy |> €}

Since D(e) C A, (e) Vn € IN, it follows that P(D(e)) =0 Ve > 0. Also,
o
C¢={lim X, #0} C (J{Im | X, [> l}
n—oo " __kfl n— 00 n k-

- P(O) <3 PO =0
k=1

a.s.

= X, —0

Note:

(i) X, = 0 implies that Ve >0 V5 >0 3Ing € IN : P(sup | X, |>¢€) < 4.

n>ng

(ii) Recall that for a given sequence of events {4, }°°,

=n

n=1k=n

is the event that infinitely many of the A, occur. We write P(A) = P(A, i.0.) where

i.0. stands for “infinitely often”.

(iii) Using the terminology defined in (ii) above, we can rewrite Theorem 6.3.2 as

X, 250 <= P(| X, |>eio)=0 VYe>0.



Theorem 6.3.3: Borel-Cantelli Lemma

(i) 1°** BC-Lemma:

o
Let {4, }52, be a sequence of events such that Z P(A,) < co. Then P(A) =0.

n=1

(i) 2" BC-Lemma:

o
Let {A,}52, be a sequence of independent events such that Z P(A,) = oo. Then

P(A) = 1.

Proof:

(i): 00
P(4) = P(lim U 4x)
k=n

= lim P(G Ap)

n—0o0

k=n
00
< lim > P(Ag)
k=n
00 n—1
= lim (Z P(Ay) =Y P(Ak)>
k=1 k=1
®

(%) holds since Z P(4,) < oo.

n=1

oo oo
(ii): We have A° = U ﬂ Af.. Therefore,

n=1k=n

P(A°) = P( lim N 45) = lim P( M A5

k=n k=n
If we choose ng > n, it holds that
(e.@) no
M 4: € () 45
k=n k=n
Therefore,
(e.@) no
C : [+
P( ﬂ 4p) < ngl_ﬂnoop(ﬂ A%)
k=n k=n
ind no
=P lim J[ (1 - P(AR)

nop—0o0
k=n

n=1

Lecture 02:
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INFE

no
i exp <— ]; P(Ak)>
= 0
= P(A) =1

(+) holds since

no no no
1 —exp (—Zaj) §1—H(1—aj)§2aj forng >nand 0 <a; <1
j=n

|
Example 6.3.4:
Independence is necessary for 2"¢ BC-Lemma:
Let Q = (0,1) and P a uniform distribution on .
Let A, = I 1)(w). Therefore,
o0 o0 1
ZP(An): Z— = 00.
n
n=1 n=1
But for any w € 2, A,, occurs only for 1,2,..., L%J, where L%J denotes the largest integer
(“Hoor”) that is < 1. Therefore, P(A) = P(Ay i.0.) =0. |

Lemma 6.3.5: Kolmogorov’s Inequality

Let {X;}2°, be a sequence of independent rv’s with common mean 0 and variances 2. Let
n

T, =Y _ X;. Then it holds:
=1
n
> of
>e) < =L
P(lr%n?%(n | T |> €) < 2 Ve >0

Proof:

See Rohatgi, page 268, Lemma 2. [ |

Lemma 6.3.6: Kronecker’s Lemma
(0.0

For any real numbers z,, if Z Zy converges to s < co and B), T 0o, then it holds:
n=1
1

n
—Zkak—>0 as n — 0o
Bnkﬂ



Proof:
See Rohatgi, page 269, Lemma 3. [ |

Theorem 6.3.7: Cauchy Criterion
X, "5 X <= lim P(sup | Xpim — X |[<€) =1 Ve > 0.
n—00 m

Proof:
See Rohatgi, page 270, Theorem 5. [ |

Theorem 6.3.8:

o0
If Z Var(X,) < oo, then Z(Xn — E(Xy,)) converges almost surely.
n=1
Proof:
See Rohatgi, page 272, Theorem 6. [ |

Corollary 6.3.9:
Let {X;}°, be a sequence of independent rv’s. Let {B;}°,, B; > 0,B; T oo, be a sequence
n

of norming constants. Let T;, = Z X;.
=1

Var

If Z ) < 00, then it holds:
Tn - E(Tn) a.s.
0
B,
Proof:
This Corollary follows directly from Theorem 6.3.8 and Lemma 6.3.6. |

Lemma 6.3.10: Equivalence Lemma

n
Let {X;}2, and {X]}2, be sequences of rv’s. Let T}, = ZX and T} = ZX{
=1 )

o0

If the series » P(X; # Xj) < oo, then the series {X;} and {X]} are tail-equivalent and
=1

T, and T are convergence—equivalent, i.e., for B, 1 oo the sequences B -1, and 1 T'

converge on the same event and to the same limit, except for a null set.

Proof:
See Rohatgi, page 266, Lemma 1. [ |



Lemma 6.3.11:
Let X be a rv with £(| X |) < co. Then it holds:

Y PUX[z2n)<E(X[)) <1+ P(X|[2n)

n=1 n=1

Proof:
Continuous case only:
Let X have a pdf f. Then it holds:

00 oo

BIX )= [ || f)ds= > Jopns 1 S

oo

:ikp(kéleékJrl)SE(|X|)§Z(k+1)P(k§|X|§k+1)

k=0 k=0
It is
00 oo k
kPRI X|<k+1) = Y Y Pk<|X|<k+1)
k=0 k=0n=1
= ZZP(k§|X|Sk+1)
n=1k=n
o
= 2 P(X[zn)
n=1
Similarly,
oo o0 oo
Dk+1)Pk<|X|<k+1) = Y P(|X|>n)+) Pk<|XI|<k+1)
k=0 n=1 k=0
9]
= Y P(X|>n)+1
n=1
[ ]
Lecture 03:
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Let {X;}?2, be a sequence of independent rv’s. Then it holds:

o0
Xn 250 <= > P Xn|>€) <oo Ve>0

n=1

Proof:
See Rohatgi, page 265, Theorem 3. [ |



Theorem 6.3.13: Kolmogorov’s SLLN

n
Let {X;}32, be a sequence of iid rv’s. Let 7;, = > X;. Then it holds:
i=1

=X, u<o00 < E( X|) < oo (and then u = E(X))
n

Proof:

“:>”:

Suppose that X, <5 1 < co. It is

n n—1
Tn:ZXi:ZXi+Xn: n—1 1+ Xn.
=1 =1
SN R R ek NN
7 n n—1
ﬂill —1 Eﬁu

By Theorem 6.3.12, we have

oo X oo
> P 7” > 1) < oo, ie, Y Pl Xn|>n)< oo
n=1 n=1

Lemw.&ll E(| X |) < o0

Th. 6.22>WLLN) y i} E(X)
n

Since X,, =% p, it follows by Theorem 6.1.26 that X, — u. Therefore, it must hold that
u=E(X).

“¢77:
Let E(] X |) < oo. Define truncated rv’s:

, {Xk, if | Xy |<k
Xy = .
0, otherwise
n
T = X,
k=1
———_— TT’L
"
Then it holds:
oo (e.@)
S P(Xp # X)) = > P(| Xk |> k)
k=1 k=1
o0
< > P(| Xy |> k)
k=1



(I X | k)
k=1
Lemma 6.3.11
< E( X )
< 00

By Lemma 6.3.10, it follows that T}, and 7, are convergence—equivalent. Thus, it is sufficient

<! a.s,

to prove that X, — E(X).

We now establish the conditions needed in Corollary 6.3.9. It is

Var(X))

= Z 3 Var(X')

n=1

(%) holds since Z

n= 1

<

IN

IN

A
INx

E((X3)%)

/T; 22 fx (z)dzx

n—1

Z/ 2% fx (z)dx
i k<|z|<k+1

n—1

> (k+1)?

k=0

(x)dx
k<|z|<k+1

n—1

> (k+1)°

k=0

Plk<| X |<k+1)

n

> (k+1)?

k=0

Pk <| X |< k+1)

o0 n

Pk<|XI|<k+1)
n=1k=0

f:i

n=1 k=1

o0

n=1

o0

o0

1
S (k +1)° k<|X|<k+1)<§:—
k=1 n?

n=Fk
2

1
Pk<|X|<k+1)+ Zﬁ

PO<| X |<1)

> +2P(0<| X |< 1) (A)

% ~ 1.65 < 2 and the first two sums can be rearranged as follows:

1,2,3,...
1,2 2,3,...

1,2,3

W N »—t‘:
—
W DN H‘w




It is

From Bronstein, page 30, # 7, we know that

1

IN

IN

1 1 1
AR UES R A
< Ly L : +
S 2 Rery) Ty 0Gen T
1 e 1
2 _
k n:k+1n(n 1)
1 n 1 n 1 n 1
1.2 2.3 3.4 n(n + 1)
1 1 1 1 ad 1
e tes Tyttt ey T ; n(n—1)
n=k+1
1 1 _ 1 _ 1 1
1-2 2-3 3-4 (k—1) -k
i1 1 1
2 2.3 3.4 k—1)-k
1 1 1
37 3.4 =1k
1_ _ 1
4T k-1 -k
1
k:
1 e 1
iy
2
k n:k+1n(n_1)
11
2
2
k



Using this result in (A4), we get

=1 k+1
> SVar(X;) < 22 P(k<|X |<k+1)+2P0<| X |<1)
o o
= 2) kP(k<|X[<k+1)+4) PE<|IX[<k+1)
k=0 k=1

+2Z Pk<|X|<k+1)+2P(0<|X|<1)
k= 1
(B)
< 2B(]X|)+4+2+2

< o0

To establish (B), we use an inequality from the Proof of Lemma 6.3.11, i.e.,

e Proof X Lemma 6.3.11
Y kP(k<|X|<k+1) < > P(X|>n) < E( X))
k=0 n=1

Thus, the conditions needed in Corollary 6.3.9 are met. With B,, = n, it follows that

lT’—lE(T’) %0 (C)

n

Since E(X,) — E(X) as n — oo, it follows by Kronecker’s Lemma (6.3.6) that 1 E(T}) —

E(X). Thus, when we replace = E(T},) by E(X) in (C), we get

1
Lemng.?).lo _Tn %E(X)

1
~T! =% B(X)
n n

since T, and T}, are convergence-equivalent.

10



6.4 Central Limit Theorems

Let {X,,}52, be a sequence of rv’s with cdf’s {F,}32 ;. Suppose that the mgf M, (¢) of X,

exists.

Questions: Does M,,(t) converge? Does it converge to a mgf M (¢)? If it does converge, does
it hold that X, % X for some rv X?

Example 6.4.1:
Let {X,}>2, be a sequence of rv’s such that P(X,, = —n) = 1. Then the mgf is M, (¢t) =
E(eX) =e"™. So

0, >0
nlglgo M,(t)=< 1, t=0
oo, t<0

So M, (t) does not converge to a mgf and Fj,(z) — F(z) =1 Vz. But F(z) is not a cdf. m

Note:
Due to Example 6.4.1, the existence of mgf’s M, (t) that converge to something is not enough

to conclude convergence in distribution.

Conversely, suppose that X,, has mgf M, (¢), X has mgf M(t), and X,, %5 X. Does it hold
that
M, (t) — M(t)?

Not necessarily! See Rohatgi, page 277, Example 2, as a counter example. Thus, convergence

in distribution of rv’s that all have mgf’s does not imply the convergence of mgf’s.

However, we can make the following statement in the next Theorem: [

Theorem 6.4.2: Continuity Theorem

Let {X,}°%, be a sequence of rv’s with cdf’s {F,}>2, and mgf’s {M,(¢)}>2,. Suppose that
M, (t) exists for | t |< ¢y Vn. If there exists a rv X with cdf F' and mgf M (¢) which exists for
| #]< t1 < to such that lim M, () = M(t) Vt € [~t1, ], then F, = F,ie, X, 5 X. m

11
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Example 6.4.3:
Let X, ~ Bin(n,2). Recall

E .

X ~ Bin(n,p) the mgf is My (¢

—~

e.g., from Theorem 3.3.12 and related Theorems) that for
= (1 — p+ pet)™. Thus,

~—

A

M,(t)=(01—-—-+ as n — 0o.
n

S|

t
et)n =(1+ Ale’ — 1))n g e)\(etfl)
n
In (%) we use the fact that lim (1+ E)” = ¢”. Recall that e ~1) is the mgf of a rv X where
n—00 n
X ~ Poisson(\). Thus, we have established the well-known result that the Binomial distribu-

tion approaches the Poisson distribution, given that n — oo in such a way thatnp =X > 0. =

Note:
Recall Theorem 3.3.11: Suppose that {X,,}5%, is a sequence of rv’s with characteristic fuctions
{®,(t)}>2,. Suppose that

lim ®,(t) = ®(t) Vte (—h,h) for some h > 0,

n— 00

and ®(t) is the characteristic function of a rv X. Then X, 4, X. ]

Theorem 6.4.4: Lindeberg—-Lévy Central Limit Theorem
Let {X,,}2°, be a sequence of iid rv’s with E(X;) = p and 0 < Var(X;) = 0? < oo. Then it
n

holds for X,, = % Z X; that
=1

V(X — p)

g

4z
where Z ~ N(0,1).

Proof:
Let Z ~ N(0,1). According to Theorem 3.3.12 (v), the characteristic function of Z is
D (t) = exp(—3t?).

Let ®(t) be the characteristic function of X;. We now determine the characteristic function

®, (t) of YV2Enzk),

VAt Y X — )
=1

o

®,(t) = E|exp|it

n

- - Vi Y Xi—p)
= / / exp | it =1 dFx
—00 —00 g -

12




it\/n o0 itx e 1ty
= exp(— \é_’u)/ exp(\/ﬁ;)del / exp(\/ﬁa)dFXn
—o0 — 00

t it O\
= @ — —
( (Tro) \/ﬁa)>
Recall from Theorem 3.3.5 that if the £ moment exists, then ®*)(0) = ¥ E(X*). Also recall

the definition of a Taylor series in MacLaurin’s form:

1) 0 », "0 F™(0)
fz) = f0) + =7z + = 2+ 3 A T - e S
e.g.,
2 3
flz)=¢€" —1+x+$—+%+
Thus, if we develop a Taylor series for @(ﬁ) around ¢ = 0, we get:
@(L) = ®(0) +t9'(0) + 1t2<1>”(0) + 11t5”<1>”’(0) +
Jno 2 6

— i 1 ¢ 2)

N Vno 2 no? +0<(\/ﬁa)
Here we make use of the Landau symbol “0”. In general, if we write u(z) = o(v(x)) for

u(z)

x — L, this implies lim = 0, i.e., u(z) goes to 0 faster than v(z) or v(z) goes to oo

T— L ’U(
faster than u(z). We say that u(z) is of smaller order than v(z) as x — L. Examples are

# = 0(%) and z2 = o(2?) for z — co. See Rohatgi, page 6, for more details on the Landau

symbols “O” and “0”.
itp

Similarly, if we develop a Taylor series for exp(——=£-) around ¢ = 0, we get:

LTS ¥ N GRS
exp( \/ﬁo)_l N Qtn + <(\/ﬁo)>

Combining these results, we get:

2 02 7 2 n
o = (ot a () (- e (50)

_ (1—:&\;7_‘:0 ;Rn‘fﬂ \;ﬁa+t2“ —;R“n;a +o<(ﬁ)2>>
- (-l t o))
- (1 o <(fa)>>

( 2
— exp(—;) as n — 0o

13



Thus, ILm ®,,(t) = ®z(t) Vt. For a proof of (), see Rohatgi, page 278, Lemma 1. According
n o0
to the Note above, it holds that

V(X — )

g

Ny

Definition 6.4.5:
Let X1, X9 be iid non—degenerate rv’s with common cdf F. Let a1,as > 0. We say that F' is

stable if there exist constants A and B (depending on a; and ag) such that
B~ (a1 X1 + az Xy — A) also has cdf F. ]

Note:
When generalizing the previous definition to sequences of rv’s, we have the following examples

for stable distributions:

n
e X, iid Cauchy. Then %ZXl ~ Cauchy (here B, =n, A, =0).
i=1

e X;iid N(0,1). Then = > Xi~ N(0,1) (here B, = \/n, A, = 0).

=1

Definition 6.4.6:

n

Let {X;}°, be a sequence of iid rv’s with common cdf F. Let T}, = ZXZ" F belongs to
i=1

the domain of attraction of a distribution V' if there exist norming and centering constants

{Bn}52 1, By >0, and {4,,}°° | such that
P(B;I(Tn —Ay) <z)= FBA(Tann)(x) — V(x) asn — o0
at all continuity points x of V. [ |
Note:
A very general Theorem from Loeve states that only stable distributions can have domains

of attraction. From the practical point of view, a wide class of distributions F' belong to the

domain of attraction of the Normal distribution. []

14
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Theorem 6.4.7: Lindeberg Central Limit Theorem

Let {X;}5°, be a sequence of independent non-degenerate rv’s with cdf’s {F;}3°,. Assume
n

that E(Xy) = px and Var(Xy) = 07 < oo. Let s2 = Za,%.

If the F}, are absolutely continuous with pdf’s f; = Fj, assume that it holds for all e > 0 that
hm— / (z — pp)2Fl(z)dz = 0.
n=o0 s3 kz:l {lz—pk|>esn} )V Eila)

If the X}, are discrete rv’s with support {zy;} and probabilities {pg;}, [ = 1,2, ..., assume that
it holds for all € > 0 that

2,
) lim — 8— Z Y (@ — k) ’pr = 0.

" k=1 |zpi—pr|>esn

The conditions (A) and (B) are called Lindeberg Condition (LC). If either LC holds, then

n

> (Xk — k)

where Z ~ N(0,1).
Proof:

Similar to the proof of Theorem 6.4.4, we can use characteristic functions again. An alterna-

tive proof is given in Rohatgi, pages 282-288. [ |
Note:
Feller shows that the LC is a necessary condition 1f 2 — 0 and s2 — 00 as n — 00. [ |

Corollary 6.4.8:

n
Let {X;}2, be a sequence of iid rv’s such that ﬁ ZXl has the same distribution for all n.

If E(X;) =0 and Var(X;) =1, then X; ~ N(0,1).
Proof:

Let F' be the common cdf of ﬁ Z X, for all n (including n = 1). By the CLT,
i=1

lim P(Ln XTL:Xi <z)=®(z),

n— 00

where ®(z) denotes P(Z < z) for Z ~ N(0,1). Also, P(ﬁ ZXl < z) = F(z) for each n.

Therefore, we must have F(z) = ®(z). - ]

15



Note:

In general, if Xy, Xo,..., are independent rv’s such that there exists a constant A with
P(] X, |< A) =1 Vn, then the LC is satisfied if s2 — 0o as n — co. Why??

Suppose that s2 — 0o as n — 0o. Since the | X}, |’s are uniformly bounded (by A), so are the
rv’s (X — E(Xk)). Thus, for every € > 0 there exists an N, such that if n > N, then

P(| Xy — E(Xg)|<e€sn, k=1,...,n)=1

This implies that the LC holds since we would integrate (or sum) over the empty set, i.e., the
set {| z —py |> esp} = 0.

The converse also holds. For a sequence of uniformly bounded independent rv’s, a necessary

and sufficient condition for the CLT to hold is that s2 — oo as n — oc. [ ]

Example 6.4.9:
Let {X;}2°, be a sequence of independent rv’s such that E(Xy) =0, oy, = E(| X}, [>7?) < o0
n
for some § > 0, and Z o = o(s219),
k=1
Does the LC hold? It is:

1 & ) 1 & | z |?+0
=D /{ 2 fi () da ) /{ e AL

2
n =1’ {lz[>esn} 5n ey

A=

IA
V)
[N}
(o)
(%)
»
<
I
g 8
8
Y
+
(%)
=
&
QL
8

ﬂ 0 asn— o

n

(A) holds since for | z |> €sy, it is 2’ o . (B) holds since Z o = o(s39),

€59
k=1

Thus, the LC is satisfied and the CLT holds. [ |

16



Note:

(i) In general, if there exists a 6 > 0 such that

n
" B( Xi — pr, [*10)
k=1

250 — 0 as n — o0,
n

then the LC holds.

(ii) Both the CLT and the WLLN hold for a large class of sequences of rv’s {X;}I ;. If
the {X;}’s are independent uniformly bounded rv’s, i.e., if P(| X,, |[< M) =1 Vn, the
WLLN (as formulated in Theorem 6.2.3) holds. The CLT holds provided that s2 — oo

as n — 0o.
If the rv’s {X;} are iid, then the CLT is a stronger result than the WLLN since the CLT
n
provides an estimate of the probability P(L | ZXl —np|>e)=1-P( Z|< E\/ﬁ),
o

i=1
where Z ~ N(0,1), and the WLLN follows. However, note that the CLT requires the

existence of a 2% moment while the WLLN does not.

(iii) If the {X;} are independent (but not identically distributed) rv’s, the CLT may apply
while the WLLN does not.

(iv) See Rohatgi, pages 289-293, for additional details and examples.

17



7 Sample Moments

7.1 Random Sampling

Definition 7.1.1:
Let Xi,...,X, be iid rv’s with common cdf F. We say that {X1,...,X,} is a (random)

sample of size n from the population distribution F. The vector of values {z1,...,z,} is

called a realization of the sample. A rv g(Xj,..., X, ) which is a Borel-measurable function
of X1,...,X, and does not depend on any unknown parameter is called a (sample) statistic.
|

Definition 7.1.2:

Let X1,...,X, be a sample of size n from a population with distribution F. Then
— 1
X=-) X;

is called the sample variance. [ |

Definition 7.1.3:

Let X1,...,X, be a sample of size n from a population with distribution F. The function
. 1
Fo(z) = n Z I(—oo,a:} (Xi)
=1
is called empirical cumulative distribution function (empirical cdf). ]
Note:
For any fixed z € IR, Fy,(z) is a rv. ]

Theorem 7.1.4:
The rv F,(z) has pmf

P(F,(z) = %) = (”) (F(z)) (1= F(z)", j€{0,1,...,n},
with E(F,(z)) = F(z) and Var(F, (z)) = Z@LF@),

18



Proof:
It is (o0 (Xi) ~ Bin(1, F(z)). Then nF,(z) ~ Bin(n, F(z)).

The results follow immediately.

Corollary 7.1.5:
By the WLLN, it follows that

Corollary 7.1.6:
By the CLT, it follows that

VilFuz) = F(z)) 4
VF@I_F@)

where Z ~ N(0,1).

Theorem 7.1.7: Glivenko—Cantelli Theorem

~

F,(z) converges uniformly to F(z), i.e., it holds for all € > 0 that

lim P( sup | F,(z)— F(z) |>¢€) =0.

=00 _so<g<oo

Definition 7.1.8:
Let X1,..., X, be a sample of size n from a population with distribution . We call

1 & k
ak:—ZXZ
s

the sample moment of order k£ and

i=1 i=1

the sample central moment of order k.

Note:
It is b = 0 and by = 221 G2,

19

Lecture 06:
Mo 01/22/01




Theorem 7.1.9:

Let Xq,...,X, be a sample of size n from a population with distribution F'. Assume that
E(X) =p, Var(X) = 02, and E((X — pu)*) = g exist. Then it holds:

(i) E(a1) = E(X)=p
(i) Var(ar) = Var(X) = <
(iii) E(bg) = Lo?

— 2 —_9,,2 _ 9,2
(IV) Va,’f'(bg) = “4nN2 _ 2(U4n22U2) + U4n§/12

(v) E(S?) =o?

(vi) Var(5?) =41 — 3.2

n(n—1)
Proof:
Q) )
E(X) = %ZE(XZ) = gu =p
1=1

(ii) . 1\22 o2

Var(X) = <;> ZVar(XZ) =

=1

(iii)

n n 2
E(b) = E(%ZX?—%(ZX))

0 p(x?) - %(w(x?) Fn(n— 1))

n—1

—(B(X?) — )
_ n—la2

(x) holds since X; and X; are independent and then, due to Theorem 4.5.3, it holds

See Rohatgi, page 303-306, for the proof of parts (iv) through (vi) and results regarding the

374 and 4" moments and covariances. [ ]

20



7.2 Sample Moments and the Normal Distribution

Theorem 7.2.1:
n

Let Xi,...,X, be iid N(p,0%) rv’s. Then X = 13" X; and (X; — X,..., X, — X) are
=1

independent.

Proof:
By computing the joint mgf of (X, X; — X, X> — X,..., X,, — X), we can use Theorem 4.6.3

(iv) to show independence. We will use the following two facts:

(1):
Mg(t) = M, o ()
(%Z)@)
=1

D [t
=1

=

IE
| — |
@
=
=R
S|
=
+
‘Q

Do
o~
no
L
3

(2):
Def.4.6.1 [ —
Mxlffyxszy X 7Y(tlat23 stn) = E |exp (th(Xz _X)>]
L =1
B n _n
=  Elexp (ZtiXi —Xthﬂ
L =1 =1
= E |exp (Z Xi(t; — f))l , where t = — th
L =1 =1
= E H exp (X;(t; — Z))]
Li=1
© 1



2(4. _7)2
D) Hexp( ti — 1) _’_70 (tZQ t)>

n _ 0_2 n _
= exp HZ(ti—t)JF? > (ti =1
=1 =1

1=
~—_———
=0

n

= exp (%2 Z(tl - f)2>

1=1

(C) follows from Theorem 4.5.3 since the X;’s are independent. (D) holds since we evaluate
Mx (h) = exp( )forh—tl—t

From (1) and (2), it follows:

Def.4.6.1 — — _
My o5 o (bt tn) D= B [exp(X + 01X = X) + .+ (X — X))

- E [exp(tf X — X At 1y X — t,j)]

r n n
= E exp <Z Xiti — (Z ti — t)Y>]
L =1 =1
r n
. (T4 Ftn—1) ) X
= E |exp ZXiti - =1

= Eexp(ZX n””_t))]
= E ﬁexp( w)

=1 n
” t+n(t;—1
i=1 n
F - t+n(t; —t 21 _
() H exp (_,u[ nfl ) + %ﬁ[t +n(t; — t)]2>
=1

22



= ep | nt+n2tz—t Zt+n

2 n n
g —

o? 02 & -
= exp <ut + %t2> exp (; X:(tZ — t)2>

(D&() MMy, 5. x5t tn)

Thus, X and (X; — X,...,X,, — X) are independent by Theorem 4.6.3 (iv). (E) follows
from Theorem 4.5.3 since the X;’s are independent. (F') holds since we evaluate My (h) =
exp(uh + ”22h2) for h = Hnttizh |

n

Corollary 7.2.2:
X and S? are independent.

Proof:
This can be seen since S? is a function of the vector (X; — X,..., X, — X), and (X; —

X,...,X, — X) is independent of X, as previously shown in Theorem 7.2.1. We can use

Theorem 4.2.7 to formally complete this proof. [ |

Corollary 7.2.3:

Proof:
Recall the following facts:

If Z ~ N(0,1) then Z% ~ 3.

n
IfYi,...,Y, ~ iid x3, then Y ¥; ~ x2.
=1

For x?2, the mgf is M(t) = (1 — 2t)~"/2,

If X; ~ N(u,02), (0,1) and K 42,

no(X — 2
Therefore, Z %
o

=1

~ Xn and ((L)f
Vn

=nCE~od ()

23



Now consider

= SN - T 420X~ X)X — ) + (X - 0)?)
=1
= (n—1)8%+0+nX —p)?

Therefore,

" (X —p)? nX-p)? (n-18?
;( UZu):( p?  (n—1)

w
We have an expression of the form: W =U+V

Since U and V are functions of X and S?, we know by Corollary 7.2.2 that they are independent

and also that their mgf’s factor by Theorem 4.6.3 (iv). Now we can write:

Mw(t) = My(t)My(t)
= = 3

) (1L—2)7"/2

o (1—2t)1/2

(n—1)S? 2
o2

Note that this is the mgf of x2_, by the uniqueness of mgf’s. Thus, V = ~Xn_1. N

Corollary 7.2.4:

Proof:

Recall the following facts:
e If Z ~ N(0,1), Y ~x? and Z,Y independent, then % ~ .

o 7, = ‘/ﬁ(f_“) ~ N(0,1), Y, 1= %712)52 ~x2_,, and Z,Y,  are independent.

Therefore,
— (X—p) (X—p)
VX —p) _epm _ efn 4 )
S SV [epeny [ Xamr T
o/v/n \/§2EZB \/(n—l)
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Corollary 7.2.5:

Let (X1,...,Xm) ~ iid N(u1,07) and (Y1,...,Y,) ~ iid N(u2,03). Let X;,Y; be independent
Vi, j.

Then it holds:

XV = (1 — po) N T
Jlm—1)83/0% + [(n—1)83/03) V ot/m+od/n """

In particular, if o1 = o9, then:

~ tm+n—2

X —Y — (p1 — p2) ‘\/mn(m—i-n—Q)
V(m—1)8? + (n—1)83 m+n

Proof:

Homework. -

Corollary 7.2.6:

Let (X1,...,Xy) ~iid N(u1,0%) and (Y1,...,Y,) ~ iid N(u2,03). Let X;,Y; be independent
Vi, j.

Then it holds:

2/ 2
Si/o1 Foin1
2/ 2 m—1,n—
S3 /05
In particular, if o1 = o9, then:
2
S1
<2 ~YLm—1n-1
S3

Proof:
Recall that, if Y7 ~ x2, and Y5 ~ x2, then

Y1 /m
F = ~ .
Y2/TL m,n

_1)s2 12
Now, C = (mU# ~x2 1 and Cy = (RU# ~ x2_,. Therefore,
1 2

o, o (Mm-S
Sifor _ Fm-1) _Ci/(m—1)

S3/03 ~ DS T Cyf(n—1) T
o5(n—1)

If 01 = 09, then
st
S3

~Lm—-1n—1-

25



8 The Theory of Point Estimation

8.1 The Problem of Point Estimation

Let X be a rv defined on a probability space (€2, L, P). Suppose that the cdf F' of X depends
on some set of parameters and that the functional form of F' is known except for a finite

number of these parameters.

Definition 8.1.1:
The set of admissible values of 6 is called the parameter space ©. If Fjy is the cdf of X

when 0 is the parameter, the set {Fy : 6 € ©} is the family of cdf’s. Likewise, we speak of
the family of pdf’s if X is continuous, and the family of pmf’s if X is discrete. [ |

Example 8.1.2:
X ~ Bin(n,p), p unknown. Then @ =pand © ={p:0<p < 1}.

X ~ N(u,0?%), (u,0%) unknown. Then § = (u,0?) and © = {(u,02) : —00 < 1 < 00,02 > 0}.
|

Definition 8.1.3:
Let X be a sample from Fy, 6§ € © C IR. Let a statistic 7'(X) map R" to ©. We call T(X)

an estimator of § and T'(z) for a realization z of X an (point) estimate of 6. In practice,

the term estimate is used for both. []

Example 8.1.4:
Let X1,...,X, beiid Bin(1l,p), p unknown. Estimates of p include:

. X+ Xy

Ti(X) = X, To(X) = X, Ty(X) = o, Tu(x) = “1

Obviously, not all estimates are equally good. [ |

26
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8.2 Properties of Estimates

Definition 8.2.1:
Let {X;}$2, be a sequence of iid rv’s with cdf Fy, # € ©. A sequence of point estimates
To(X1,...,X,) =T, is called

e (weakly) consistent for 6 if T, 2+ 0 as n — oo V0 € ©
e strongly consistent for 0 if T, 2% 0 as n — oo V0 € ©

e consistent in the 7' mean for 0 if T, —s 0 asn — oo VO € O

Example 8.2.2:

n

Let {X;}°, be a sequence of iid Bin(1,p) rv’s. Let X, = %ZXZ Since E(X;) = p, it
i=1

follows by the WLLN that X, ELAN p, i.e., consistency, and by the SLLN that X, <% p, i.e,

strong consistency.

However, a consistent estimate may not be unique. We may even have infinite many consistent

estimates, e.g.,
n
Z Xi+a
i=1

')7,7—{—{) i)p Vﬁnitea,bEB.

Theorem 8.2.3:
If T;, is a sequence of estimates such that £(T3,) — 6 and Var(T;,) — 0 as n — oo, then T}, is

consistent for 6.

Proof:

INE

E(T, — 6)?)

P(|T,—0|>¢) 5

€

E[(Tn — E(Ty)) + (E(Th) — 0))°]
2

€

Var(Ty) + 2E((T, — E(Ty))(E(Tw) — 0)] + (E(T,) — 0)?
2

€

Va'T(Tn) + (E(Tn) — 0)2
2

€

— 0 asn— o

27



(A) holds due to Corollary 3.5.2 (Markov’s Inequality). (B) holds since Var(T,) — 0 as
n — oo and E(T),) — 6 as n — oo. ]

Definition 8.2.4:

Let G be a group of Borel-measurable functions of IR"™ onto itself which is closed under com-

position and inverse. A family of distributions {Py : 6 € ©} is invariant under G if for
each g € G and for all § € O, there exists a unique §' = g(f) such that the distribution of
g(X) is Py whenever the distribution of X is Py. We call g the induced function on € since
Py(g(X) € A) = Pyp)(X € A). u

Example 8.2.5:
Let (X1,...,X,) be iid N(u,0?) with pdf

1

1 n
flz1,...,2p) = WGXP <_F ;(xz - M)2> .

The group of linear transformations G has elements
g(x1,...,xy) = (ax1 + b,...,az, +b), a>0, —oc0<b< 0.
The pdf of ¢g(X) is

1
(z],...,2°) = ———— —b) Yf=azxz;+b,i=1,...,n.
f ($1, ’wn) ( 27'{'00')” exp( 2@2 22 —ap >v z; axi + y ¥ ) y 10

So{f : —oo < p < 0o, 62 > 0} is invariant under this group G, with (i, 0?) = (ap+b,a’0?),
where —oco < au + b < 0o and a?0? > 0. [

Definition 8.2.6:

Let G be a group of transformations that leaves {Fy : 6 € O} invariant. An estimate T is

invariant under G if

T(9(X1),...,9(Xn)) = T(X1,...,Xn) Yg€G.

28



Definition 8.2.7:

An estimate T is:

e location invariant if T'(X; +a,..., X, +a) =T(X4,...,X,), a€ R
e scale invariant if T'(cXy,...,cX,) =T(X1,...,X,), ce R—{0}

e permutation invariant if 7'(X;,,..., X; ) = T(Xy,...,X,) Vpermutations (i,...,i,)

in

of 1,...,n

|
Example 8.2.8:
Let Fy ~ N(u,0?).
S? is location invariant.
X and S? are both permutation invariant.
Neither X nor S? is scale invariant. [

Note:

Different sources make different use of the term invariant. Mood, Graybill & Boes (1974)
for example define location invariant as T(X1 + a,..., X, +a) = T(X1,...,X,) + a (page
332) and scale invariant as T(cXy,...,cX,) = cT'(X1,...,X,) (page 336). According to their

definition, X is location invariant and scale invariant. [ |
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8.3 Sufficient Statistics

Definition 8.3.1:

Let X = (X1,...,X,) be a sample from {F, : 6 € © C R*}. A statistic T = T(X) is
sufficient for 6 (or for the family of distributions {Fy : 6 € ©}) iff the conditional dis-
tribution of X given 7' = ¢ does not depend on 0 (except possibly on a null set A where
Py(T € A) =0 V0). [

Note:

(i) The sample X is always sufficient but this is not particularly interesting and usually is

excluded from further considerations.

(ii) Idea: Once we have “reduced” from X to T'(X), we have captured all the information
in X about 6.

(iii) Usually, there are several sufficient statistics for a given family of distributions

Example 8.3.2:
Let X = (Xy,...,X,) beiid Bin(1,p) rv’s. To estimate p, can we ignore the order and simply

count the number of “successes”?

n
Let T(X) =) X;. It is
=1

P(Xlle,...,anwn,T:t)
P(T =t)

n
P(Xi=a1,..Xp=a,| > X;=1t) =
=1

PXi=x1,..., Xy =%,) s~ _
_ P(T =1) ! z}”"l_t
P

0, otherwise

L 0, otherwise
4 1 n
7 Z T =1
— =1
t
L 0, otherwise
n
This does not depend on p. Thus, T' = Z X, is sufficient for p. [ |

1=1
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Example 8.3.3:
n

Let X = (X1,...,X,) be iid Poisson(}). Is T' = ZXl sufficient for A? It is
i=1

( " e~ ANTi

I1

z;! n
=1 ; =
P(X1:$17,Xn:xn|T:t) = W, ;xz_t
—
0, otherwise
( e—nA)\Z T;
- n
[1z;! —
ey X
t!
0, otherwise

( ' n
I 1 S Zwi:t

n )
= n' H x;! =1
=1

0, otherwise

n
This does not depend on A. Thus, 7' = ZXl is sufficient for . [ |

=1
Example 8.3.4:
Let X1, X2 be iid Poisson(A). Is T'= X + 2X5 sufficient for A7 It is
P(X, =0,X, =1)
P(X; + 2X, = 2)
P(X; =0,X, = 1)
P(X1 =0,X5 = 1) +P(X1 =2,X9 = 0)
e Me M)
e Me M) + (#)e”‘
1
1+ 3

P(XIZO,X2:1|X1+2X2:2)

This still depends on A. Thus, T' = X + 2X5 is not sufficient for A. [

Note:
Definition 8.3.1 can be difficult to check. In addition, it requires a candidate statistic. We
need something constructive that helps in finding sufficient statistics without having to check

Definition 8.3.1. The next Theorem helps in finding such statistics. [
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Lecture 08:

Theorem 8.3.5: Factorization Criterion Fr 01/26/01

Let X1,...,X, be rv’s with pdf (or pmf) f(zy,...,2,|0), 0 € O. Then T(Xy,...,X,) is

sufficient for @ iff we can write

flz1,...,zn | 0) = h(z1,...,2p) g(T(z1,...,2p) | ),

where h does not depend on € and ¢ does not depend on x1,...,z, except as a function of 7.

Proof:

Discrete case only.

“i”:
Suppose T'(X) is sufficient for 6. Let
9(t10) = B(T(X)=1)
hz) = PX =z | T(X)=1)

Then it holds:

flz |0 = PX=x)

= PX=2TX)=T(z)=t)
= P(T(X)=1t) P(X =z |T(X)=1)

g(t [ 0)h(z)

(x) holds since X = z implies that T(X) = T'(z) = t.

“<:77 .
Suppose the factorization holds. For fixed ¢y, it is

Py(T(X) =t) = > PX=g
{z : T(z)=to}
= > h(@)y(T(z) | 6)
{z : T(z)=to}
= glto]0) > hlz) (4)
{z : T(z)=to}

32



If Pp(T(X) = t) > 0, it holds:

By(X =2, T(X) = to)
K= T =) Py(T(X) = o)
Py(X = z) : _
Py(T(X) = ty) if T'(z) = to
0, otherwise
( g(tO | e)h(g) o if T(Q) =t
@} gto]0) h(z)
{z : T(z)=to}
0, otherwise
( h(z) .
= , ifT(z)=t
_ TEN
B {z: T(x)=to}
L 0, otherwise
This last expression does not depend on 6. Thus, T'(X) is sufficient for 6. ]

Note:

(i) In the Theorem above, § and T' may be vectors.

(ii) If T is sufficient for #, then also any 1-to-1 mapping of T is sufficient for 6. However,

this does not hold for arbitrary functions of 7.

Example 8.3.6:
Let X1,...,X, beiid Bin(1,p). It is
PXy=z,....,Xp=z, | p) = pzxi(l —p)"fzwi.
Thus, h(z1,...,2,) = 1 and g(X z; | p) = p2=i(1 — p)™ 2%,
n
Hence, T' = Z X is sufficient for p. [ |

=1
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Example 8.3.7:
Let X1,...,X, be iid Poisson(A). It is

n _—A\x; —n\ EfBz
P(Xllea---an:$n|>‘):He A =2 A

i1 xi! N le'
Thus, h(z1,...,2,) = ﬁ and g(>z; | ) = e AN i,
n
Hence, T' = Z X, is sufficient for . [ |
i=1

Example 8.3.8:
Let X1,...,X, beiid N(u,0?) where 4 € IR and 02 > 0 are both unknown. It is

. )2 2 . 2
f(xl,...,.’ljn|,u,02) = mexp (_E(xz 1) ) _ 1 exp (_E-’El +Hle nu )

202 (V2mo)n 202 o2 202

n n
Hence, T' = (Z Xi, ZXE) is sufficient for (u,o?). ]

=1 =1

Example 8.3.9:
Let Xi,...,X, beiid U(#,0 + 1) where —oco < 0 < co. It is

I, 0<z;<0+1 Vie{l,...,n}
0, otherwise

flzy,...,zn | 0) = {

n

= [ Z6,00) (@) I—cop51) ()
=1

= I(g,00)(min(z;)) [(_oog41)(max(z;))

Hence, T' = (X(y), X(»)) is sufficient for 6. |

Definition 8.3.10:
Let {fo(xz) : 0 € ©} be a family of pdf’s (or pmf’s). We say the family is complete if

Ey(g(X)) =0 V9O

implies that
Py(g(X)=0)=1 VO e€O.

We say a statistic T'(X) is complete if the family of distributions of 7" is complete. [ |
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Example 8.3.11:

n
Let Xi,...,X, beiid Bin(1,p). We have seen in Example 8.3.6 that T' = ZXl is sufficient

i=1
for p. Is it also complete?

We know that T' ~ Bin(n,p). Thus,

Ep(g(T)) = En:g(t) <n>pt(1 —p)"'=0 Vpe (0,1)

implies that

(1" Yot (’;) ({5) =0 Ye 1) v

n
However, Z g(t) (7;) (L)t is a polynomial in 1%1: which is only equal to 0 for all p € (0,1)
-Dp

1
t=0
if all of its coefficients are 0.

Therefore, g(t) =0 for t =0,1,...,n. Hence, T is complete.

Example 8.3.12:

n

Let X1,..., X, be iid N(0,6%). We know from Example 8.3.8 that T = ()_X;,> X

i=1
sufficient for 6. Is it also complete?

n
We know that ZXl ~ N (n#,n#%). Therefore,

=1

E((Z X;)?) = nb*+n?0%*=n(n+1)0

EQ_X?) = n(0®+6%) =2n0°

It follows that . .
E (2(2 X;)?—(n+1) ZXE) =0 V.
i=1 i=1
But g(z1,...,2,) = 2(2 z;)? — (n+1) fo is not identically to 0.
i=1 i=1
Therefore, T' is not complete.

Note:

n

2
1=1

) is

Recall from Section 5.2 what it means if we say the family of distributions {fy : 0 € ©} is a

one—parameter (or k—parameter) exponential family.
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Theorem 8.3.13:
Let {fy : 0 € ©} be a k—parameter exponential family. Let T1,..., T} be statistics. Then the

family of distributions of (71(X),...,Tx(X)) is also a k—parameter exponential family given
by

ge (_ = €xp (thQz ( )+S*( ))

for suitable S*(t).
Proof:

The proof follows from our Theorems regarding the transformation of rv’s. [

Theorem 8.3.14:
Let {fp : 6 € O} be a k—parameter exponential family with £ < n and let T1,...,T} be

statistics as in Theorem 8.3.13. Suppose that the range of @ = (Q1, ..., Q) contains an open
set in IRF. Then T = (T1(X),...,Tp(X)) is a complete sufficient statistic.

Proof:

Discrete case and k£ = 1 only.

Write Q(0) = 6 and let (a,b) C ©.
It follows from the Factorization Criterion (Theorem 8.3.5) that 7' is sufficient for #. Thus,

we only have to show that 1" is complete, i.e., that

Ey(g(T(X)) = Y gt)Py(T(X)=1t)
@ Zg exp(0t + D(6) + 5*(1)) =0 Vo (B)

implies g(t) = 0 Vt. Note that in (A) we make use of a result established in Theorem 8.3.13.

We now define functions g™ and ¢~ as:

g(t), ifg(t)>0
oo = 90 el
0, otherwise

s - {—g(t>, if g(t) <0

0, otherwise

It is g(t) = g*(t) — g (t) where both functions, g* and g, are non—negative functions. Using

g" and g7, it turns out that (B) is equivalent to
Zg )exp(6t + S*(¢ Zg (t)exp(ft + S*(t)) VO (C)
where the term exp(D(6)) in (A) drops out as a constant on both sides.
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If we fix 6y € (a,b) and define

g™ () exp(Bot + S*(t)) p(t) = 2 ( )eXP(9ot+ 5*(t))
Zg+ exp(Oot + S*(t)) Zg )exp(Bot + S*(t))’

t t

pr(t) =

it is obvious that p*(t) > 0 Vt and p (t) > 0 Vt and by construction Zp"'(t) =1 and
t
Zp_ (t) = 1. Hence, p™ and p~ are both pmf’s.

From (C), it follows for the mgf’s M and M~ of p* and p~ that

M+((5) — 266t+

3 g @) expléot +5°(0)

Zg ) exp(fot + S*(t))

Zg Yexp((0g + 0)t + S*(t))

Zg ) exp (6ot + 5*(t))

> g~ () exp((B + 0)t + S*(t))

@ ¢
> g™ (t)exp(Oot + 5*(t))

t

Ze‘stg t) exp(Opt + S*(t))
Zg ) exp(Oot + S*(t))
_ Ze&t -

= M’(é) V5€(a—90,b—00).

<0 >0

By the uniqueness of mgf’s it follows that p*(t) = p—(t) Vt.
=gt (t)=g7(t) Vt
= g(t) =0 Vit

= T is complete u
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8.4 Unbiased Estimation

Definition 8.4.1:
Let {Fp : 6 € ©}, © C IR, be a nonempty set of cdf’s. A Borel-measurable function 7' from

IR"™ to O is called unbiased for € (or an unbiased estimate for 6) if

Ey(T) =6 V0 € ©.

Any function d(0) for which an unbiased estimate T exists is called an estimable function.

If T' is biased,
b(0,T) = Ey(T)—0

is called the bias of T'. []

Example 8.4.2:
If the k' population moment exists, the £ sample moment is an unbiased estimate. If

Var(X) = o2, the sample variance S? is an unbiased estimate of .

However, note that for X1,..., X, iid N(u,0?), S is not an unbiased estimate of o:

(n —1)5?

X2 = Gamma(n _

O
9
—
—~
03
~—

= E(S)

I
Q
N
|| ™o
—
—
S|
N"\ S
=

I'(

n z

(*) holds since £2—&; is the pdf of a Gamma(%,2) distribution and thus the integral is 1.

b(o,S) =0 (“nilf‘r(‘%) —1).
Note:

22T (=

()

So S is biased for o and

If T is unbiased for 0, g(T) is not necessarily unbiased for g(6) (unless g is a linear function).
|
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Example 8.4.3:
Unbiased estimates may not exist (see Rohatgi, page 351, Example 2) or they me be absurd

as in the following case:

Let X ~ Poisson(\) and let d(\) = e~?*. Consider T'(X) = (—1)* as an estimate. It is

o0 )\x
E\(T(X)) = e Z(—l)wg
=0 '
0 T
s (A
N Z x!
=0
= e e
— o2
= d(})
Hence T is unbiased for d()) but since T alternates between -1 and 1 while d(A) > 0, T" is not
a good estimate. [ |
Note:

If there exist 2 unbiased estimates T} and T5 of 6, then any estimate of the form o7 + (1 —a)T5

for 0 < a < 1 will also be an unbiased estimate of 8. Which one should we choose? [ ]

Definition 8.4.4:

The mean square error of an estimate 71" of 6 is defined as

MSE0,T) = Ey((T—0)?
= Vary(T) + (b(9,T))*.
Let {T;}3°, be a sequence of estimates of 6. If
lim MSE(0,T;) =0 V0 €O,

then {T;} is called a mean—squared—error consistent (M SE—consistent) sequence of es-
timates of 6. [ ]

Note:

(i) If we allow all estimates and compare their MSE, generally it will depend on 6 which

estimate is better. For example 6 =17 is perfect if § = 17, but it is lousy otherwise.
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(ii) If we restrict ourselves to the class of unbiased estimates, then M SE(0,T) = Vary(T).

(iii) MSE—consistency means that both the bias and the variance of T; approach 0 as i — oo.

Definition 8.4.5:

Let 6y € © and let U(6) be the class of all unbiased estimates T of 6 such that Ep,(1T?) < oo.
Then Ty € U(6p) is called a locally minimum variance unbiased estimate (LM VUE)
at 00 if

Egy((To — 69)%) < Eg,((T — 60)%) VT € U(6p).

Definition 8.4.6:
Let U be the class of all unbiased estimates 7 of § € © such that Fy(T?) < co V6 € ©. Then
Ty € U is called a uniformly minimum variance unbiased estimate (UMVUE) of ¢ if

Eo((Ty — 0)%) < Eo((T — 0)?) Vo€ O VI el.
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An Excursion into Logic 11

In our first “Excursion into Logic” in Lectures 10 & 11 of Stat 6710 Mathematical Statistics I
on 9/20/2000 and 9/22/2000, we have established the following results:

A = B is equivalent to =B = —A is equivalent to =A V B:

A|B| A=B|-A|-B| -B=-A| -AVDB
1 1 1 0 0 1 1
110 0 0 1 0 0
0|1 1 1 0 1 1
010 1 1 1 1 1

When dealing with formal proofs, there exists one more technique to show A = B. Equiva-
lently, we can show (AA—B) = 0, a technique called Proof by Contradiction. This means,
assuming that A and —B hold, we show that this implies 0, i.e., something that is always

false, i.e., a contradiction. And here is the corresponding truth table:

A|B|A=B | -B| AAN-B | (AAN-B)=0
1|1 1 0 0 1
110 0 1 1 0
0|1 1 0 0 1
010 1 1 0 1
Note:
We make use of this proof technique in the Proof of the next Theorem. [ |
Example:
Let A: z=>5and B: 22 =25 Obviously A = B.
But we can also prove this in the following way:
A: z=5and ~B: z?#25
= 22 =25 Ax? #£25
This is impossible, i.e., a contradiction. Thus, A = B. [ |
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Theorem 8.4.7:
Let U be the class of all unbiased estimates T of § € © with Ey(T?) < co V6, and suppose
that U is non—empty. Let Uy be the set of all unbiased estimates of 0, i.e.,

Up={v : Eyp(v) =0,Ep(?) < 0o VO € O}.
Then Ty € U is UMVUE iff

Eg(l/Tg) =0 VO eOVvelU,.

Proof:
Note that Ey(vTy) always exists.

“:>:77
We suppose that Ty € U is UMVUE and that Ey,(1Ty) # 0 for some 6y € © and some
vy € Up.

It holds
Eg(To + )\I/g) = Eg(Tg) =60 VA€ IR VYOe€O.

Therefore, Ty + Ay € U VA € IR.
Also, Ey,(v3) > 0 (since otherwise, Py, (vo = 0) = 1 and then Ejy,(1Ty) = 0).

Now let
N\ = Ey,(Tovo)
==
E90(V0)
Then,
Ego((T0+>\V0)2) = EgO(Tg+2>\T0V0+)\2Vg)
Ey, (Tory))?  (Eg, (Towp))?
_ an(To2)—2( 6o 0';0)) (£, ( 0'/20))
B, (v5) Eg (v5)
Eqg, (Tovg))?
= EGO(T(%)_( lg( 2))
00(7/0)
< EHO(TO2)7

and therefore,
Varg,(To + Avg) < Varg,(To).

This means, Ty is not UMVUE, i.e., a contradiction!
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“::77
Let Ey(vTp) = 0 for some T € U for all § € © and all v € Uy.

We choose T' € U, then also Ty — T € Uy and
Ey(To(Toy —T)) =0 Vo€ O.
It follows by the Cauchy-Schwarz-Inequality (Theorem 4.5.7 (ii)) that
Ey(T3) = Ey(TyT) < (Ey(T3))? (Ey(T?))3.

This implies

(Bo(T§))? < (Ey(T%)?
and
Varg(Ty) < Varg(T),
where T is an arbitrary unbiased estimate of . Thus, T is UMVUE. [ |

Lecture 11:

Theorem 8.4.8: Mo 02/05/01

Let U be the non-empty class of unbiased estimates of § € © as defined in Theorem 8.4.7.
Then there exists at most one UMVUE T € U for 6.

Proof:
Suppose Ty, Ty € U are both UMVUE.
Then Ty — Ty € Uy, Va’)"g(To) = Va’)"g(Tl), and Eg(To(Tl — Tg)) =0 Voeo

= Ey(T3) = Ep(TyTh)
= Covy(Ty,T1) = Ep(ToT1) — Eyg(To)Ep(T1)

= Ep(T§) — (B(Tp))?

= Vary(Tp)

=Vary(Ty) V0 €O
= ppyy =1 V€O
= Py(aTy+ 01y =0) =1 for some a,b VHec O
— 0 = Ey(T) = Eg(—LT1) = Ep(T1) V0 €O
— -2 =1

:>P0(T0:T1):1 Vo € © |
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Theorem 8.4.9:

(i) Ifan UMVUE T exists for a real function d(6), then AT is the UMVUE for \d(6), A € IR.

(ii) If UMVUE’s T} and T exist for real functions d; (6) and dy(0), respectively, then T} +T%
is the UMVUE for d; (6) + d2(0).

Proof:

Homework. -

Theorem 8.4.10:

If a sample consists of n independent observations X1, ..., X, from the same distribution, the

UMVUE, if it exists, is permutation invariant.

Proof:

Homework. []

Theorem 8.4.11: Rao—Blackwell

Let {Fy : 0 € ©} be a family of cdf’s, and let h be any statistic in U, where U is the non—
empty class of all unbiased estimates of § with Ey(h?) < co. Let T be a sufficient statistic for
{Fy : 0 € ©}. Then the conditional expectation Ey(h | T') is independent of 6 and it is an
unbiased estimate of #. Additionally,

Ey((E(h | T) - 0)?) < Ey((h—0)) V0 €O

with equality iff h = E(h | T).

Proof:
By Theorem 4.7.3, E9(E(h | T)) = Ey(h) = 6.

Since X | T does not depend on 6 due to sufficiency, neither does E(h | T') depend on 6.

Thus, we only have to show that
Eo((E(h | T))?) < Eg(h®) = Bg(E(h* | T)).
Thus, we only have to show that
(B(h|T))* < E(h* | T).
But the Cauchy-Schwarz-Inequality (Theorem 4.5.7 (ii)) gives us

(B(h | T))* < (W | T)E(L| T) = B(hk* | T).
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Equality holds iff
Ey(E(h | T))?) = Ey(h?)
s By(B(? | T) — (B(h | T))?) = 0
= Ey(Var(h|T)) =0
= Var(h|T) =0
s B(h?| T) = (B(h | T))?
> h is a function of T and h = E(h | T).

For the proof of the last step, see Rohatgi, page 170-171, Theorem 2, Corollary, and Proof of
the Corollary. [ |

Theorem 8.4.12: Lehmann—Scheffée
If T is a complete sufficient statistic and if there exists an unbiased estimate h of 8, then
E(h | T) is the (unique) UMVUE.

Proof:
Suppose that hy,hy € U. Then E(hy | T) = E(hy | T) = 6 by Theorem 8.4.11.

Therefore,
Ey(E(hy | T)—E(he | T)) =0 VO € O.
Since T is complete, E(hy | T) = E(hy | T).
Therefore, E(h | T') must be the same for all h € U and E(h | T') improves all h € U. There-
fore, E(h | T')) is UMVUE by Theorem 8.4.11. ]

Note:
We can use Theorem 8.4.12 to find the UMVUE in two ways if we have a complete sufficient

statistic 1"

(i) If we can find an unbiased estimate h(T), it will be the UMVUE since E(h(T) | T) =
h(T).

(ii) If we have any unbiased estimate h and if we can calculate E(h | T), then E(h | T')
will be the UMVUE. The process of determining the UMVUE this way often is called

Rao-Blackwellization.

(iii) Even if a complete sufficient statistic does not exist, the UMVUE may still exist (see
Rohatgi, page 357-358, Example 10).
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Example 8.4.13:

n
Let Xi,...,X, beiid Bin(1,p). Then T = ZXl is a complete sufficient statistic as seen in
i=1

Examples 8.3.6 and 8.3.11.

Since E(X1) = p, X; is an unbiased estimate of p. However, due to part (i) of the Note above,
since X7 is not a function of 7", X is not the UMVUE.

We can use part (ii) of the Note above to construct the UMVUE. It is
PX,=2z|T)= {

= E(X,|T)=L=X

= X is the UMVUE for p

If we are interested in the UMVUE for d(p) = p(1 — p) = p — p? = Var(X), we can find it in
the following way:

E(T) = np
n n n
E(T?) = E|Y_ X}+) Y XX
i=1 i=1  j=l,j#i
= np+n(n—1)p
. E < nT > . np
n(n —1) n—1
T2
E = — —p?
n(n—1) n—1
nT — T? np p 9
E|— = — —
- (n(n—l)) n-1 n—-1 7
_ (n—1)p 2
n—1
= p—p’
= d(p)
2
Thus, due to part (i) of the Note above, % is the UMVUE for d(p) = p(1 — p). |
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8.5 Lower Bounds for the Variance of an Estimate

Theorem 8.5.1: Cramér—Rao Lower Bound (CRLB)
Let © be an open interval of IR. Let {fy : 6 € ©} be a family of pdf’s or pmf’s. Assume
that the set {z : fyg(z) = 0} is independent of 6.

Let 1(0) be defined on © and let it be differentiable for all § € ©. Let T' be an unbiased
estimate of 1/(#) such that Ey(7T?) < oo VO € ©. Suppose that

(1) 8f9( ) is defined for all 6 € O,

%(/fg(g)dg) _/‘9{;2 Jiz =0 voeo

o (£000) -0 -0 e,

T

</T )V fo(z ) /T 8fgé)d V€O

60(ZT ) folz ) ZT 8f" D yyeo.

(ii) for a pdf fy

or for a pmf fy

(iii) for a pdf fy

or for a pmf fy

Let x : ©® — IR be any measurable function. Then it holds

2
(W(0)? < By((T(X) - x(0)?) Ea<(mg87];0(1’)> Weo (4)

Further, for any 6y € O, either ¢’'(fy) = 0 and equality holds in (A) for § = 6, or we have

! 2
Eip(T1X) = x(00)") 2 - (((%)2) B

Finally, if equality holds in (B), then there exists a real number K (6y) # 0 such that

dlog fo(X)

20 (©)

T(X) — x(60) = K(bo)

0=0o

with probability 1, provided that 7" is not a constant. [ |
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Note:

(i) Conditions (i), (ii), and (iii) are called regularity conditions. Conditions under which
they hold can be found in Rohatgi, page 11-13, Parts 12 and 13.

(ii) The right hand side of inequality (B) is called Cramér-Rao Lower Bound of 6, or, in
symbols CRLB(f).

Proof:

From (ii), we get

B (g los o) = [ (5510800@)) Sl
= [ (550@) sz ol

= [(hw)d

— Fy <X(9)%logfa(1)> =0

From (iii), we get

B (100108 X)) = [ (1@ 5108 f0)) folw)da

— B (1) ~xO) g5 s h(D) = ¥(0)
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—wor = (50w -xo2wn))

—~

*

< B ((T(X) ~x(0)°) By ((% log fe(X)>2> ,

~

i.e., (A) holds. (x) follows from the Cauchy-Schwarz-Inequality (Theorem 4.5.7 (ii)).
If 4'(6p) # 0, then the left—hand side of (A) is > 0. Therefore, the right-hand side is > 0.

Thus,
2
Fo, ((%logfe@) > >0,

and (B) follows directly from (A).
If 4'(6p) = 0, but equality does not hold in (A), then

Fp, ((%log fa(X)>2> >0,

and (B) follows directly from (A) again.

Finally, if equality holds in (B), then '(6y) # 0 (because T is not constant). Thus,
MSE(x(6),T(X)) > 0. The Cauchy-Schwarz-Inequality (Theorem 4.5.7 (iii)) gives equality
iff there exist constants («, ) € IR? — {(0,0)} such that
=0] =1
0=0¢

This implies K(6y) = —g and (C) holds. Since T' is not a constant, it also holds that
K(eg) 75 0. u

P <a(T(X) —x(6)) + 8 (% log fp(X)

Example 8.5.2:
If we take x(0) = ¢ (0), we get from (B)

(¥'(9))?

B, ((alogajg;(z)p) (%).

Varg(T(X)) >

If we have (0) = 6, the inequality (x) above reduces to

o\ —1
Vary(T(X)) > (Ea <<—8 logaj;e(&)> ))

Finally, if X = (X1,..., X},) iid with identical fy(z), the inequality (*) reduces to

(¢'(9))
P C )

Varg(T(X)) >
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Example 8.5.3:
Let Xi,...,X, beiid Bin(1l,p). Let X ~ Bin(n,p),p € © = (0,1) C IR. Let

¥lp) = B(I(X) = " T(x) (’;)pw(l )

1 (p) is differentiable with respect to p under the summation sign since it is a finite polynomial

in p.

n
Since X = ZXl with f,(z1) = p® (1 —p)~1, z; € {0,1}

=1

= log fy(z1) = wz1logp+ (1 —21)log(l —p)
9 _om l-m n(l-p—p(l—z) z1-p
:>3plogfp($l) p 1-p p(1—p) p(1—p)
g 2 _ Var(Xy) 1
b <<8p logfp(X1)> )  p(1-p)?  p(l-p)

So, if (p) = x(p) = p and if T is unbiased for p, then

1 1-
Var,(T(X)) > — _pi=p)
" p-p) "
Since Var(X) = 2.2 X agtains the CRLB. Therefore, X is the UMV UE. n
Lecture 13:
Example 8.5.4: Fr 02/09/01
Let X ~ U(0,0),0 € © = (0,00) C IR.
1
folz) = Gloe(@)
= log fo(z) = —logh
= (5508 fo(2))” = o

.y <21 f (X)>2 - L
Thus, the CRLB is .

We know that ”T‘HX (n) is the UMVUE since it is a function of a complete sufficient statistic
X(n) (see Homework) and E(X(,)) = ;570. It is

n+1 62 62
V - — 77?
ar < n X(n)> n(n + 2) S
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How is this possible? Quite simple, since one of the required conditions for Theorem 8.5.1
does not hold. The support of X depends on 6. [ |

Theorem 8.5.5: Chapman, Robbins, Kiefer Inequality (CRK Inequality)
Let © C IR. Let {fy : 0 € O} be a family of pdf’s or pmf’s. Let 1/(0) be defined on ©. Let
T be an unbiased estimate of 4(6) such that Ey(T?) < co V6 € ©.

If 0 # ¢, 6 and 9 € O, assume that fy(z) and fy(z) are different. Also assume that there
exists such a 9 € © such that 6 # 9 and

S() ={z: fo(z) > 0} O 5(9) ={z: fo(z) > 0}.
Then it holds that

Ve > sp ) ()

Vo € O.
(9 : SO)CS(0), 920} Varg (fﬁé_))

v

Proof:

Since T' is unbiased, it follows
Ey(T(X)) =4(9) VI €O,
For ¥ # 6 and S(¥) C S(0), it follows

[ ) ()PP =08 i = By(T(X)) — Ey(T(X)) = (9) — $(0)

fo(z)
and
B fo(z) — folz) P\ — fo(X)
0= /5(0) fo(z) fola)dz = Ey <fa(l) 1> '
Therefore £2(X)
Conn (T(X), 2455 =1) = () = 4(0).

It follows by the Cauchy-Schwarz-Inequality (Theorem 4.5.7 (ii)) that

@) - @) = (Cou (T(z),fﬂ(@—l))Z

fo(X)
fo(X) >
< Vary( <
- T fo(X)
fﬂ(i))
= Vary( <
T fo(X)
Thus,
9) — 1(6))?
Vary(r(x)) > U POT
Varo ($1)
Finally, we take the supremum of the right-hand side with respect to {¢ : S(J) C S(0),
9 # 0}, which completes the proof. [
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Note:

(i) The CRK inequality holds without the previous regularity conditions.

(ii) An alternative form of the CRK inequality is:

Let 60,0 + 9, ¢ # 0, be distinct with S(6 + §) C S(0). Let (@) = 0. Define

1 X)\?
T=10,6)= 5 ((%) _1>.

Then the CRK inequality reads as

1

Varg(T(X)) > ———
1%1fE,9(J)

Y

with the infimum taken over § # 0 such that S(0 + 0) C S(6).

(iii) The CRK inequality works for discrete ©, the CRLB does not work in such cases.

Example 8.5.6:

Let X ~ U(0,0), 6 > 0. The required conditions for the CRLB are not met. Recall from

Example 8.5.4 that ™ X(,) is UMVUE with Var(%1 X)) = 55 < & = CRLB.

Let )(6) = 6. If ¥ < 0, then S(9) C S(6). It is

a((5)) =[G 5m-3

fz?(X)> 701
E _ = ——d =
’ <fa(X) 0 90"
(¥ — 0)? b2
= Vary(T(X)) > sup 7 = sup (WO-9))=—
{0 :0<o<oy 3 —1 {9 : 0<0<0} 4

Since X is complete and sufficient and 2X is unbiased for 0, so T'(X) = 2X is the UMVUE.
It is

92 62  6?
2X) =4 X)=4d—=—>—.
Vary(2X) Vary(X) 17 3 > 1
Since the CRK lower bound is not achieved by the UMV UE, it is not achieved by any unbiased
estimate of 6. m

52



Definition 8.5.7:
Let Ty, T> be unbiased estimates of 6 with Fy(T?) < oo and Ey(T%) < oo V8 € ©. We define
the efficiency of T; relative to T by

Varyg(Th)
T, T) = ————
ef fo(T1,T3) Vare(T)
and say that T is more efficient than Ts if ef fo(T1,T>) < 1. [ |

Definition 8.5.8:
Assume the regularity conditions of Theorem 8.5.1 are satisfied by a family of cdf’s
{Fy : 0 € 6}, © C IR. An unbiased estimate 7" for § is most efficient for the family

(Fy} it -
Vory(r) = (B (ZRELE)2))

Definition 8.5.9:
Let T be the most efficient estimate for the family of cdf’s {Fy : 6§ € ©}, © C IR. Then the
efficiency of any unbiased T} of @ is defined as

_ Varg(T1)

ef fo(T1) = ef fo(T1,T) = Varg(T)

Definition 8.5.10:
T} is asymptotically (most) efficient if 77 is asymptotically unbiased, i.e., ILm Ey(Ty) =0,
n oo

and lim ef fy(T1) = 1, where n is the sample size. [
n—00

Theorem 8.5.11:

A necessary and sufficient condition for an estimate T of # to be most efficient is that T is

sufficient and

1 0log fo(z)
T(z) — 0) =
RO 96
where K(0) is defined as in Theorem 8.5.1 and the regularity conditions for Theorem 8.5.1

hold.

VoeO (x),

Proof:
“:>:77
Theorem 8.5.1 says that if 7" is most efficient, then () holds.

Assume that ©® = IR. We define

0o 1 fo

 E@ o= 9, and Az) = Jlim_log fo(z) — clz).

C(6) = 0
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Integrating (*) with respect to 0 gives

w1 w9 0 dlog fyla)

— T(2)C(00) — $(00) = log fy(z)|”s + c(z)
= T(2)C(00) —9(0o) = log fo,(z) — lim log fo(z) + c(z)
= T'(z)C(6o) —1(0o) = log fo,(z) — A(z)
Therefore,
foo(z) = exp(T'(z)C(6) — 1(6o) + A(z))
which belongs to an exponential family. Thus, T is sufficient.

« K
<—:

From (x), we get

dlo X)\? 1
Ey ((%(_» > = WVGTG(T(X))-

Additionally, it holds
310gf0(1)> _1

B ((r(x) - 0) =2

as shown in the Proof of Theorem 8.5.1.

Using () in the line above, we get

2
K (0)E, ((7610%3(1)) ) =1,

ie.,
-1
m%mmy
K@#)=[E —_— .
(0 ((( -
Therefore,
-1
01 X)\?
Ver(T(x)) = (B ( (L))
00
i.e., T is most efficient for 6. [ |
Note:
Instead of saying “a necessary and sufficient condition for an estimate T of 6 to be most
efficient ...” in the previous Theorem, we could say that “an estimate T of 0 is most efficient
iff .7, i.e., “necessary and sufficient” means the same as “iff”. [
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8.6 The Method of Moments

Definition 8.6.1:
Let X1,..., X, beiid with pdf (or pmf) fy, 6 € ©. We assume that first £ moments mq, ..., my

of fy exist. If @ can be written as

0 = h(mla"' 7mk)7

where h : RF — IR is a Borel-measurable function, the method of moments estimate

(mom) of 0 is

. 1 & 1< 1
Omom = T(X1,...,X,) = h(EZXi,EZXE,...,EZXf).
=1 =1 3

Note:

(i) The Definition above can also be used to estimate joint moments. For example, we use
n
13" X;Y; to estimate E(XY).
i=1
n .
(ii) Since E(: ZXZJ ) = mj, method of moment estimates are unbiased for the popula-

=1

tion moments. The WLLN and the CLT say that these estimates are consistent and

asymptotically Normal as well.

(iii) If 0 is not a linear function of the population moments, Ormom will, in general, not be

unbiased. However, it will be consistent and (usually) asymptotically Normal.
(iv) Method of moments estimates do not exist if the related moments do not exist.

(v) Method of moments estimates may not be unique. If there exist multiple choices for the

mom, one usually takes the estimate involving the lowest—order sample moment.

(vi) Alternative method of moment estimates can be obtained from central moments (rather

than from raw moments) or by using moments other than the first £ moments.
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Example 8.6.2:
Let Xi,..., X, beiid N(u,0?).

Since g = myq, it i8S fimom = X.

This is an unbiased, consistent and asymptotically Normal estimate.

. . PRI . 1 2 =2
Since 0 = (/mo — m7, it IS Gpmom = EZXZ' - X"

This is a consistent, asymptotically Normal estimate. However, it is not unbiased. [ |

Example 8.6.3:
Let Xi,...,X, be iid Poisson(\).
We know that E(X;) = Var(X;) = A

n
Thus, X and %Z(Xl — X)? are possible choices for the mom of A. Due to part (v) of the
i=1

Note above, one uses Apom = X. [ ]
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8.7 Maximum Likelihood Estimation

Definition 8.7.1:
Let (X1,...,Xy) be an n—rv with pdf (or pmf) fy(z1,...,2z,), 0 € ©. We call the function

LO;xzq,...,xn) = fo(x1,...,2p)
of 6 the likelihood function. []
Note:

(i) Often 0 is a vector of parameters.

n
(ii) If (X4,...,X,) are iid with pdf (or pmf) fy(z), then L(6;x1,...,z,) = H fo(z;).
1=1

|
Definition 8.7.2:
A maximum likelihood estimate (MLE) is a non—constant estimate 0ar1, such that
LOyp;zr,. .. an) =supL(0;21,...,2,).
0co
|

Note:
It is often convenient to work with log L when determining the maximum likelihood estimate.

Since the log is monotone, the maximum is the same. [

Example 8.7.3:
Let X1,..., X, be iid N(u,0?), where p and o2 are unknown.

L otians. o) = —exp (=3 )
) ) ) h) 20_2

o"(2m)2 P
2 n 2_ 1 = (7 — p)?
:>10gL(M,0';$1,--.,$n) = —§loga —§log(2ﬂ')—;T

The MLE must satisfy

dlog L 1 &

e = g mm=0 ()

dlog L n 1 & 9

9ot T T2 g @ =0 ()
1=



These are the two likelihood equations. From equation (A) we get jip;, = X. Substituting
n

this for 14 into equation (B) and solving for 02, we get 6%,; = 1 Z(XZ —X)?. Note that 62,;
i=1

is biased for o2.

Formally, we still have to verify that we found the maximum (and not a minimum) and that

there is no parameter 0 at the edge of the parameter space © such that the likelihood function

does not take its absolute maximum which is not detectable by using our approach for local

extrema. -

Lecture 15:

Example 8.7.4:
PR e We 02/14/01

Let X1,...,X, beild U0 — 1,0+ 3).
1, if0—1<2,<0+3 Vi=1,...,n
L(O;xla"wxn):

0, otherwise

Therefore, any 6(X) such that max(X) — 1< 0(X) < min(X) + % is an MLE. Obviously, the

MLE is not unique. u

Example 8.7.5:
Let X ~ Bin(1,p), pe€[},2].

P, ifx=1
L(p;z) = ,
1—p, ifz=0

This is maximized by

It is

MSE5) = By((p—p))
= B )

1
= g (X +1-4p))

1
= 1—6Ep(4X2+2-2X—2-8pX—2-4p+1+16p2)

1
= (40 —p) +p%) +4p — 16p” — 8p +1 + 16p°)
1

16
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So p is biased with M SE,(p) = 1. If we compare this with j = % regardless of the data, we

16°
have 1 1 1 1 13
MSE,(=)=E,((=—p)H) =(=—p)? <= Ypel[5I].
p(5)=Ep((5 =)= (G —p)" <35 el
Thus, in this example the MLE is worse than the trivial estimate when comparing their MSE’s.

Theorem 8.7.6:
Let T be a sufficient statistic for fy(z), # € O. If a unique MLE of 0 exists, it is a function
of T.

Proof:

Since T' is sufficient, we can write

fo(z) = h(z)ge(T(z))

due to the Factorization Criterion (Theorem 8.3.5). Maximizing the likelihood function with
respect to @ takes h(z) as a constant and therefore is equivalent to maximizing gy(z) with

respect to 6. But gg(z) involves z only through T'. [

Note:

(i) MLE’s may not be unique (however they frequently are).
(i) MLE’s are not necessarily unbiased.
(iii) MLE’s may not exist.
(iv) If a unique MLE exists, it is a function of a sufficient statistic.

(v) Often (but not always), the MLE will be a sufficient statistic itself.

Theorem 8.7.7:
Suppose the regularity conditions of Theorem 8.5.1 hold and 8 belongs to an open interval in
IR. If an estimate 6 of § attains the CRLB, it is the unique MLE.

Proof:
If 6 attains the CRLB, it follows by Theorem 8.5.1 that
dlog fp(X) 1

= K(Q)(é(g)—o) w.p. 1.

Thus, 6 satisfies the likelihood equations.
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We define A(f) = ﬁ. Then it follows

9?log fo(X)
002

The Proof of Theorem 8.5.11 gives us

A(6) = B, ((mogif"@f) > 0.

= A(0)(6(X) — 0) — A(0).

00

So )

0°1 X

Tl -~ 4 <0,

0=0

i.e., log fo(X) has a maximum in §. Thus, 6 is the MLE. ]
Note:
The previous Theorem does not imply that every MLE is most efficient. [ |

Theorem 8.7.8:

Let {fy : 6 € O} be a family of pdf’s (or pmf’s) with © C IR, k>1. Let h: © — A bea
mapping of © onto A C IRP, 1 <p < k. If § is an MLE of 6, then h(é) is an MLE of h(#).
Proof:

For each 6 € A, we define
Os;=1{0 : 6 €0O,h(0) =4}

and

M(0;z) = sup L(0;z),
0c€Os

the likelihood function induced by h.

Let 6 be an MLE and a member of O;, where 0 = h(f). It holds

M(d;z) = sup L(0;z) > L(; z),

96@5
but also
M(d;z) < sup M(§;z) = sup (Sup L(9;§)> = sup L(6;z) = L(6; z).

0EA 0EA \0€EO; 0cO

Therefore,
M(6;z) = L(; z) = sup M (0; z).
A

Thus, 6 = h(f) is an MLE. m
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Example 8.7.9:
Let X1,...,X, beiid Bin(l,p). Let h(p) = p(1 — p).

Since the MLE of p is p = X, the MLE of h(p) is h(p) = X (1 — X). ]

Theorem 8.7.10:
Consider the following conditions a pdf fy can fulfill:

(i) alggafg, 825%%1(9, 835%%,1(9 exist for all # € O for all z. Also,

dlog fy(X)
00

/°° 0 fo(x)

- E
o ™ "(

>:0 Vo € ©.

[ O f(z)
(ii) /_oo 502 dr =0 V0 € 0.

) 21
(iii) —o0 < / %ng(x)dx <0 Voeo.

(iv) There exists a function H(x) such that for all 6 € ©:

9 log fo()
003

< H(z) and /o:o H(z)fo(z)dz = M(0) < co.

(v) There exists a function g(6) that is positive and twice differentiable for every § € © and
there exists a function H(x) such that for all 6 € ©:

0? 0
2 [y 25t

< H(z) and /o:o H(z)fo(z)dz = M(0) < co.

In case that multiple of these conditions are fulfilled, we can make the following statements:

(i) (Cramér) Conditions (i), (iii), and (iv) imply that, with probability approaching 1, as

n — oo, the likelihood equation has a consistent solution.

(ii) (Cramér) Conditions (i), (ii), (iii), and (iv) imply that a consistent solution 6, of the

likelihood equation is asymptotically Normal, i.e.,

@(én—e) 4z

o

-1
where Z ~ N(0,1) and ¢0? = <E9 <(5’10‘5871;9(X)>2>> ‘

(iii) (Kulldorf) Conditions (i), (iii), and (v) imply that, with probability approaching 1, as

n — oo, the likelihood equation has a consistent solution.
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(iv) (Kulldorf) Conditions (i), (ii), (iii), and (v) imply that a consistent solution 6, of the

likelihood equation is asymptotically Normal.

Note:

In case of a pmf fy, we can define similar conditions as in Theorem 8.7.10. [ |
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8.8 Decision Theory — Bayes and Minimax Estimation

Let {fg : 6 € ©} be a family of pdf’s (or pmf’s). Let X1,..., X, be a sample from fy. Let
A be the set of possible actions (or decisions) that are open to the statistician in a given

situation , e.g.,
A = {reject Hy, do not reject Hy} (Hypothesis testing, see Chapter 9)
A = artefact found is of {Greek, Roman} origin (Classification)

A = © (Estimation)

Definition 8.8.1:
A decision function d is a statistic, i.e., a Borel-measurable function, that maps IR" into
A. If X = z is observed, the statistician takes action d(z) € A. ]

Note:
For the remainder of this Section, we are restricting ourselves to 4 = O, i.e., we are facing

the problem of estimation. [ |

Definition 8.8.2:

A non-—negative function L that maps © x A into IR is called a loss function. The value

L(0,a) is the loss incurred to the statistician if he/she takes action a when 6 is the true pa-

rameter value. []

Definition 8.8.3:
Let D be a class of decision functions that map IR" into A. Let L be a loss function on © x A.
The function R that maps © x D into IR is defined as

R(ev d) = EQ(L(ev d(z)))

and is called the risk function of d at 6. []

Example 8.8.4:
Let A=0© C IR. Let L(6,a) = (6 — a)?. Then it holds that

R(0,d) = Ey(L(0,d(X))) = Eg((0 — d(X))?) = Eo((0 - 0)°).

Note that this is just the MSE. If f is unbiased, this would just be Var(é). [
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Note:
The basic problem of decision theory is that we would like to find a decision function d € D

such that R(6,d) is minimized for all § € ©. Unfortunately, this is usually not possible.  m

Definition 8.8.5:
The minimax principle is to choose the decision function d* € D such that

max R(0,d*) < max R(0,d) Vd € D.
USC) fco

Note:
If the problem of interest is an estimation problem, we call a d* that satisifies the condition

in Definition 8.8.5 a minimax estimate of 6. [ ]

Example 8.8.6:
Let X ~ Bin(l,p), p€© ={1,3} = 4

We consider the following loss function:

INUNNIFONN N
N NN U N R~

The set of decision functions consists of the following four functions:

dy(0) = % di(1) :i
BO) =7 db0)=]
db0)=3 1) =g
aO)=3, )=

First, we evaluate the loss function for these four decision functions:

L di(0) = L(3) =0
LG (1) = L(3,3)=0
LEd(0) = L(3,5) =5
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Then, the risk function

a(D) = L

LG, m) = I
L(3.ds(0)) = L(

3
L(ds(1) = I
L(3di(0) = I
L(pdi(1) =

LC,di0) = L
LG i) = I

R(p, di(X)) = Ep(L(p, d(X))) =

takes the following values:

Hence,

. 1 1 3 3
=1 Rl.d =3 R R(p, d;
v p 4 R(47 z) p 1 (47 pe{{?i}%/4} (p z)
1 0 5) )
3 1 1 1 3 5
1 3 1 3 _ 15
3] 3.2+1.0=23 | 2.04+3.5= 1
4 2 0 2

min
ie{l, 2, 3, 4}

Thus, do is the minimax estimate.

max
pe{l/4, 3/4}
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Note:
Minimax estimation does not require any unusual assumptions. However, it tends to be very

conservative. m

Definition 8.8.7:

Suppose we consider 6 to be a rv with pdf 7(f) on ©. We call 7w the a priori distribution

(or prior distribution). |

Note:
f(z | 0) is the conditional density of z given a fixed 6. The joint density of z and 6 is

[z, 0) =m(0)f(z | 0),
the marginal density of z is
9(z) = /f(z, 0)do,

and the a posteriori distribution (or posterior distribution), which gives the distribution
of 0 after sampling, has pdf (or pmf)

0
o) 2) = &0
9(z)
|
Definition 8.8.8:
The Bayes risk of a decision function d is defined as
R(m,d) = Ex(R(0,d)),
where 7 is the a priori distribution. [ |

Note:

If 6 is a continuous rv and X is of continuous type, then
R(m,d) = E(R(0,d))
_ /R(e,d) (0) do
= / Ey(L(0,d(X))) 7(0) do
= [ ([ £6.dw) 12l 6) dz) (o) do
= [ [ L6.dw@) 1z |0) w(6) dz ds
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_ //L(H,d(g)) f(z,0) dz df
_ /g(g) (/ L(9, d(z)h(0 | z) d0> dz

Similar expressions can be written if # and/or X are discrete. [ ]

Definition 8.8.9:

A decision function d* is called a Bayes rule if d* minimizes the Bayes risk, i.e., if

R(m,d*) = dié%R(W,d).

Theorem 8.8.10:
Let A=0 C IR. Let L(0,d(z)) = (0 — d(z))?. In this case, a Bayes rule is

d(z) =E0 | X = z).

Proof:
Minimizing
R(r.d) = [ oo ([0 - dw)*n(0] ) d0) dz,
where ¢ is the marginal pdf of X and h is the conditional pdf of € given z, is the same as
minimizing
[ O d@)ne | 2) dp.

However, this is minimized when d(z) = E(0 | X = z) as shown in Stat 6710, Homework 4

(ii), for the unconditional case. |

Note:

Under the conditions of Theorem 8.8.10, d(z) = E(0 | X = z) is called the Bayes estimate.
|

Example 8.8.11:
Let X ~ Bin(n,p). Let L(p,d(z)) = (p — d(z))?.

Let w(p) =1 Vp € (0,1), i.e., 7 ~ U(0,1), be the a priori distribution of p.
Then it holds:
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Thus, the Bayes rule is

hip | x)

ﬁBayes

/1ph(p | z)dp
0

/{)lp@)p“’(l —p)"tdp
/01 (Z)px(l —p)" Tdp
1

/0 pa:-l-l(l _p)n—xdp

1
/ p" (1 —p)" "dp
0

Bz +2,n—x+1)
B(z+1,n—x+1)

Fz+2)(n—z+1
MNz+24+n—ax+1
r

(z+1Dl(n—z+1

)
)
)
)

FNe+14+n—-z+1
z+1
n+ 2
X+1
=d"(X) = .
(X) n+ 2
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The Bayes risk of d*(X) is

R(m, d*(X)) =

&

(R(p.d"(X)))
() R(p, d" (2))dp

() By(L(p d* () dp

) Ey((p — &' (2))°)dp

- [ B )

1 X+1 X+1
— E —2_2— 2>d
/0 p<(n+2) pn+2+p P

I I Il
S— S >

= m /OlEp ((X +1)% = 2p(n +2)(X +1) + p*(n + 2)2) dp

1 1
= m/o Ep(X2+2X+1—2p(n+2)(X+1)+p2(n+2)2) dp

— m /Ol(np(l —p)+ (np)? +2np+1—2p(n+2)(np + 1) + p*(n + 2)?) dp

1 1
= m/o (np — np? + n?p? + 2np + 1 — 2n?p? — 2np — 4np? — 4p +
p*n? + dnp? + 4p?) dp

1 1
= 7)2/0 (1—4p+np—np2+4p2) dp

(n+2
Lo [ ap = np?) a
= — n— -n
27 Jo p p°) dp
_ 1 n—4 ., 4-n 5|
ERCES A A
1 n—4 4—n
= 1
mrEtt )
_ 1 6+3n—12+8—2n
- (n+2)2 6
_ 1 n+ 2
- (n+2)2? 6
B 1
 6(n+2)
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Now we compare the Bayes rule d*(X) with the MLE pr, = % This estimate has Bayes risk

R(m,

5 = [ B

gl-

which is, as expected, larger than the Bayes risk of d*(X). [

Theorem 8.8.12:
Let {fp : 6 € ©} be a family of pdf’s (or pmf’s). Suppose that an estimate d* of € is a

Bayes estimate corresponding to some prior distribution 7 on ©. If the risk function R(0,d*)

is constant on ©, then d* is a minimax estimate of 6.

Proof:

Homework. []
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9 Hypothesis Testing

9.1 Fundamental Notions

We assume that X = (Xi,...,X,) is a random sample from a population distribution
Fy, # € © C IR*, where the functional form of Fj is known, except for the parameter 6.

We also assume that © contains at least two points.

Definition 9.1.1:

A parametric hypothesis is an assumption about the unknown parameter 6.

The null hypothesis is of the form
Hy: 00y CO.
The alternative hypothesis is of the form

H : 00 =0-0,.

Definition 9.1.2:
If Oy (or ©1) contains only one point, we say that Hy and Oy (or H; and ©1) are simple. In

this case, the distribution of X is completely specified under the null (or alternative) hypoth-

esis.

If ©p (or ©1) contains more than one point, we say that Hy and ©¢ (or H; and O;) are

composite. [ |

Example 9.1.3:
Let Xi,...,X, be iid Bin(l,p). Examples for hypotheses are p = % (simple), p > % (com-
posite), p # % (composite), etc. [

Note:

The problem of testing a hypothesis can be described as follows: Given a sample point z, find

a decision rule that will lead to a decision to accept or reject the null hypothesis. This means,

we partition the space IR" into two disjoint sets C' and C¢ such that, if z € C, we reject

Hy: 0 € Oy (and we accept Hy). Otherwise, if z € C¢, we accept Hy that X ~ Fp, 6 € O,.
|
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Definition 9.1.4:
Let X ~ Fy, 0 € ©. Let C be a subset of IR" such that, if z € C, then Hj is rejected (with
probability 1), i.e.,

C ={z € R" : H,y is rejected for this z}.

The set C' is called the critical region. [

Definition 9.1.5:

If we reject Hy when it is true, we call this a Type I error. If we fail to reject Hy when it

is false, we call this a Type II error. Usually, Hy and H; are chosen such that the Type I

error is considered more serious. [ ]

Example 9.1.6:

We first consider a non—statistical example, in this case a jury trial. Our hypotheses are that
the defendant is innocent or guilty. Our possible decisions are guilty or not guilty. Since it is
considered worse to punish the innocent than to let the guilty go free, we make innocence the

null hypothesis. Thus, we have

Truth k

uth (unknown) Innocent (Hy) Guilty (Hy)

Decision (known)
Not Guilty (Hp) Correct Type II Error

Guilty (Hy) Type I Error Correct

The jury tries to make a decision “beyond a reasonable doubt”, i.e., it tries to make the

probability of a Type I error small. [ |

Definition 9.1.7:
If C is the critical region, then Py(C), 6 € O, is a probability of Type I error, and
Py(C*), 0 € ©4, is a probability of Type II error. [ ]

Note:

We would like both error probabilities to be 0, but this is usually not possible. We usually
settle for fixing the probability of Type I error to be small, e.g., 0.05 or 0.01, and minimizing
the Type II error. ]
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Definition 9.1.8:
Every Borel-measurable mapping ¢ of IR" — [0,1] is called a test function. ¢(z) is the

probability of rejecting Hy when z is observed.

If ¢ is the indicator function of a subset C' C IR", ¢ is called a nonrandomized test and C

is the critical region of this test function.

Otherwise, if ¢ is not an indicator function of a subset C C IR", ¢ is called a randomized
test. [ |

Definition 9.1.9:
Let ¢ be a test function of the hypothesis Hy : 0 € ©( against the alternative H; : 0 € 0.

We say that ¢ has a level of significance of a (or ¢ is a level-a—test or ¢ is of size «) if

Ey(¢(X)) = Py(rejet Hp) < a VO € O.

In short, we say that ¢ is a test for the problem («, ©, ©1). [

Definition 9.1.10:
Let ¢ be a test for the problem («, ©y,0;). For every 6 € ©, we define

Bs(0) = Eg(¢(X)) = Py(rejct Ho).

We call 34(0) the power function of ¢. For any 6 € ©1, 34(0) is called the power of ¢

against the alternative 6. [

Definition 9.1.11:
Let @, be the class of all tests for (o, ©p,01). A test ¢y € P, is called a most powerful
(MP) test against an alternative 6 € ©1 if

Bpo(0) > By(0) Vo € Dy,.

Definition 9.1.12:
Let @, be the class of all tests for (o, ©g,01). A test ¢y € ®, is called a uniformly most
powerful (UMP) test if

By (0) > By(0) V€ By VO € O,
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Example 9.1.13:
Let Xi,...,X, beiid N(u,1), p€ O ={po,p1}, po < p1.

Let HO : Xz ~ N(/Lg, 1) VS. H1 : XZ ~ N(,U,l, 1)
Intuitively, reject Hy when X is too large, i.e., if X > k for some k.
Under Hy it holds that X ~ N (o, 2).

For a given «, we can solve the following equation for k:

X — o S k —po
/v = 1/yn

PMO(Y>k):P< >:P(Z>za):oz

Here, =—£0 = 7 ~ N(0,1) and 2, is defined such in such a way that P(Z > z,) = a, i.e., 2,

’ 1/ N
is the upper a—quantile of the N(0, 1) distribution. It follows that & m \’/‘9 = 2z, and therefore,

Thus, we obtain the nonrandomized test

1, H#Z>pp+ =
¢(£)={ T

0, otherwise

¢ has power

Bolm) = P (X >0+ Z2)

= P (ji/_\/— > (po — Hl)\/ﬁ""za)

= P(Z > 2o —Vn (1 — o))
>0

> «

The probability of a Type II error is

P(Type Il error) = 1 — By(p1).
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Example 9.1.14:
Let X ~ Bin(6,p), p€ © =(0,1).

H(): p:%, Hltp#%.

Desired level of significance: a = 0.05.

Reasonable plan: Since E,_1
2

(X) = 3, reject Hy when | X — 3 |> ¢ for some constant c. But
how should we select c?

z |c=|z—3| Pp:%(X:x) Pp:%(|X—3|Zc)
0,6 3 0.015625 0.03125

1,5 2 0.093750 0.21875
2,4 1 0.234375 0.68750

3 0 0.312500 1.00000

Thus, there is no nonrandomized test with a = 0.05.

What can we do instead? — Three possibilities:

(i) Reject if | X — 3 |= 3, i.e., use a nonrandomized test of size o = 0.03125.

(ii) Reject if | X —3 |> 2, i.e., use a nonrandomized test of size a = 0.21875.

(iii) Reject if | X — 3 |= 3, do not reject if | X — 3 |< 1, and reject with probability
0.05 — 0.05125 0.1 if | X — 3 |= 2. Thus, we obtain the randomized test
————— =0.11 —3|=2. Thus, w in randomiz

2-0.093750 ’
1,  ifz=0,6
d(z) =4 01, ifz=1,5

0, ifzr=234

This test has size

a = E,_1(¢(X))

p=35

= 1-0.015625-2+0.1-0.093750 - 2 +0- (0.24375 - 2 + 0.3125)

= 0.05
as intended. The power of ¢ can be calculated for any p # % and it is

Bs(p) = Pp(X =00or X =6)+0.1- P(X =1or X =5)
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9.2 The Neyman—Pearson Lemma

Let {fs : 6 € ©={6p,0:}} be a family of possible distributions of X. fy represents the pdf
(or pmf) of X. For convenience, we write fo(z) = fy,(z) and fi(z) = fo, ().

Theorem 9.2.1: Neyman—Pearson Lemma (NP Lemma)
Suppose we wish to test Hy: X ~ fo(z) vs. H; : X ~ fi(z), where f; is the pdf (or pmf) of
X under H;, + = 0,1, where both, Hy and H;, are simple.

(i) Any test of the form

1, if f1(z) > kfo(z)
P(z) =4 (), if fi(z) = Ekfo(z) (*)
0, if fi(z) < kfolz)

for some k£ > 0 and 0 < y(z) < 1, is most powerful of its significance level for testing
H() VS. Hl.

If k£ = oo, the test

(1, i fol@) =0 N
¢(&)_{ 0, if fo(z) >0 (%)

is most powerful of size (or significance level) 0 for testing Hy vs. Hj.

(ii) Given 0 < «a < 1, there exists a test of the form () or (xx) with y(z) = v (ie., a
constant) such that
Epy (6(X)) =

Proof:

We prove the continuous case only.

Let ¢ be a test satisfying (). Let ¢* be any test with Ep,(¢*(X)) < Ep, (p(X)).

It holds that

6@ - @@ -k = ([ 6 -6 @) - ko))

+ </fl<kf0(¢($) — ¢*(2))(fr(z) - kf(’@))c@)

since

/1,%@5(2) — ¢*(2))(f1(z) — kfo(z))dz = 0.
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It is

| 6@ - @) ~ k@)= [ (1= ¢"@) ()~ ko)) dz > 0
f1>kfo fi>kfo ~

~ ~
"'

>0 >0
and
/ (p(z) — ¢"(2))(f1(z) — kfol(z))dz = / (0—9¢"(z)) (f1(z) — kfo(z)) dz > 0.
f1i<kfo f1<kfo ~ ;0
Therefore,

0 < [(6@) - F @) i) - bfolw))de
= B, ($(X)) — By, (*(X)) — k(Egy ($(X)) — Egy (6"(X)))-

Since Ey, (¢(X)) > Ey,(¢*(X)), it holds that

Bp(01) — By (61) = k(Egy (6(X)) — Eg, (¢7(X))) 2 0,

i.e., ¢ is most powerful.
If k = oo, any test ¢* of size 0 must be 0 on the set {z | fo(z) > 0}. Therefore,
Bu(00) = B (00) = En (M) = En (0 (0) = [ (1= (@) (e >0
x| fo(z)=

i.e., ¢ is most powerful of size 0.

If & = 0, then use («x). Otherwise, assume that 0 < a <1 and y(z) =~. It is
Epy(p(X)) = Py, (f1(X) > kfo(X)) + 7P, (f1(X) = kfo(X))

= 1= Py (f1(X) < kfo(X)) + 7Py, (f1(X) = kfo(X))

- 1-n (G <) o (G =9):

Note that the last step is valid since Py, (fo(X) = 0) = 0.

Therefore, given 0 < o < 1, we want to find £ and 7 such that Ey, (¢(X)) = a, ie.,

(345 20) o (188 -2) -1

is a rv and, therefore, Py, (ﬁ%g < k) is a cdf.

f1(X)
fo(X)
If there exists a kg such that

Note that

p (222

) = —
Jol( )Sk(])_l ’

s
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we choose v =0 and k = kyp.

Otherwise, if there exists no such kg, then there exists a ki such that

(8 n) 21 (32

i.e., the cdf has a jump at k;. In this case, we choose k = k1 and

_ P (i) <k) —(1-0)
B (3, = h)

Theorem 9.2.1

F(x)
(fLHO <= Kk1)peeeeeoooecccccccce ﬂ
1 - alpha
P(LAO < Kl)feessossoesancsancs )
k1 X

Let us verify that these values for k) and  meet the necessary conditions:

Obviously,
H(X) (1~
(B0 ) - (g <h) -0 (B0 ) 1o
°\ fo(X) Py (25 = 1) °\ fo(X)
Also, since
fi(X) >
<k)>0-a),
% <f0(£) B ( )
it follows that v > 0 and since
P (B8 < k) (=) R (58 < k) — P (58} < k)
NXx) - NX)
Poy (st = 1) Py (it =)
nXx)
_ Dy (fégzg ~ kl)
B X
P (3 = 1)
= 1,

it follows that v < 1. Overall, 0 < v < 1 as required.
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Theorem 9.2.2:

If a sufficient statistic T' exists for the family {fy : 6 € © = {6y,6,}}, then the Neyman—

Pearson most powerful test is a function of T.

Proof:

Homework

Example 9.2.3:

We want to test Hy : X ~ N(0,1) vs. H; : X ~ Cauchy(1,0), based on a single observation.

It is

The MP test is

1 1

hlz)  tme [Zep®)
folz) L 1+( wQ)_\/;lJr;?'

Vor P77
2

1, if %exli(fz)>k

¢(z) =

0, otherwise

where k is determined such that Ep,(¢(X)) = a.

a

If @« < 0.113, we reject Hy if | = |> g, where ze is the upper § quantile of a N(0,1)

distribution.

If & > 0.113, we reject Hy if | z |> ky or if | z |< ko, where k; > 0, ko > 0, such that

1.0 11

f1(x) / fO(x)

0.9

0.7

-2 -1.585
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k2 k2 2
exp(3) _ exp(3) and o L eXp(—w_)dx _l-a
1+ k? 1+ k2 ke V2T 2 2
Example 9.2.3a Example 9.2.3b
i S
alpha/2 = 0.113/2 alpha/2 = 0.113/2
K2 K2 T K1 T T T T T
1 1585 2 -2 -1.585 -1 0 1 1585 2
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Why is a = 0.113 so interesting?

For z =0, it is
fl(x) 2
=4/= =~ 0.7979.
fo(z) m

Similarly, for x ~ —1.585 and x = 1.585, it is

file)  [Zexp(EER) _fi0)
folz) — \/;1 + (£1.585)2 0.1979 ~ fo(0)

More importantly, Pg, (] X |> 1.585) = 0.113.
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9.3 Monotone Likelihood Ratios

Suppose we want to test Hy : 0 < 6y vs. Hy : 0 > 6y for a family of pdf’s {fy : 0 € © C IR}.
In general, it is not possible to find a UMP test. However, there exist conditions under which
UMP tests exist.

Definition 9.3.1:
Let {fp : 0 € © C IR} be a family of pdf’s (pmf’s) on a one-dimensional parameter space.
We say the family {fs} has a monotone likelihood ratio (MLR) in statistic 7'(X) if for

01 < 82, whenever fy, and fy, are distinct, the ratio ;ZZ Eig is a nondecreasing function of T'(z)
(@

for the set of values z for which at least one of fy, and fp, is > 0. ]

Note:
We can also define families of densities with nonincreasing MLR in T'(X), but such families

can be treated by symmetry. [ |

Example 9.3.2:
Let Xy,...,X, ~UJ[0,0], 6 > 0. Then the joint pdf is

fo(z) =

1
7y 0 < Tae < 0
{ g = I[O,H}(xmam)a

otherwise

where T4, = max z;.
i=1,...,n

Let 65 > 04, then
Jor(2) _ (01)nT0.02)(Fmaa)
f01 (E) ) I[O,Gl} (xmax)

It is
I00,)(Tmaz) [ 1, Tmas € [0,61]
110.6,1(Tmaz) B { 00, Tmaz € (61, 02]
since for T4, € [0, 6], it holds that x4, € [0, 62].
But for zyeq € (01, 602], it is 1[0791}(xmax) =0.

= as T'(X) = X4, increases, the density ratio goes from (z—;)” to oo.
= fZ—Z is a nondecreasing function of T'(X) = X4z
1
= the family of UJ0, 0] distributions has a MLR in T'(X) = X s [
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Theorem 9.3.3:
The one—parameter exponential family fy(z) = exp(Q(0)T' (z) + D(0) + S(z)), where Q(6) is
nondecreasing, has a MLR in T'(X).

Proof:

Homework. []

Example 9.3.4:
Let X = (Xy,--+,X,) be a random sample from the Poisson family with parameter A > 0.
Then the joint pdf is

fz) = ﬁ (eAXBi%> — e AN T ﬁ % = exp (—TL)\ + ixl ~log(\) — ilog(wﬂ)) ,
i=1 ¢ i=1"" i=1 i=1
which belongs to the one-parameter exponential family.
Since Q(A\) = log(A) is a nondecreasing function of A, it follows by Theorem 9.3.3 that the
Poisson family with parameter A > 0 has a MLR in T(X) = zn:Xz
i=1

We can verify this result by Definition 9.3.1:

Ao Ao le . . .
If Ay > Ay, then 2> 1 and (A_l) is a nondecreasing function of 3 ;.

n

Therefore, f) has a MLR in T'(X) = Z:XZ ]
1=1

Theorem 9.3.5:
Let X ~ fp, 0 € © C IR, where the family {fp} has a MLR in T'(X).

For testing Hy : 0 < 6y vs. Hy : 0 > 0y, 0y € O, any test of the form

1, if T(z) > to
¢lz) =9 7, fT(z) =t (¥
0, if T(Q) < tp

has a nondecreasing power function and is UMP of its size Ep,(¢(X)) = a, if the size is not 0.

Also, for every 0 < a < 1 and every 6y € O, there exists a tp and a v (—oo < ty < o0,
0 <+ < 1), such that the test of form (x) is the UMP size « test of Hy vs. Hj.
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Proof:

“:”:
Let 61 < 03, 01,02 € © and suppose Ey, (¢(X)) > 0, i.e., the size is > 0. Since fy has a MLR
in T, j:zz Eig is a nondecreasing function of T'. Therefore, any test of form (x) is equivalent to
1 =,
a test fon (@)
0, (z
1, if fof(&) >k
B fo, (@)
plz) =19 v, if To,@ — k ()
.o fo,(2)
0, if fof(x) <k

which by the Neyman—Pearson Lemma (Theorem 9.2.1) is MP of size « for testing Hy : 0 = 6,
VS. H1 10 = 92.

Lecture 22:

Let @, be the class of tests of size a, and let ¢, € @, be the trivial test ¢;(z) = a Vz. Then Fr 03/02/01

¢¢ has size and power . The power of the MP test ¢ of form (x) must be at least « as the

MP test ¢ cannot have power less than the trivial test ¢, i.e,

B, (p(X)) = Ep, (¢(X)) = o = Ep, (¢(X)).

Thus, for 6y > 61,
Ep, ((X)) > Ep, (p(X)),

i.e., the power function of the test ¢ of form (x) is a nondecreasing function of 6.

Now let 01 = 6y and 03 > 6. We know that a test ¢ of form (x) is MP for Hy : 0 = 0 vs.
H, : 0 =60y > 0y, provided that its size o = Ejp,(¢(X)) is > 0.

Notice that the test ¢ of form (%) does not depend on #,. It only depends on ¢y and 7.
Therefore, the test ¢ of form (k) is MP for all 6, € ©;. Thus, this test is UMP for simple
Hy : 0 =6y vs. composite Hy : 0 > 6y with size Ey,(4(X)) = ao.

Since ¢ is UMP for a class ®” of tests (¢” € ®") satisfying
Egy (¢" (X)) < an,
¢ must also be UMP for the more restrictive class ®" of tests (¢ € ®"') satisfying
Ep(¢" (X)) < ap VO < 6.
But since the power function of ¢ is nondecreasing, it holds for ¢ that

Ey(¢(X)) < Egy (¢(X)) = a0 VO < p.

Thus, ¢ is the UMP size « test of Hy: 0 < 0y vs. Hy : 0 > 6y if oy > 0.
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“;” .
Use the Neyman-Pearson Lemma (Theorem 9.2.1). ]

Note:
By interchanging inequalities throughout Theorem 9.3.5 and its proof, we see that this The-
orem also provides a solution of the dual problem H/ : 6 > 6y vs. H] : 0 < 6. [ |

Theorem: 9.3.6
For the one—parameter exponential family, there exists a UMP two—sided test of Hy : 6 < 64
or 6 > 6y, (where 01 < 03) vs. Hy : 01 < 0 < 0 of the form

1, ife <T(z)<e
0, ifT(z)<cy, orifT(z)>co

Note:
UMP tests for Hy : 01 < 0 < 0y and H{j : @ = 6y do not exist for one-parameter exponential

families. []
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9.4 Unbiased and Invariant Tests

If we look at all size « tests in the class ®,, there exists no UMP test for many hypotheses.

Can we find UMP tests if we reduce ®, by reasonable restrictions?

Definition 9.4.1:
A size atest pof Hy: 6 € ©y vs Hy : 0 € O is unbiased if

Ey(¢(X)) > a Vo€ O,.

|
Note:
This condition means that G4(0) < o V8 € ©g and B4(0) > o VO € ©;. In other words, the
power of this test is never less than . [ |

Definition 9.4.2:
Let U, be the class of all unbiased size « tests of Hy vs Hi. If there exists a test ¢ € U,
that has maximal power for all § € ©, we call  a UMP unbiased (UMPU) size o test. ®

Note:

It holds that Uy, C ®,. A UMP test ¢, € @, will have 35, > a VO € O; since we must
compare all tests ¢, with the trivial test ¢(z) = a. Thus, if a UMP test exists in @, it is
also a UMPU test in U,. [ ]

Example 9.4.3:
Let X1,..., X, beiid N(u,0?), where 0> > 0 is known. Consider Hy : p = o vs Hy : 1 # po.
From the Neyman—-Pearson Lemma, we know that for p; > pg, the MP test is of the form
1, if X >p+ %z
$1(X) = { Vnoe

0, otherwise
and for pe < pg, the MP test is of the form
1, if X < o — =2
$2(X) = v
0, otherwise

If a test is UMP, it must have the same rejection region as ¢; and ¢s. However, these 2
rejection regions are different (actually, their intersection is empty). Thus, there exists no
UMP test.

We next state a helpful Theorem and then continue with this example and see how we can
find a UMPU test. [ |
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Theorem 9.4.4:
Let ¢1,...,¢, € IR be constants and fi(z), ..., fn+1(z) be real-valued functions. Let C be the
class of functions ¢(x) satisfying 0 < ¢(z) <1 and

" @narz=ci vi=1,....n

If ¢x € C satisfies

L, if foi(z >Zk filz
P*(z) =
0, lffn—i—l <Zkfz

for some constants ki, ..., k, € IR, then ¢* maximizes / d(z) frr1(z)dz among all ¢ € C.
—00

Proof:
Let ¢*(x) be as above. Let ¢(x) be any other function in C. Since 0 < ¢(z) <1 Vz, it is

((ﬁ*(i) - ¢( (fn-l—l Zk fz > >0 V&-

This holds since if ¢*(z) = 1, the left factor is > 0 and the right factor is > 0. If ¢*(z) = 0,
the left factor is < 0 and the right factor is < 0.

Therefore,

0 < [@ - (fnﬂ Zkfl )

= [¢ @@z [ p@) @iz -y (/¢ Vfile dx—/¢ )file)dz )

=C; 701

Thus,
[ ¢ @hin@dz > [ 6@ a2
Note:

(i) If fr41 is a pdf, then ¢* maximizes the power.

(ii) The Theorem above is the Neyman—Pearson Lemma if n = 1, fi = fp,, fo = fo,, and

Cc1 = Q.
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Example 9.4.3: (continued)

So far, we have seen that there exists no UMP test for Hy: pu = o vs Hy @ p # po.

We will show that

0, otherwise

1, ifY<,uo—ﬁza/2 or ifY>H0+ﬁza/2
¢3(z) =

1s a UMPU size « test.

Due to Theorem 9.2.2, we only have to consider functions of sufficient statistics T'(X) = X.

2 _ o2
Let 7 =

To be unbiased and of size «, a test ¢ must have

Q) / (1) fo (D)t = o, and

@) 4 [ st = [ 60) (5:50)

We want to maximize /(ﬁ(t)fu(t)dt, i # po such that conditions (i) and (ii) hold.

We choose an arbitrary pq # po and let
fi(®)
fa(t)
f3(t)

We now consider how the conditions on ¢*

f3(t)

= \/21_7”_ exp(—2—i2(§—m)2)

— exp(—2—i2(§ — p1)?)

— exp(%((i — o) — (T — 1))
— exp(T(mT; o) Mi;ﬂg)

>

>

p=po

Fur ()

in Theorem 9.4.4 can be met:

k1 f1(t) + k2 fa(t)

dt =0, i.e., we have a minimum at pg.

Lecture 23:
Mo 03/05/01

o expl— 55 (@~ o)) +
o exp(— g (7 — o)) )
b exp(— (7 — 10)%) + z exp(— 5> (7 — o))
ki + ko (2210
kot + ko (2 )




Note that the left hand side of this inequality is increasing in T if u; > po and decreasing in
T if py < po. Either way, we can choose k; and k3 such that the linear function in T crosses
the exponential function in T at the two points

B o B o
KL = [0 — ﬁza/za HU = po + ﬁza/Q'

Obviously, ¢3 satisfies (i). We still need to check that ¢3 satisfies (ii) and that By, (x) has a

minimum at po but omit this part from our proof here.

¢3 is of the form ¢* in Theorem 9.4.4 and therefore ¢3 is UMP in C. But the trivial test
¢¢(z) = o also satisfies (i) and (ii) above. Therefore, (4, (1) > « VY # pp. This means that

¢3 is unbiased.

Overall, ¢35 is a UMPU test of size a. [ |

Definition 9.4.5:

A test ¢ is said to be a—similar on a subset ©* of © if

By(0) = Eg(¢p(X)) = VO € O,

A test ¢ is said to be similar on ©* C O if it is a—similar on ©* for some ¢, 0 < a<1. =

Note:

The trivial test ¢(z) = « is a—similar on every ©* C ©. ]

Theorem 9.4.6:
Let ¢ be an unbiased test of size o for Hy : 6 € ©g vs Hy : 6§ € O, such that §4(0) is a
continuous function in §. Then ¢ is a-similar on the boundary A = ©¢ N O, where O and

O are the closures of ©¢ and ©1, respectively.

Proof:

Let & € A. There exist sequences {6,} and {60} whith 6, € ©¢ and 6], € ©; such that
lim 0, =0 and lim 6, = 6.

n—0o0 n—0o0

By continuity, 84(6,) = B5(6) and B4(6;,) — B4(0).

Since B4(0n) < « implies (4(0) < o« and since B4(0;,) > « implies 54(#) > « it must hold
that (,(0) = a V6 € A. |
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Definition 9.4.7:
A test ¢ that is UMP among all osimilar tests on the boundary A = O N O is called a
UMP o—similar test. ]

Theorem 9.4.8:
Suppose B4(0) is continuous in @ for all tests ¢ of Hy: 0 € ©g vs Hy : 0 € O1. If a size «
test of Hy vs Hy is UMP «a—similar, then it is UMP unbiased.

Proof:
Let ¢o be UMP «-similar and of size . This means that Ey(¢(X)) < a V0 € Oy.

Since the trivial test ¢(z) = « is a—similar, it must hold for ¢ that 84, (0) > a V6 € O since
¢o is UMP a-similiar. This implies that ¢g is unbiased.

Since f4(0) is continuous in 6, we see from Theorem 9.4.6 that the class of unbiased tests is

a subclass of the class of a—similar tests. Since ¢g is UMP in the larger class, it is also UMP

in the subclass. Thus, ¢ is UMPU. [ |
Note:
The continuity of the power function 34(#) cannot always be checked easily. [

Example 9.4.9:
Let Xq,...,X, ~ N(u,1).

Let Hy: p<0vs Hi: pu>0.

n
Since the family of densities has a MLR in Z X;, we could use Theorem 9.3.5 to find a UMP

i=1
test. However, we want to illustate the use of Theorem 9.4.8 here.

It is A = {0} and the power function
so = [ 0@ (=) e (5 S ?) a
= )| — ) exp|—= T — x
o\ L, P\ m p D) £ i T M XL
of any test ¢ is continuous in x. Thus, due to Theorem 9.4.6, any unbiased size « test of H

is ar-similar on A.
We need a UMP test of H: p=0vs Hy: p> 0.

By the NP Lemma, a MP test of Hy : =0 vs H{ : p = p1, where py > 0 is given by
2 02
1, if exp (le _ 2@ion) ) >k

2 2

P(z) =

0, otherwise
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or equivalently, by Theorem 9.2.2,

1, 7= Xi>k
P(z) = i=1

0, otherwise

Since under Hy, T' ~ N(0,n), k is determined by o = P,—o(T > k) = P(
k= +/nzq.

¢ is independent of p; for every py > 0. So ¢ is UMP a—similar for Hj vs. Hj.

T k :
n > ﬁ), 1e.,

Finally, ¢ is of size a, since for p < 0, it holds that
B (¢(X)) = Pu(T> Vnzg)

_ P(T\_/gu>za—\/ﬁu>

,\
INx

P(Z > z,)

«

(%) holds since T:/%“ ~ N(0,1) for p <0 and zo — v/np > 24 for p <0.

Thus all the requirements are met for Theorem 9.4.8, i.e., 34 is continuous and ¢ is UMP
a—similar and of size «, and thus ¢ is UMPU. |

Note:
Rohatgi, page 428-430, lists Theorems (without proofs), stating that for Normal data, one—-

and two-tailed t-tests, one— and two-tailed y?-tests, two-sample t-tests, and F-tests are all
UMPU. -

Note:

Recall from Definition 8.2.4 that a class of distributions is invariant under a group g of trans-
formations, if for each g € G and for each § € © there exists a unique ¢ € © such that if
X ~ Py, then g(X) ~ Py. ]

Definition 9.4.10:

A group G of transformations on X leaves a hypothesis testing problem invariant if G
leaves both {Py : 6 € ©¢} and {Fy : § € ©1} invariant, i.e., if y = g(z) ~ hg(y), then
{fo(z) : 0 € ©p} = {hy(y) : 0 € O} and {fp(z): 0 € O1} = {ho(y) : 0 € O1}. |
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Note:

We want two types of invariance for our tests:

Measurement Invariance: If y = g(z) is a 1-to-1 mapping, the decision based on y should
be the same as the decision based on z. If ¢(z) is the test based on z and ¢*(y) is the
test based on y, then it must hold that ¢(z) = ¢*(g(z)) = ¢*(y).

Formal Invariance: If two tests have the same structure, i.e, the same ©, the same pdf’s (or
pmf’s), and the same hypotheses, then we should use the same test in both problems.
So, if the transformed problem in terms of y has the same formal structure as that of

the problem in terms of z, we must have that ¢*(y) = ¢(z) = ¢*(g9(z)).

We can combine these two requirements in the following definition: [

Definition 9.4.11:

An invariant test with respect to a group G of tansformations is any test ¢ such that

d(z) = ¢p(g9(z)) Vz Vg€ G.

Example 9.4.12:

Let X ~ Bin(n,p). Let Hy: p = % vs. H : p# %

Let G = {g1,92}, where g1 (z) =n — z and gy(z) = z.

If ¢ is invariant, then ¢(z) = ¢(n — x). Is the test problem invariant? For go, the answer is

obvious.

For ¢;, we get:
g1(X)=n—X ~ Bin(n,1 —p)

Hy: p=14: (o) :p =5} = Ihy((s) :p = 3} = Bin(n, )
By p# b Uylo) ip# 51 = {hplor@) :p # 5)

e "'

=Bin(n.p#3) —Bin(np#1)

So all the requirements in Definition 9.4.10 are met. If, for example, n = 10, the test

$(z) =

1, ifz=0,1,2,8,9,10
0, otherwise

is invariant under G. For example, ¢(4) = 0 = ¢(10 — 4) = ¢(6), and, in general,
$(z) = ¢(10 — ) Vz € {0,1,...,9,10). n
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Example 9.4.13:
Let X1,...,X, ~ N(pu,0?) where both y and 02 > 0 are unknown. It is X ~ N(u, %2) and
”0—_2152 ~ x2_; and X and S? independent.

Let Hy: p <0vs. Hy: p>0.
Let G be the group of scale changes:

G ={9.(%,5%),c>0: g.(7,5°) = (T, *s?)}
The problem is invariant because, when g¢.(Z, s%) = (¢, ¢?s?), then

(i) ¢X and c%2S? are independent.

2

€y € {N(n, =)}

sy el 202 2
(iii) &3c°S° ~ xn_1-

(i) ¢X ~ N(cp,

So, this is the same family of distributions and Definition 9.4.10 holds because p < 0 implies
that cu <0 (for ¢ > 0).
An invariant test satisfies ¢(T, s2) = ¢(cz, ?s2), ¢ > 0,52 > 0,7 € IR.

z

Let ¢ = % Then ¢(T, s2) = #(%,1) so invariant tests depend on (7, 52) only through

@ 8]

If f—ll f—;, then there exists no ¢ > 0 such that (Ta,s3) = (cZ1,c?s?). So invariance places

no restrictions on ¢ for different % = f—j Thus, invariant tests are exactly those that depend

only on %, which are equivalent to tests that are based only on ¢ = s/i\/ﬁ Since this mapping

is 1-to—1, the invariant test will use 1" = % ~ tn—1 if 4 = 0. Note that this test does not

depend on the nuisance parameter 2. Invariance often produces such results. [ |

Definition 9.4.14:

Let G be a group of transformations on the space of X. We say a statistic T'(z) is maximal

invariant under G if

(i) T is invariant, i.e., T(z) = T'(g(z)) Vg € G, and

(ii) T is maximal, i.e., T(z;) = T'(z,) implies that z; = g(z,) for some g € G.
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Example 9.4.15:
Let z = (z1,...,2,) and gc(z) = (x1 + ¢,..., 2, + ©).

Consider T'(z) = (xp, — T1,Zn — T2y -+, T — Tp—1)-

It is T(gc.(z)) = (£n — 21, % — T2y - ., Ty — Tp—1) = T'(z), so T is invariant.
IUT(z)=T(z), then z, —z; =2}, — 2, Vi=1,2,...,n— 1L

This implies that z; — 2}, =2, — 2, =c Vi=1,2,...,n— 1.

Thus, g.(z') = (&} +¢,...,2), +¢c) =z.

Therefore, T' is maximal invariant. [ |

Definition 9.4.16:
Let I, be the class of all invariant tests of size « of Hy : 8 € Oy vs. H; : 0 € ©. If there
exists a UMP member in [, it is called the UMP invariant test of Hy vs H;. [ ]

Theorem 9.4.17:

Let T'(z) be maximal invariant with respect to G. A test ¢ is invariant under G iff ¢ is a

function of T'.

Proof:

="

Let ¢ be invariant under G. If T'(z;) = T'(z5), then there exists a g € G such that z; = g(z5).
Thus, it follows from invariance that ¢(x;) = ¢(g(z2)) = ¢(zs). Since ¢ is the same whenever
T(z,) = T(z5), ¢ must be a function of T'.

="

Let ¢ be a function of T', i.e., ¢(z) = h(T'(z)). It follows that

(%) holds since T is invariant.

This means that ¢ is invariant. [ |
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Example 9.4.18:
Consider the test problem

HO: XNfU(xl_ea"'axn_e) vs. Hy: XNfl(i'l—e,...,.’L‘n—e),
where 0 € IR.
Let G be the group of transformations with
ge(z) = (r1+¢ ...,z + ),

where ¢ € IR and n > 2.

As shown in Example 9.4.15, a maximal invariant statistic is T'(X) = (X1 — Xp, ..., Xp-1 —
Xp,) = (T1,...,T,—1). Due to Theorem 9.4.17, an invariant test ¢ depends on X only through
T.

Since the transformation

T X - X,
(%)
Z Ty Xn—l - Xn
VA Xn

is 1-to—1, there exists inverses X,, = Z and X; =T, + X, =T; +Z Yi=1,...,n—1.
Applying Theorem 4.3.5 and integrating out the last component Z (= X,,) gives us the joint
pdfofT = (Tl,... Tn 1)

Thus, under H;,7 = 0,1, the joint pdf of T" is given by / filti + z,t2 + 2, 1+ 2,2)dz
which is independent of 6. The problem is thus reduced to testing a simple hypothesw against
a simple alternative. By the NP Lemma (Theorem 9.2.1), the MP test is

1, ifA(t) >c

Pl tua) = { 0, ifA{)<c

o0
/ filti+ 2z, b2+ 2, tn1 + 2,2)d2

where t = (¢1,...,t,—1) and A(t) = .
/ folti + 2,82+ 2, tn1 + 2,2)d2
—o0

In the homework assignment, we use this result to construct a UMP invariant test of

Hy: X ~N(0,1) vs. H : X ~ Cauchy(1,0),

1 1
where a Cauchy(1, #) distribution has pdf f(z;6) = —m, where 0 € IR. [
™ x —
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10 More on Hypothesis Testing

10.1 Likelihood Ratio Tests

Definition 10.1.1:
The likelihood ratio test statistic for

Hy: 0€0Bgvs. H: €6, =0 -0,

is

Az)

The likelihood ratio test (LRT) is the test function

sup fy(z)

_ 0€6g
sup fo(z)

0co

¢(z) = Ijp,) (A(2)),

for some constant ¢ € [0, 1], where ¢ is usually chosen in such a way to make ¢ a test of size

.

Note:

(i) We have to select ¢ such that 0 < ¢ <1 since 0 < A\(z) < 1.

(ii) LRT’s are strongly related to MLE’s. If 6 is the unrestricted MLE of  over © and 6 is

the MLE of 0 over Oq, then A(z) = ‘%,

(

)

 fi(@)

Example 10.1.2:

Let X1,...,X, be a sample from N(u,1). We want to construct a LRT for

Ho: p=povs. Hi: p# po.

It is jig = po and o = X. Thus,

Az)

_ (2m) " exp(—3 (@i — p)?)

7 @2m) T exp(—5 X(w — 7)?)

= exp(—

2

2T - o))

The LRT rejects Hy if A(z) < ¢, or equivalently, | T — po |> \/—210%. This means, the LRT

rejects Hy : p = po if T is too far from ug.
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Theorem 10.1.3:
If T'(X) is sufficient for # and A*(¢) and A\(z) are LRT statistics based on 7" and X respectively,
then

AN (T'(z)) = Mz) Vaz,
i.e., the LRT can be expressed as a function of every sufficient statistic for 6.

Proof:
Since T is sufficient, it follows from Theorem 8.3.5 that its pdf (or pmf) factorizes as fy(z) =
go(T)h(z). Therefore we get:

sup fy(z)
A(x) _ 0€O9

- sup fo(z)
00

sup go(T)h(z)
0€Og

sup go(T')h(z)
9cO

sup go(T)
[ASSH

sup go(T')
fcO

= MN(T(z))
Thus, our simplified expression for A(z) indeed only depends on a sufficient statistic 7'. [ |

Theorem 10.1.4:

If for a given «, 0 < o < 1, and for a simple hypothesis Hy and a simple alternative H; a non—

randomized test based on the NP Lemma and a LRT exist, then these tests are equivalent. =

Note:
Usually, LRT’s perform well since they are often UMP or UMPU size « tests. However, this
does not always hold. Rohatgi, Example 4, page 440-441, cites an example where the LRT is

not unbiased and it is even worse than the trivial test ¢(z) = a. |

Theorem 10.1.5:
Under some regularity conditions on fy(z), the rv —2log A(X) under Hy has asymptotically

a chi-squared distribution with v degrees of freedom, where v equals the difference between

the number of independent parameters in © and ©y, i.e.,

—2log AM(X) LN x2 under Hj.
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Note:

The regularity conditions required for Theorem 10.1.5 are basically the same as for Theorem

8.7.10. Under “independent” parameters we understand parameters that are unspecified, i.e.,

free to vary.

Example 10.1.6:

Let X1,..., X, ~ N(i,0?) where € IR and ¢ > 0 are both unknown.

Let Hy: pu=po vs. Hy: pu# pp.

We have 0 = (u,02%), © = {(,0%) : p € R,0% >0} and Oy = {(uo,0?) :

n n
Itiséo MO,%Z and é: E,%Z —x
=1 =1
Now, the LR test statistic A(z) can be determined:
i (z
- @
fo(z)

1 _ 2 @iopo)®
E E St ( 2 Z(m—uoP)

L DY G
EEC@E ( 27 Z(wi@z)

n

B ExZ—nxz B
o\ X 2? = 2u0 X @i + npd — nT? + nT?

2

1
n(T—po)?

Note that this is a decreasing function of

t(l) — ;/H(X _ NU)_ — \/E(XS_ NO) (i:) ¢
o1 (X — X)?
(x) holds due to Corollary 7.2.4.

So we reject Hy if ¢(z) is large. Now,

n T — 2
—2log\(z) = —2(—5) log (1 + n%)
Z )2
= nlog (1 + nz(:(gcZ foﬁ)y)
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Under Hy, @ ~ N(0,1) and M ~ x2_, and both are independent.

Therefore, under H,
n(X — po)” -
Ly (X — X)?
Thus, the mgf of —2log A\(X') under Hj is

Fip1.

Mn(t) = Emn,(exp(—2tlog A(X)))

= Ep,(exp(ntlog(l + L)))

n—1
= EHo(exp(log(ler)"t))
= Eno((1+ _1)"t)
[ () 1 f\? F\™
B /0 rEhrd)n—1)z f(Hn—l) <1+n—1> i
Note that r(n) N
_ 5 B f N\
e = e - (1+755) T Towa)
is the pdf of a F ,,_; distribution.
Let y = (1 + %)71, then L3 = =¥ and df = —2-Ldy.
Thus,
B (%) © 1 fo\"e
= r("%)r(%)(n—n%/o gleas) e
— F(%) 7 — % ! %47nt _ “3 d
TR AR AL
© I'(3) n—1 1
- Pt )
_ L% (" —nt)l(3)
r(2zhr(z)  I'(5 —n)
DB (% —nt) 11
- TEL TG 527 m

(x) holds since the integral represents the Beta function (see also Example 8.8.11).
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As n — oo, we can apply Stirling’s formula which states that

D(a(n) + 1) ~ (a(n)! ~ vVZr(a(n)*™M* s exp(—a(n)).

So,
o= nl _n=2) f3r n(1—2t)—3,n120-2 _ n(1-2t)-3
Mo(t) =~ ( 3 ) exp( 3 )V 2m( 3 ) — exp( 3 )
n s n(1—26)—1
VEr(250) "7 exp(—5%) Var(MEE) T exp(— M)
n—2 1 n(l—2t)—2 1
B <n—2>T<n—2>5<n(l—2t)—3> 2 (n(1—2t)—2> 2
- \n-3 2 n(l —2t) —2 2
1 1 1
1 2 1 2 n—2 2
— 14— 2 1 — = n(12t)2> (_)
<( =3 ) <( ni—20)—2 n(l—20) =2
*)8% as n—oo —)efé as n—oo —)(172t)7% as n—oo
Thus,
1
M, (t) — ——— as n — oo.
(1—2t)2

Note that this is the mgf of a x? distribution. Therefore, it follows by the Continuity Theorem
(Theorem 6.4.2) that

—2log \(X) <, X3
Obviously, we could use Theorem 10.1.5 (after checking that the regularity conditions hold)
as well to obtain the same result. Since under Hy 1 parameter (02) is unspecified and under

H, 2 parameters (i, 02) are unspecified, it is v =2 — 1 = 1. [
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10.2 Parametric Chi—Squared Tests

Definition 10.2.1: Normal Variance Tests

Let X1,...,X, be a sample from a N (u,0?) distribution where y may be known or unknown

and 02 > 0 is unknown. The following table summarizes the y? tests that are typically being

used:
Reject Hy at level « if
Hy H, 1 known 1 unknown
I |o>00 0<o00 (i~ n)? <ogXpi-q s? < ng—iX%—m—a
IT |o0<ay o0>00  X(wi—p)? > 0ixha 2> 002,
HI|o=0y 0#0y S@i—w? <ol ap 5 <X 10 ap
or Y(wi — ) 2 oy orst > G
|
Note:

(i) In Definition 10.2.1, oy is any fixed positive constant.
(ii) Tests I and IT are UMPU if y is unknown and UMP if 4 is known.

(iii) In test III, the constants have been chosen in such a way to give equal probability to

each tail. This is the usual approach. However, this may result in a biased test.

(iv) X%;ka is the (lower) « quantile and X%;a is the (upper) 1 — a quantile, i.e., for X ~ x2,
it holds that P(X < x32, ,) =« and P(X <x;.,) =1—c.

(v) We can also use x2 tests to test for equality of binomial probabilities as shown in the

next few Theorems.

| |
Theorem 10.2.2:
Let X1,..., X\ be independent rv’s with X; ~ Bin(n;,p;),i =1,...,k. Then it holds that
k 2
Xi —nip; > d__o
T=Y (-2 ) 42
; ( nipi(1 — p;)
as Niy...,Ng — OO.
Proof:
Homework [ |

100



Corollary 10.2.3:
Let Xi,..., Xy be as in Theorem 10.2.2 above. We want to test the hypothesis that Hy : p; =

p2 = ... =pp = p, where p is a known constant. An appoximate level-« test rejects Hy if
k nip 2
g 2
; ( rp (= )> > Xk
|

Theorem 10.2.4:
Let X1,..., Xy be independent rv’s with X; ~ Bin(n;,p),i = 1,...,k. Then the MLE of p is

k
>_wi
A i=l
p - k .
> mi
i=1
Proof:
This can be shown by using the joint likelihood function or by the fact that Y X; ~ Bin(}_ n;,p)
and for X ~ Bin(n,p), the MLE is p = . [

Theorem 10.2.5:
Let Xi,..., X be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. An approximate

level-« test of Hy: p1 = po = ... = pip = p, where p is unknown, rejects Hy if
k N 2
Ty — NP
= Z (%) > X%A;aa
= \Wnip(l —p)
where p = %:Z [

Theorem 10.2.6:

k

Let (Xi,...,X) be a multinomial rv with parameters n,pi,po,...,pr where Zpi =1 and
—t

i 13
> Xi =n. Then it holds that
i=1
(Xi —npi)® 4 2
U, —
k ; i Xk—1
as n — oo.

An approximate level-« test of Hy : p1 = p},p2 =ph,...,pr = p}, rejects Hy if

k 12
(zi — np;)
Z - ] : > Xzfl;a‘



Proof:

Case k = 2 only:

(X1 — np1)? n (X2 — np2)?
np1 np>

(X1 — np1)2 + (n—X; —n(1 —pl))2
np n(l —py)

= (X1—np1)2< ! +¥>

np1 - n(l—p)

(1—p1) +p1>
np1(1 —p1)

Uy =

= (X1 —np1)? (

(X1 —np1)?
np1(1 —p1)
X1 —np1

LN N(0,1). Therefore, U, LN X3 |
np1 (1 —p1)

By the CLT,
Theorem 10.2.7:

Let Xq,...,X, be a sample from X. Let Hy : X ~ F, where the functional form of F' is
known completely. We partition the real line into k& disjoint Borel sets A;p,...,A; and let
P(X € A;) = p;, where p; >0 Vi=1,...,k.

n
Let Yj = #X/sin A; =Y I4,(X;), Vi=1,...,k
=1

Then, (Y7,...,Y%) has multinomial distribution with parameters n, p1,po, ..., pk. [ |

Theorem 10.2.8:

Let X1,..., X, be a sample from X. Let Hy : X ~ Fp, where § = (01,...,0,) is unknown.
Let the MLE @ exist. We partition the real line into k disjoint Borel sets Aj, ..., Ay and let
P@(X S Az) = p;, where p; >0 Vi=1,... k.

n
Let Yj = #X/sin A; =Y In(X;), Vj=1,...,k
=1

Then it holds that )
(Yz - nﬁz)2 d 2
Vk = _— — Xk—r—1-
; np; k—r—1
An approximate level-o test of Hy : X ~ Fy rejects Hy if
k

(yi —npi)® _ o
Z T > Xk—r—La
i=1 pl
where r is the number of parameters in 6 that have to be estimated. [ |
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10.3 {—Tests and F—Tests

Definition 10.3.1: One— and Two—Tailed ¢-Tests
Let Xi,...,X, be a sample from a N(u,0?) distribution where o2 > 0 may be known or
n

n
unknown and y is unknown. Let X = %ZXl and $% = L X:(XZ - X)%
i=1 i=1

The following table summarizes the z— and t—tests that are typically being used:

Reject Hy at level « if

H, H, o? known o? unknown

I :U*SMO > o XZ,U*O‘*‘%'Z& XZMO‘*‘%tn—l;a

IT |\ p>p p<po X<pot+ F=ra X <pot J=tnoiji-a

HI|p=po p#m | X —pl> Fzap | X —pol2 Fmtn-ta)

Note:

(i) In Definition 10.3.1, pg is any fixed constant.
(ii) These tests are based on just one sample and are often called one sample t—tests.

(iii) Tests I and IT are UMP and test III is UMPU if 02 is known. Tests I, II, and III are
UMPU and UMP invariant if o2 is unknown.

(iv) For large n (> 30), we can use z—tables instead of ¢-tables. Also, for large n we can
drop the Normality assumption due to the CLT. However, for small n, none of these

simplifications is justified.

Definition 10.3.2: Two—Sample ¢-Tests

Let Xi,...,X,, be a sample from a N(u1,0?) distribution where o > 0 may be known or

unknown and i is unknown. Let Y7,...,Y, be a sample from a N(uz,02) distribution where

03 > 0 may be known or unknown and pso is unknown.

m m
Let X =L %" X; and §7 = -3 (X; - X)*.
i=1 =1

n n
Let Y =13 V;and 85 = -1 Y (v, - Y)%
i=1 i=1

(m—1)S2+(n—1)S2
m+n—2 .

Let Sg =

The following table summarizes the z— and t-tests that are typically being used:
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Reject Hy at level « if
Hy H, 02,03 known 02,03 unknown, oy = oy
T =<6 m—pp>0 X-V>6+2aI+2  X=V>6+tminoaSp /% + 1
IT {pi—p2>6 p—pe<d X =Y <64 z1-qy %+;% X —Y <0+ tmin-21-aSp/ 7 + =
IIT |y —pe =0 gy —pe#0 | X =Y =0 |> 200\ 7 + 5 | X =Y = 01> tin-2ia/25/ 7 + &

Note:

(i) In Definition 10.3.2, ¢ is any fixed constant.

(ii) All tests are UMPU and UMP invariant.

(iii) If of = 03 = 02 (which is unknown), then S2 is an unbiased estimate of 0. We should

check that 0? = 02 with an F-test.

(iv) For large m + n, we can use z—tables instead of ¢-tables. Also, for large m and large n
we can drop the Normality assumption due to the CLT. However, for small m or small

n, none of these simplifications is justified.

Definition 10.3.3: Paired ¢-Tests
Let (X1,Y1)...,(X,,Yn) be a sample from a bivariate N (1, po, 0%, 03, p) distribution where

all 5 parameters are unknown.

Let D; = X; — Y; ~ N(uy — p2, 0% + 03 — 2po103).
n n

Let D=2%"D;and S5 = -2 > (D; — D)%
i=1 i=1

The following table summarizes the t—tests that are typically being used:

Hy H, Reject Hy at level « if

I \p1r—p2 <0 pp—p2 >0 5254—%%71;(1

IT |1 —pa>6 pr—p2 <6 D<6+ftn Lil—a

I gy —pp =06 p—p2#35 |D— 5|> Etn_150/2
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Note:

(i) In Definition 10.3.3, ¢ is any fixed constant.

(ii) These tests are special cases of one-sample tests. All the properties stated in the Note

following Definition 10.3.1 hold.

(iii) We could do a test based on Normality assumptions if 0> = 02 + 03 — 2poi09 were

known, but that is a very unrealistic assumption.

Definition 10.3.4: F—Tests
Let X1,..., X, be asample from a N (u1,0?) distribution where ;1 may be known or unknown

., Y, be a sample from a N(u2,03) distribution where ps may

and o7 is unknown. Let Y7, ..

be known or unknown and o3 is unknown.

Recall that
m o n .
Y (X —X)? Y (vi-Y)
i=1 2 =1 2
0_% ~ Xm—1> 0_% ~ Xn—1>
and
m —
> (X —X)?
i=1
T S
Sw-yp T
"

=1
- Ded

The following table summarizes the F—tests that are typically being used:

Reject Hy at level « if
Hy H, W1, o known W1, po unknown
T 2
o > (Xi—p1) ER
I U% < U% U% > U% 1 %(Yi*llz)z = Fm,n;a 5_§ > Fm—l,n—l;a
1 2
n (Yi—p2) 52
I7 U% Z U% U% < U% L%(Xi,m)z Z n,m;o 5_§ Z Fn—l,m—l;a
1 2 2
2 2 2 22 (Xi—p1) s
III | of =05 of # 03 l§(yi,u2)2 > Foynsa)2 S—é > Py 11502
1
o (Yi—p2) 52
or - %(X@—MV = Fn,m;a/2 or 5_% > anl,mfl;a/2
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Note:

(i) Tests I and II are UMPU and UMP invariant if p; and po are unknown.
(ii) Test III uses equal tails and therefore may not be unbiased.

(iii) If an F-test (at level o) and a t—test (at level ay) are both performed, the combined
test has level « = 1 — (1 — a1)(1 — a2) > maz(a1, a2) (= a1 + ay if both are small).
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10.4 Bayes and Minimax Tests

Hypothesis testing may be conducted in a decision—theoretic framework. Here our action

space A consists of two options: a¢ = fail to reject Hy and a1 = reject Hy.

Usually, we assume no loss for a correct decision. Thus, our loss function looks like:

( ) 0, if 0 € ©
L 9,0,0 =
a(), iffe O

b(d), if6e O
L(ea al) =
0, iffeo

We consider the following special cases:

0—1 loss: a(f) = b(A) = 1, i.e., all errors are equally bad.

Generalized 0-1 loss: a(f) = ¢;y, b(0) = ¢y, i.e., all Type I errors are equally bad and all
Type II errors are equally bad and Type I errors are worse than Type II errors or vice

versa.

Then, the risk function can be written as
R(0,d(X)) = L(6,a0)Py(d(X) = ag) + L(0, a1) Py(d(X) = a1)
a(0)Py(d(X) = ap), if0€ O
b(0)Py(d(X) =ay), if6€ Oy
The minimax rule minimizes
max{a(0)Fy(d(X) = ao), b()Py(d(X) = ar)}.

Theorem 10.4.1:

The minimax rule d for testing

H(): OZOOVS. Hll 0:01

under the generalized 0-1 loss function rejects Hy if

ft91 (&)
fl90 (E) = b
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where k is chosen such that

R(6o,d(X)) = R(f1,d(X))

= crP (d(X) =a0) = crP(d(X) =a1)
f91(X) _ fgl(x)
= el <f90(1)<’“> - c’P0°<fgo(1)Zk>'

Proof:

Let d* be any other rule.
o If R(6y,d) < R(6p,d*), then

R(0o,d) = R(61,d) < max{R(0o,d"), R(61,d")}.

So, d* is not minimax.
o If R(6y,d) > R(6y,d"), i.e.,
crPyy(d = a1) = R(6y,d) > R(0y,d*) = c; P, (d* = ay),
then
P(reject Hy | Hy true) = Py, (d = a1) > Py, (d* = ay).
By the NP Lemma, the rule d is MP of its size. Thus,
Py (d=a1)> Py, (d* =a1) <= Py (d=ag) <Py (d*=ap)
= R(01,d) < R(6y,d¥)
= max{R(by,d), R(01,d)} = R(01,d) < R(01,d") < max{R(6y,d"), R(61,d")} Vd*

— d 1s minimax m

Example 10.4.2:
Let X1,...,X, beiid N(u,1). Let Hy: p=po vs. Hy: = p1 > po.
fgl(g)
f90(§)

Therefore, we choose ky such that

As we have seen before,

> k1 is equivalent to T > k.

C[[Pul (Y < kg) = CIPNO (Y > kg)

= cr®(Wnlks —p1)) = er(1—@(Vnlk2 — po))),
where ®(z) = P(Z < z) for Z ~ N(0, 1).

Given ¢y, gy, fho, 1, and n, we can solve (numerically) for ky using Normal tables. [
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Note:
Now suppose we have a prior distribution 7(f) on ©. Then the Bayes risk of a decision rule

d (under the loss function introduced before) is
R(md) = Er(R(9,d(X)))
_ / R(, d)w(0)d6
e

= |, bOTOPAX) = a1)db + [ a(B)m(0)Py(d(X) = ao)de

if 7 is a pdf.

The Bayes risk for a pmf 7 looks similar (see Rohatgi, page 461). [

Theorem 10.4.3:
The Bayes rule for testing Hy : 6 = 0y vs. Hy : 6 = 6 under the prior 7(6y) = mp and

m(01) = m; = 1 — my and the generalized 0-1 loss function is to reject Hy if

fonle)  ermy

foo(z) — errm

Proof:
We wish to minimize R(7,d). We know that
R(m.d) "= B(RO,4)

Pel 383 (By(L(9, d(X))))

Note
2 [ @) (] 10.dw) b | 2)d0) da

marginal posterior

Def.:4.7.1 /Q(E)Ee(L(gad(l)) | 122) dz

= Ex(Ep(L(#,dX)) | X)).
Therefore, it is sufficient to minimize Fy(L(0,d(X)) | X).

The a posteriori distribution of @ is

h(f|z) =

70 £, () B
) @ rmdn@ TP
7r1f91 T

7T0f90 (&) + 7T1f01 (Q) ’
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Therefore,

(cih(By | z), if0=0,d(z)=a
C[[h(91 | Q), if @ = 91,d(g) = ag
Ey(L(0,d(X)) | X =1z)=
0, if 0 =0y,d(z) = ag
L 0, if9:91,d(g) = a1

This will be minimized if we reject Hy, i.e., d(z) = a1, when cfh(6y | z) < crrh(6 | z)

= crmofo,(x) < crrmifo, ()

fo,(z) S 17
foo(z) — crrmy

Note:
For minimax rules and Bayes rules, the significance level « is no longer predetermined.

Example 10.4.4:
Let Xi,...,X, beiid N(p,1). Let Hy: p=po vs. Hy: p=py > po. Let cf = cpy.

By Theorem 10.4.3, the Bayes rule d rejects Hy if

folw) o _m
foolz) — 1-mo
)2 2
e exp 2@ Tm)T  X@ )T} M
2 2 1—mg
n(pg — pi) o
exp ((Ml po) Y wi + 5 Z 1
M1 — Ho i 5 = 1= 7
1 1 In(;22
. _in > = (1—n0)+M0+M1
n n 1 — Mo 2
If mg = %, then we reject Hy if 7 > adl —; ad]
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Note:
We can generalize Theorem 10.4.3 to the case of classifying among k options 61, ...,0;. If we

use the 0-1 loss function

L, ifd(X)=0; Vj#i
L(0;,d) =
0, ifdX)=0

then the Bayes rule is to pick 6; if

Lecture 30:

Example 10.4.5: We 03/28/01

Let Xi,...,X, beiid N(p,1). Let py < po < pg and let mp = my = 73.

Choose p = p; if

)2 2
7; exp <_M> > 7 exp <_M>7 j#i,5=123.

Similar to Example 10.4.4, these conditions can be transformed as follows:

(ki — 1) (pi + p15)
2

In our particular example, we get the following decision rules:

(i) Choose py if 7 < MFH2 (and 7 < H13H2),

(ii) Choose pg if T > ’“;“2 and 7 < H2tis

P
2588 (and T > HF43),

Y

(iii) Choose ps if T

Note that in (i) and (iii) the condition in parentheses automatically holds when the other

condition holds.

If p1 =0, po =2, and p3 = 4, we have the decision rules:
(i) Choose p if 7 < 1.
(ii) Choose py if 1 < T < 3.

(iii) Choose ps if 7 > 3.

We do not have to worry how to handle the boundary since the probability that the rv will

realize on any of the two boundary points is 0. [ |
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11 Confidence Estimation

11.1 Fundamental Notions

Let X be a rv and a, b be fixed positive numbers, ¢ < b. Then

Pla<X<b) = Pla<X and X <b)

X

= P(a<Xand€<1)
X

= P(a<Xa,ndaT<a)

X
= P(aT<a<X)

The interval I(X) = (%, X) is an example of a random interval. I(X) contains the value

a with a certain fixed probability.

For example, if X ~ U(0,1),a = i, and b = %, then the interval I(X) = (%,X) contains i

with probability %

Definition 11.1.1:

Let P,0 € © C IR*, be a set of probability distributions of a rv X. A family of subsets
S(z) of ©, where S(z) depends on z but not on 6, is called a family of random sets. In
particular, if § € © C IR and S(z) is an interval (8(z),0(z)) where §(z) and §(z) depend on

2 but not on 6, we call S(X) a random interval, with §(X) and §(X) as lower and upper
bounds, respectively. #(X) may be —oco and #(X) may be +oc. [

Note:
Frequently in inference, we are not interested in estimating a parameter or testing a hypoth-
esis about it. Instead, we are interested in establishing a lower or upper bound (or both) for

one or multiple parameters. [ |

Definition 11.1.2:
A family of subsets S(z) of © C IRF is called a family of confidence sets at confidence

level 1 — o if
Py(S(X)380)>1—a VoecO,

where 0 < a < 1 is usually small.

The quantity
inf Py(S(X)  6)

is called the confidence coefficient. []
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Definition 11.1.3:
For k = 1, we use the following names for some of the confidence sets defined in Definition
11.1.2:

(i) If S(z) = (6(z), 00), then O(z) is called a level 1 — « lower confidence bound.
(i) If S(z) = (—o00,0(x)), then f(z) is called a level 1 — o upper confidence bound.

(iii) S(z) = (0(z),0(x)) is called a level 1 — « confidence interval (CI).

Definition 11.1.4:
A family of 1 — « level confidence sets {S(z)} is called uniformly most accurate (UMA)
if

Py(8(X) 3 6) < Py(S'(X) 3 0) ¥0,0'€©

and for any 1 — « level family of confidence sets S'(X). ]

Theorem 11.1.5:
Let X1,...,X, ~ Fy, 0 € O, where O is an interval on IR. Let T(X,0) be a function on
IR" x © such that for each 6, T'(X,0) is a statistic, and as a function of 0, T is strictly

monotone (either increasing or decreasing) in 6 at every value of z € IR".

Let A C IR be the range of T and let the equation A = T'(z,0) be solvable for 6 for every
A € A and every z € IR™.

If the distribution of T'(X, #) is independent of 6, then we can construct a confidence interval

for 6 at any level.

Proof:
Choose « such that 0 < o < 1. Then we can choose A\j(«) < A2(cr) (which may not necessarily

be unique) such that
Py(M(a) <T(X,0) < A2(e)) 21—« V6.
Since the distribution of T'(X, #) is independent of 8, A1 («) and A2(a) also do not depend on

6.

If T'(X, 0) is increasing in 6, solve the equations \ (o) = T'(X, #) for 0(X) and \2(a) = T'(X, 0)
for 0(X).

If T(X,0) is decreasing in 6, solve the equations \;(a) = T(X,6) for §(X) and \o(a) =
T(X,0) for 6(X).
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In either case, it holds that

Pp(0(X) <0 <0(X)>1—-a V0.

Note:

(i) Solvability is guaranteed if 7" is continuous and strictly monotone as a function of 6.

(ii) If T' is not monotone, we can still use this Theorem to get confidence sets that may not

be confidence intervals.

Example 11.1.6:
Let Xi1,...,X, ~ N(u,0?), where p and 0? > 0 are both unknown. We seek a 1 — « level

confidence interval for p.
Note that —
X —p
TX,p) =—— ~tp—
is independent of 1 and monotone and decreasing in u.

We choose A\ (a) and Ag(«) such that
P(Ai(e) <T(X,p) < Xofa)) =1-a

and solve for p which yields

HY—S$S)<M<X—S$§U:1—a
Thus,
(X - S’)j(ﬁa) X S):;(ﬁa))
is a 1 — a level CI for 4. We commonly choose Az(a) = —Ai(@) = t,_1;0/2 ]

Example 11.1.7:
Let X1,...,X, ~U(0,0).

We know that 6 = max(X;) = Maz, is the MLE for 6 and sufficient for 6.

The pdf of Max,, is given by
n—1

fa) = =5 T00))-
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Then the rv T, = M%2 has the pdf
ha(t) = nt™ 11y (t),

which is independent of 6. T, is monotone and decreasing in 6.

We now have to find numbers A;(«) and Ao(c) such that
PAi(a) <T, <X(a) = 1l-«a

A2
— n/ " dt = 1-—«
A

1

= M-\ = 1l-«a

If we choose Ay = 1 and A\; = /", then (Maxn,a_l/”Maxn) isa 1 — « level CI for #. This
holds since

Max,,

P l/n
(/™ < 7

<1 = Pl /"> > 1)

Mazx,
= Pl '"Maz, > 0> Maxz,)

= 1—aqa.
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11.2 Shortest—Length Confidence Intervals

In practice, we usually want not only an interval with coverage probability 1 — « for 6, but if

possible the shortest (most precise) such interval.

Definition 11.2.1:
A rv T(X,0) whose distribution is independent of 6 is called a pivot. [

Note:
The methods we will discuss here can provide the shortest interval based on a given pivot.

They will not guarantee that there is no other pivot with a shorter minimal interval. [ |

Example 11.2.2:
Let X1,..., X, ~ N(u,0?), where 02 > 0 is known. The obvious pivot for p is

Tu (1) = f/?/g

Suppose that (a,b) is an interval such that P(a < Z < b) =1 — «, where Z ~ N(0,1).

~ N(0,1).

A 1 — « level CI based on this pivot is found by

X —u — o — o
l—a=P ———=<b)=P| X -b— X—-—a—).
« <a<o/\/ﬁ<> ( \/ﬁ<,u< a\/ﬁ>
The length of the interval is L = (b — a)%.
To minimize L, we must choose a and b such that b — a is minimal while

2

O(b) — P(a “Tdr=1-a,

1 b
=
where ®(z) = P(Z < z2).

To find a minimum, we can differentiate these expressions with respect to a. However, b is
not a constant but is an implicit function of a. Formally, we could write %((f). However, this

is usually shortened to %.

Here we get

d db d
= (8(6) - @(a)) = $() 5 — dla) = (1 - ) =0
and
db _ o (b 4y _ o (da)
da \/ﬁ(da ) \/ﬁ(¢(b) D-
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The minimum occurs when ¢(a) = ¢(b) which happens when a = b or a = —b. If we select
a = b, then ®(b) — ®(a) = ®(a) — ®(a) = 0 # 1 — a. Thus, we must have that b = —a = z, 5.
Thus, the shortest CI based on T}, is

— o —
(X —Za/Z— X+Za/2

v -

o

Definition 11.2.3:

A pdf f(z) is unimodal iff there exists a z* such that f(x) is nondecreasing for z < z* and

f(z) is nonincreasing for z > z*. |

Theorem 11.2.4:
Let f(z) be a unimodal pdf. If the interval [a, b] satisfies

(iii) a < z* < b, where z* is a mode of f(z),

then the interval [a,b] is the shortest of all intervals which satisfy condition (i).

Proof:

Let [/, V'] be any interval with b’ —a’ < b—a. We will show that this implies /b f(x)dx < 1—a,
i.e., a contradiction. ‘

We assume that o’ < a. The case a < @' is similar.

e Suppose that o’ < a. Thenad <V <a < z*.
Theorem 11.2.4a
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It follows

[ 1@ < q@-a) sy <at = i@ < 50)
< fla)(t' —d) V' <a<az*= f(V) < fla)
< fla)(b—a) |t —a' <b—aand f(a) >0
< /abf(x)dx |f(z) > f(a) fora <z <b
~ 1-a by (3)

e Suppose b’ > a. We can immediately exclude that & > b since then ¥’ —a' > b — a, i.e.,
b — a' wouldn’t be of shorter length than b — a. Thus, we have to consider the case that
a <a<b <b.

Theorem 11.2.4b

a'a x* b b

It holds that y , )
g f(x)d:n:/a f(w)dx—l—/a’ f(x)dac—/b’ f(x)dx

Note that /a f(z)dz < f(a)(a —a') and ’ f(z)dz > f(b)(b—1"). Therefore, we get
a’ b’

[ s@a— [ @ < fa)a—a)~ 10)6-1)
— f@((a—d)==b) since f(a) = )
— @~ )~ (b-a)
< 0

Thus,
bl
/ flz)dr <1—a.
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Note:
Example 11.2.2 is a special case of Theorem 11.2.4. [ |

Example 11.2.5:
Let X1,..., X, ~ N(u,0?), where p is known. The obvious pivot for o is

X.
(X)) = =P e

So

We wish to minimize

L=( - ) (X w?

b
such that / fn(t)dt = 1 — «, where f,(t) is the pdf of a x2 distribution.
a

We get
fn(b)% - fn(a') =0

and

- (b ) D= (b ) T

We obtain a minimum if a? f,,(a) = b2 f,, ().

Note that in practice equal tails Xi; a2 and X%;l— o/2 A€ used, which do not result in shortest—
length CI's. The reason for this selection is simple: When these tests were developed, com-
puters did not exist that could solve these equations numerically. People in general had to
rely on tabulated values. Manually solving the equation above for each case obviously wasn’t

a feasible solution. ]

Example 11.2.6:
Let Xi,..., X, ~ U(0,0). Let Mar, = maxX; = X(,). Since T;, = % has pdf
nt”_ll(oyl)(t) which does not depend on €, T, can be selected as a our pivot. The den-

sity of T}, is strictly increasing for n > 2, so we cannot find constants ¢ and b as in Example
11.2.5.

If Pla<T, <b)=1—q, then P(M4n < g < M) — ] _ ¢
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We wish to minimize . )
L=M - —=
axn(a b)

b
such that / nt" ldt=b"—a"=1-«.

a

We get
da da pn—1
bnfl o n—-1-" _ g
n na 7 0 = b= a1
and
dL 1da 1 vl antl — pntl
% = Ma n(——2%+ﬁ) = Maxn(—m—l—ﬁ) = Maxn(W) <0 for0<a<b<1l.

Thus, L does not have a local minimum. However, since % < 0, L is strictly decreasing

as a function of b. It is minimized when b = 1, i.e., when b is as large as possible. The

corresponding a is selected as a = ol/™.

The shortest 1 — « level CI based on T}, is (Max,,, a_l/”Maxn). [ |
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11.3 Confidence Intervals and Hypothesis Tests

Example 11.3.1:
Let X1,...,X, ~ N(u,02), where 02 > 0 is known. In Example 11.2.2 we have shown that

the interval
o

— — o
(X — za/Z%aX + za/?%)
isa 1 — « level CI for u.

Suppose we define a test ¢ of Hy : pu = po vs. Hy : u # po that rejects Hy iff py does not

fall in this interval. Then,

_ o - o
Py (Type Lerror) = P, (X — za/2ﬁ > po) + P (X + Za/2% < o)
X — o
= P, <| s | > Za/2> =aq,
vn

i.e., ¢ has size a.

Conversely, if ¢(z, 11o) is a family of size a tests of Hy : 1 = o, theset {po | ¢(z, o) fails to reject Hy}

is a level 1 — « confidence set for pg. ]

Theorem 11.3.2:
Denote Hy(6y) for Hy : 6 = 0y, and H1(0y) for the alternative. Let A(6y), 6y € ©, denote the

acceptance region of a level-« test of Hy(6y). For each possible observation z, define

S(z)=1{0 : z € A(f),0 € O}.

Then S(z) is a family of 1 — « level confidence sets for 6.

If, moreover, A(6y) is UMP for (o, Ho(6p), H1(0p)), then S(z) minimizes Py(S(X) > 0')
VO € Hy(0') among all 1 — « level families of confidence sets, i.e., S(z) is UMA.

Proof:
It holds that S(z) 2 0 iff z € A(). Therefore,

Pyp(S(X) 30) = Pp(X € A(0)) 21—«

Let S*(X) be any other family of 1 — « level confidence sets. Define A*(0) = {z : S*(z) > 6}.
Then,
Py(X € A%(0)) = Py(S*(X) 50) > 1 —a
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Since A(fp) is UMP, it holds that
PQ(X € A*(ag)) > Pg(z € A(eo)) Vo e Hl(ag).
This implies that

Py(S™(X) 3 6p) > Py(X € A(6o)) = Py(S(X) 2 6) VO € Hi(6o).

Example 11.3.3:

Let X be a rv that belongs to a one-parameter exponential family with pdf fy(z) = exp(Q ()T (z)+
S'(z)+D(0)), where Q(0) is non—decreasing. We consider a test Hy : 0 = 0y vs. Hy : 0 < 6.
The acceptance region of a UMP size « test of Hy has the form A(6y) = {z : T(z) > c(6p)}.

For 6 > 0,
Py(T(X) < e(0') = a = By(T(X) < e(6)) < Py (T(X) < c(6))

(since for a UMP test, it holds power > size). Therefore, we can choose ¢(f) as non—decreasing.

A level 1 — « CI for 0 is then

where ¢~ H(T'(z)) = sgp{@ :c(0) <T(x)}. ]

Example 11.3.4:
Let X ~ Exp(0) with fy(x) = %6_31(0700) (). Then Q(0) = —% and T'(z) = x.

We want to test Hy : 6§ =60y vs. Hy : 0 < 8,.
The acceptance region of a UMP size « test of Hy has the form A(6y) = {z : z > c(6y)},

where
¢(fo) c(fo) 1 _= _e(6g)
a:/ fgo(x)dac:/ —e Podr=1—e P .
0 0 to

Thus,
_c0g) 1
e o =1—a — 0(90) = 00 log(l—)
—

Therefore, the UMA family of 1 — « level confidence sets is of the form

S(x) = {0 : ze€ A0)}



Note:
Just as we frequently restrict the class of tests (when UMP tests don’t exist), we can make

the same sorts of restrictions on CI’s. []

Definition 11.3.5:

A family S(z) of confidence sets for parameter @ is said to be unbiased at level 1 — « if

PQ(S(X) = 9) >1—«aand Pgl(S(l) = 9) <l—« V@,H’ € 0.

If S(z) is unbiased and minimizes Py (S(X) 3 0) among all unbiased CI’s at level 1 — «, it is
called uniformly most accurate unbiased (UMAU). ]

Theorem 11.3.6:
Let A(6y) be the acceptance region of a UMPU size « test of Hy : 0 =6y vs. Hy : 0 # 6
(for all fy). Then S(z) ={6 : z € A(F)} is a UMAU family of confidence sets at level 1 — a.

Proof:
Since A(#) is unbiased, it holds that

Py(S(X) 3 60) = Py(X € A(6)) < 1 —a

Thus, S is unbiased.

Let S*(z) be any other unbiased family of level 1 — a confidence sets, where
A*(0) ={z : S*(z) > 0}.

It holds that
Pgl(l € A*(O)) = PQI(S*(X) > 0) <l-a.

Therefore, A*(0) is the acceptance region of an unbiased size « test. Thus,
Py (S*(X) > 6) = Py (X € A*(9))
U
> Py (X € A(0))

= Pp(5(X)>30)
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Theorem 11.3.7:
Let © be an interval on IR and fy be the pdf of X. Let S(X) be a family of 1 — « level CI’s,
where S(X) = ((X),0(X)), 8 and 0 increasing functions of X, and 0(X) — 8(X) is a finite

Iv.

Then it holds that

B(0(X) ~00X)) = [ @) ~ 0@ fo(w)iz = | P(S(X) > 0) i’ w0 €.

Proof:

_ 0
It holds that 0 — 6§ = / df'. Thus, for all § € O,
[

B0 -00) = [ (0@ -0@) i@z

-~ [ n(xep©). @) @
R
= Py(S(X) >80 do'
R
= Py(S(X) >0 do
040 m
Note:
Theorem 11.3.7 says that the expected length of the CI is the probability that S(X) includes
the false 0, averaged over all false values of 6. [

Corollary 11.3.8:
If S(X) is UMAU, then Ey(f(X) — §(X)) is minimized among all unbiased families of CI’s.

Proof:

In Theorem 11.3.7 we have shown that

B0X) ~00)) = [ P(S(X) 5 0) at'.

Since a UMAU CI minimizes this probability for all ', the entire integral is minimized. m

124

Lecture 33:
We 04/04/01




Example 11.3.9:
Let X1,..., X, ~ N(p,0?), where 02 > 0 is known.

By Example 11.2.2, (X — Za/Qﬁ,Y + za/gﬁ) is the shortest 1 — « level CI for p.

By Example 9.4.3, the equivalent test is UMPU. So by Theorem 11.3.6 this interval is UMAU
and by Corollary 11.3.8 it has shortest expected length as well. [ |

Example 11.3.10:
Let X1,..., X, ~ N(u,0?), where y and 02 > 0 are both unknown.

Note that ( )52
n—1
T(X,0%) = =T~ X2y,
Thus,
-1)8? —1)8? —1)8?
P> >\1<u<>\2 =1l-a < P, u<02<u =1-o.
o2 Ao A

We now define P(v) as

—1)82 —1)8? T T,
P, <%<g’2<%>:P<—<’y<—>ZP(A1’)’<T0<>\2’Y):P(’Y)7
2 1

12
where v = 7.

If our test is unbiased, then it follows from Definition 11.3.5 that
Pl)=1—-aand P(y)<l—a Vy<l1.

This implies that we can find Ay, Ay such that P(1) =1 — « and

dP(y)
—_— = A A2) — A M)=0
& | ofr, (A2) — A fr, (A1) =0,

where fr is the pdf that relates to T}, i.e., a the pdf of a x2 ; distribution. We can solve for

(n—1)8? (n—1)8?
A2 ’ A1

A1, Ao numerically. Then,

is an unbiased 1 — « level CI for o2.

Rohatgi, Theorem 4(b), page 428-429, states that the related test is UMPU. Therefore, by
Theorem 11.3.6 and Corollary 11.3.8, our CI is UMAU with shortest expected length among

all unbiased intervals.

Note that this CI is different from the equal-tail CI based on Definition 10.2.1, III, and from
the shortest-length CI obtained in Example 11.2.5. |
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11.4 Bayes Confidence Intervals

Definition 11.4.1:

Given a posterior distribution h(€ | z), a level 1 — « credible set (Bayesian confidence

set) is any set A such that

P(0€A|g):/Ah(0|g)d0:1—a.

Note:

If A is an interval, we speak of a Bayesian confidence interval. [ |

Example 11.4.2:
Let X ~ Bin(n,p) and 7(p) ~ U(0,1).

In Example 8.8.11, we have shown that

hplo) = — TP )

1
L/ p" (1 —p)" "dp
0

= Bz+Ln—z+1)'p"(1—p)" “Io1)(p)

I'(n+2)
Flz+1)I'(n—2x+1)

p* (L —=p)" 11 (p)
~ Beta(z+1,n—z+1),

where B(a,b) = FF(EIa)ig;) is the beta function evaluated for a and b and Beta(z + 1,n —z + 1)

represents a Beta distribution with parameters x + 1 and n — = + 1.

Using the observed value for  and tables for incomplete beta integrals or a numerical ap-
proach, we can find \; and Ay such that Pp|x()\1 <p<A)=1—a. So (A, \2) is a credible

interval for p. [ |

Note:

(i) The definitions and interpretations of credible intervals and confidence intervals are quite

different. Therefore, very different intervals may result.

(ii) We can often use Theorem 11.2.4 to find the shortest credible interval.
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Lecture 34:

Example 11.4.3: Mo 04/09/01

Let X1,...,X, be iid N(u,1) and 7(pu) ~ N(0,1). We want to construct a Bayesian level
1 —« CI for p.

By Definition 8.8.7, the posterior distribution of y given g is

m(w)f(z | 1)

h(p|z) = o(0)

o0

[z, p)dp

=2
&
I
—

8

m(p) f(z | p)dp

I
——
g 8

© 1

Il
——

8

1 1 1
Nz exp(— 511’ o P (—5 ;(xi — u)2> dps
1

> 1 (&~ o . 2 L

= / o1 &P | —5 in—Z,uin—l—n,u — g dp
—oo (2m) "2 i=1 i=1

= exp | —= Y nT — —p° — =
. (27r)n_-%—1 o 2 i TH oH TGk H

1 Lem o) [® n+l/ 4 nT
= e —= : e —_— —2u——1) | d
e (a3 ) [ (5 (25
1 Lo 5\ [ n+1 nt \2 n+1l/ nz \?
= —5 27 — — d
(27r)"%leXp< 2;%)/_006@( 2 <“ n+1> T <n+1> :
1 e o n?z? 1
= - R 2 .
(zw)’g—leXp< 2;x1+2(n+1) T+l

/oo 1 ( 1 1 ( nT >2>d
———exp| g (M~ v
oo QW%H 21/(n+1) n+1

"'

=1 since pdf of a n(2Z. 1) distribution

n+1’n_+1
(n+1)"2 P i
= —exp | —=
emz P\ T2&T T ot

127



Therefore,

h(plz) =

ie.,

nT 1
h ~N|—— ——).
1o~ N (=)

Therefore, a Bayesian level 1 — a CI for p is

( N _Paf N, Pef >

, +
n+1 vn+1l n+1 vn+1

The shortest (“classical”) level 1 — « CI for p (treating p as fixed) is

__Za/g — M
(F-25. %)

as seen in Example 11.3.9.

Thus, the Bayesian CI is slightly shorter than the classical CI since we use additional infor-

mation in constructing the Bayesian CI. |

128



12 Nonparametric Inference

12.1 Nonparametric Estimation

Definition 12.1.1:

A statistical method which does not rely on assumptions about the distributional form of a

rv (except, perhaps, that it is absolutely continuous, or purely discrete) is called a nonpara-

metric or distribution—free method. []

Note:

Unless otherwise specified, we make the following assumptions for the remainder of this chap-
ter: Let Xi,...,X, beiid ~ F, where F' is unknown. Let P be the class of all possible
distributions of X. ]

Definition 12.1.2:
A statistic T'(X) is sufficient for a family of distributions P if the conditional distibution of
X given T' =t is the same for all F' € P. [

Example 12.1.3:
Let Xi,...,X; be absolutely continuous. Let I’ = (X(), ..., X(,)) be the order statistics.

It holds that

felm=1=",

so T is sufficient for the family of absolutely continuous distributions on IR. [ |

Definition 12.1.4:
A family of distributions P is complete if the only unbiased estimate of 0 is the 0 itself, i.e.,

Ep(h(X))=0 VFE€P = h(z) =0 Yz

Definition 12.1.5:
A statistic T'(X) is complete in relation to P if the class of induced distributions of 7" is

complete. -

Theorem 12.1.6:
The order statistic (X(l), . ,X(n)) is a complete sufficient statistic, provided that Xq,..., X,

are of either (pure) discrete of (pure) continuous type. ]
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Definition 12.1.7:
A parameter g(F') is called estimable if it has an unbiased estimate, i.e., if there exists a
T(X) such that

Ep(T(X)) =g(F) VF €P.

Example 12.1.8:
Let P be the class of distributions for which second moments exist. Then X is unbiased for
p(F) = [xdF(z). Thus, pu(F) is estimable. ]

Definition 12.1.9:

The degree m of an estimable parameter g(F') is the smallest sample size for which an unbi-

ased estimate exists for all F' € P.

An unbiased estimate based on a sample of size m is called a kernel. [ |

Lemma 12.1.10:

There exists a symmetric kernel for every estimable parameter.

Proof:
Let T'(Xy,...,X,,) be a kernel of g(F'). Define
1
To(X1,- s X)) = — T(Xiyy-- 5 Xi,)-
m! -
all permutations of{1,...,m}
where the summation is over all m! permutations of {1,...,m}.
Clearly T is symmetric and E(Ts) = g(F). ]

Example 12.1.11:

(i) E(X1) = p(F), so u(F) has degree 1 with kernel X.

(ii) E(L(c,00)(X1)) = Pp(X > ¢), where c is a known constant. So g(F) = Pr(X > c) has
degree 1 with kernel /(. ,)(X1).

(iii) There exists no T(X;) such that E(T(X1)) = 0(F) = [(z — u(F))?dF (z).
But E(T(X1,X3)) = E(X? — X1X5) = 0?(F). So ¢%(F) has degree 2 with kernel
Xi? — X1 X5. Note that X22 — X9 X is another kernel.

(iv) A symmetric kernel for o?(F) is
1 1
Ty(X1, Xp) = 5(()(12 — X1 Xo) + (X3 - X1Xy)) = 5 (X1 - X,)2.
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Definition 12.1.12:
Let g(F') be an estimable parameter of degree m. Let X1, ..
Given a kernel T'(X;,,...,X;,,) of g(F), we define a U—statistic by

., X, be a sample of size n,n > m.

1
UXy,...,X,) = ™ > To( Xy, Xiy),
m c

where Ty is defined as in Lemma 12.1.10 and the summation ¢ is over all (') combina-
tions of m integers (i1,...,iy) from {1,---,n}. U(Xy,...,X,) is symmetric in the X;’s and

Er(U(X))=g(F) for all F. ]

Example 12.1.13:
For estimating p(F) with degree m of u(F) = 1:

Symmetric kernel:

U-statistic:

For estimating o?(F) with degree m of o%(F) = 2:

Symmetric kernel:

1 o o
Ts(Xil,XiQ)zi(Xi — X3,)?%, dnyip=1,...,n,0 £y

U-statistic:

1 1
Us2 (l) = W §(Xl1 Xi2)2

2/ i1<ia
11

= i (X, — Xi,)?
2/ T iy
(n — 2)! 211

= nl Z (Xil Xi2)2

i1 i
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=1 jo=1

_ 1 n 2 =
o] DRy

1 [ = ’
- nin—1) n; (Xi ZX)
= o X=X

=1

= §2

Theorem 12.1.14:

Let P be the class of all absolutely continuous or all purely discrete distribution functions on

IR. Any estimable function g(F), F € P, has a unique estimate that is unbiased and sym-

metric in the observations and has uniformly minimum variance among all unbiased estimates.

Proof:
Let X1,...,X, ~ F € P, with T(X1,...,X,) an unbiased estimate of g(F).

We define
T; :T'l(XlaaXn) :T(XilaXi27"'7Xin)7 1= 1,2,...,’”!,

over all possible permutations of {1,...,n}.

n! n!
Let T=5Y"Tyand T =) T
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Then

and

Var(T)

IN

. ZT)] (P

L "a=1

2SS T | - g
i=1j=1

S Ty - g(F)?

i=1j=1

(ZT) (ZTj) Ok

i=1 j=1

i n! 2-|

<2n> | -y

L =1

Equality holds iff T; =T} Vi,j =1,...,n!

Corollary 12.1.15:

If T(Xy,...
unique UMVUE.

= T is symmetric in (X7,...

,Xp)and T =T

=— by Rohatgi, Problem 4, page 538, T" is a function of order statistics

—> by Rohatgi, Theorem 1, page 535, T is a complete sufficient statistic

= by Note (i) following Theorem 8.4.12, T is UMVUE ]

, Xp) is unbiased for g(F'), F' € P, the corresponding U-statistic is an essentially
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Definition 12.1.16:
Suppose we have independent samples X1,..., X, < F €P, Yi,....Y, <G €P (G may or

may not equal F.) Let g(F, G) be an estimable function with unbiased estimator T'( X7y, ..., X, Yi,...

Define

T,(X1,..., Xy, Y1,...,Y) WZZ Xityeo s Xipy Vi s Y3)
Px Py

(where Px and Py are permutations of X and Y') and

U(X,Y)

(k) ZZT g1y Zk7 Yj]'la"'?}/ﬁ)

Cx Cy
(where C'x and Cy are combinations of X and Y').

U is a called a generalized U-—statistic. [

Example 12.1.17:
Let X1,...,X,, and Y7,...,Y, be independent random samples from F and G, respectively,
with F, G € P. We wish to estimate

9(F,G) = Pra(X <Y).

Let us define

Zij =
0, X;> Y}

for each pair X;, Yj,i=1,2,...,m, 5 =1,2,...,n.
m n

Then Z Z;; is the number of X'’s <Y}, and Z Z;; is the number of Y's > Xj.
i=1 j=1

E(I(X; <Yj)) =g(F,G) = Prg(X <Y),

and degrees k£ and [ are = 1, so we use

U(X,X) = ) ZZT IR lk? }/}17--'7}/}1)
LA Cx Cy

= (m — D(n - ZZ HZZ Xiyyooos Xiy,s le""’le)

m!n! 1!
Cx Cy Px Py

= —ZZIX <Y;)

i=1j=1
This Mann—Whitney estimator (or Wilcoxin 2—Sample estimator) is unbiased and
symmetric in the X’s and Y’s. It follows by Corollary 12.1.15 that it has minimum variance.
|
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12.2 Single-Sample Hypothesis Tests

Let Xy,..., X, be a sample from a distribution . The problem of fit is to test the hypoth-
esis that the sample Xi,..., X, is from some specified distribution against the alternative
that it is from some other distribution, i.e., Hy : F' = Fy vs. H; : F(z) # Fy(z) for some z.

Definition 12.2.1:
Let X4,...,X, wd F', and let the corresponding empirical cdf be

* 1 -
Fo(z) = - D oo 01(X0).
i=1
The statistic
Dy, = sup | Fj(z) — F(z) |
xr
is called the two—sided Kolmogorov—Smirnov statistic (K—S statistic).
The one—sided K-S statistics are

n

D = swplF;(a) = F(«)] and Dy =suplFla) - Fi(w)].

Theorem 12.2.2:

For any continuous distribution F', the K-S statistics D, D, , D,} are distribution free.

Proof:
Let X(qy,...,X(,) be the order statistics of Xi,..., Xy, L.e., X(3) < Xp) <... < X3, and
define X gy = —o0 and X, ;1) = +o0.
Then, _
* ¢ .
F(z) = - for X3y <2 < X(i1p), 1 =0,...,n.
Therefore,

)
DY = max sup ——F(x
Do sw o [ FE)

1
021%)% {n [X(i)S;:IiX(H'l) )l

* )
= 012%}%{5 — F(X@)}

—~
N

7
— max { max {&-F(Xg)}. 0)

(*) holds since F' is nondecreasing in [X(;), X(j11))-
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Note that D, is a function of F(X(;). In order to make some inference about D}, the dis-
tribution of F'(X(;)) must be known. We know from the Probability Integral Transformation
(see Rohatgi, page 203, Theorem 1) that for a rv X with continuous cdf Fx, it holds that
Fx(X) ~U(0,1).

Thus, F'(X(;) is the it order statistic of a sample from U(0,1), independent from F. There-
fore, the distribution of D;'" is independent of F'.

Similarly, the distribution of

D, =max { max {ﬁmxw)—i'_l},O}

1<i<n n

is independent of F.

Since
Dy = sup | Fj(w) — F(x) |= max {D;, D, },
x

the distribution of D,, is also independent of F'. [ |

Theorem 12.2.3:

If F' is continuous, then

ifr<o0
1 vtsg 2n +2n 75;1
P(DnSV‘i‘%): / / /an flu)du, if0<v < 2=
—71/ T 4
: 2n—1
if v > ==
where
nl, fo<u <ug<...<u,<1
fw) = flu, ... un) = . "
0, otherwise
is the joint pdf of an order statistic of a sample of size n from U(0,1). [ ]
Note:

As Gibbons & Chakraborti (1992), page 108-109, point out, this result must be interpreted

carefully. Consider the case n = 2.

For 0 <v < %, it holds that

1 vtg v+
P(D2§V+_):/ / 2! duy du,.
4 1_, 3_,
4 0<u;<up<l ” 4
Note that the integration limits overlap if
1
> e
v+ 1 v+ 1
<~ > 1
V p—
— 4
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When 0 < v < i, it automatically holds that 0 < u; < ug < 1. Thus, for 0 < v < i, it holds
that

1 vii rti
P(Dy<v+3) = / / 2 dus duy
i, Ja,

V+% v+
= 2!/ <U2|§_4> duq
1_, e

4

u-l—%
= 2!/ 2v duy

L
i~V

u-l—l
= 2! (2v) u1|%7‘;
= 2! (2v)?

For i <v< %, the region of integration is as follows:

Note to Theorem 12.2.3

u2
1
Area 1 Area 2
3/4 - nu
0 3/4-nu 1/4 + nu 1 1
Thus, for i <v< %, it holds that
1 vty vi
P(D2 <v+ —) = / / 2! dus duq
4 -y 3_y

1 0<ui<ug<l 4

vtz 1 %71/ 1

- / / 21 duy duy +/ / 2 duy duy

%—ll U1 0 %—1/
u-l—i 1 %—u 1

2 é_y (’U,2|ul)dU,1+/0 (uﬂ%f,}) duy
v+i 3_p

2 / Al(l—ul)clul—l—/4 (1—§—|—1/)du1

%—u 0 4
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i 2 vty 3_y
= 2 ul—ﬂ +<ﬂ+1/u1>4
2 3 4 0
L i
L (w+3)? 3, (v+d? (v+3) 3
— 9 N 4 2 4 4 _ 2
(u+4) 5 (u+4y+ 5 1 + v( +t3
2_+1 v v 1+ 3+1/2 3+9 1/+3 2
= v+ - ————— — -t —= — — 4+ — -V + -V
2 4 32 4 2 4 32 4 16 4
3 1
= 9|24y =
+ 2 16
= —2% 43— 1
B 8
Combining these results gives
(0, if v <0
1 2! (2v)2, ifo<v<i
P(Dy<v+-)= !
4 —21/24—31/—%, if%gu<%
L 1, ifv >3
|
Theorem 12.2.4:
Let F' be a continuous cdf. Then it holds Vz > 0:
z > ;
Jim. P(D, < %) =Li(z)=1-— Z.Z:(—l)z_1 exp(—2i?7%).
=1
|
Theorem 12.2.5:
Let F' be a continuous cdf. Then it holds:
0, ifz<0
+ _ 1 Un us u
P(D, <z)=P(D, <z)= / /ﬁ .”/ flu)du, if0<z<1
1-2 ”T_l—z %—z %—z
1, ifz>1
where f(u) is defined in Theorem 12.2.3. [ ]

Note:
It should be obvious that the statistics D;" and D,; have the same distribution because of

symimetry. ]
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Theorem 12.2.6:
Let F' be a continuous cdf. Then it holds Vz > 0:

lim P(D; )= lim P(D,

n—o0 % n—00 %) LZ(z) =1- exp(—2z2)

Corollary 12.2.7:
Let V,, = 4n(D;")2. Then it holds V,, LN X3, i.e., this transformation of D, has an asymptotic

X3 distribution.

Proof:
Let 2 > 0. Then it follows:

lim P(V, <2) "= lim P(V, < 42%)

n— 00 n— 00

= Jim P(4n(D,[)? < 42%)
— +
= nll}HC}oP(\/_D < 2)

Th12.26 | _ exp(—2z2)

bz exp(—x/2)
Thus, nlggo P(V, <z) =1—exp(—x/2) for z > 0. Note that this is the cdf of a x3 distribu-

tion. [ ]

Definition 12.2.8:
Let Dy, be the smallest value such that P(D, > D,,) < «. Likewise, let D,f;a be the
smallest value such that P(D,f > D) < a.

The Kolmogorov—Smirnov test (K-S test) rejects Hy : F(z) = Fy(z) Vz at level « if
Dy > Dy

It rejects Hyy : F(z) > Fy(z) Vz at level o if D;; > D,f, and it rejects H{ : F(z) < Fo(x) Va
at level « if D} > D}t .. |

Note:
Rohatgi, Table 7, page 661, gives values of D, and D+ for selected values of « and small
n. Theorems 12.2.4 and 12.2.6 allow the approximation of Dy, and D,!, for large n. [
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Example 12.2.9:
Let Xi,...,Xn ~ C(1,0). We want to test whether Hyp : X ~ N(0,1).

The following data has been observed for z(y),...,Z(0):
—1.42,-0.43,—-0.19,0.26, 0.30, 0.45, 0.64,0.96, 1.97, and 4.68

The results for the K-S test have been obtained through the following S—Plus session, i.e.,
Dy = 0.02219616, D7, = 0.3025681, and D1 = 0.3025681:

>x _ c(-1.42, -0.43, -0.19, 0.26, 0.30, 0.45, 0.64, 0.96, 1.97, 4.68)
> FX _ pnorm(x)
> FX
[1] 0.07780384 0.33359782 0.42465457 0.60256811 0.61791142 0.67364478
[7] 0.73891370 0.83147239 0.97558081 0.99999857
> Dp _ (1:10)/10 - FX
> Dp
[1] 2.219616e-02 -1.335978e-01 -1.246546e-01 -2.025681e-01 -1.179114e-01
[6] -7.364478e-02 -3.891370e-02 -3.147239e-02 -7.558081e-02 1.434375e-06
> Dm _ FX - (0:9)/10
> Dm
[1] 0.07780384 0.23359782 0.22465457 0.30256811 0.21791142 0.17364478
[7] 0.13891370 0.13147239 0.17558081 0.09999857
> max (Dp)
[1] 0.02219616
> max (Dm)
[1] 0.3025681
> max (max (Dp), max(Dm))
[1] 0.3025681
>

> ks.gof(x, alternative = "two.sided", mean = 0, sd = 1)

One-sample Kolmogorov-Smirnov Test

Hypothesized distribution = normal

data: x
ks = 0.3026, p-value = 0.2617
alternative hypothesis:

True cdf is not the normal distn. with the specified parameters

Using Rohatgi, Table 7, page 661, we have to use Dipg.20 = 0.323 for @ = 0.20. Since
Dig = 0.3026 < 0.323 = D1p,0.20, it is p > 0.20. The K-S test does not reject Hy at level
a = 0.20. As S—Plus shows, the precise p—value is even p = 0.2617. [ |
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Note:

Comparison between y? and K-S goodness of fit tests:

e K-S uses all available data; x? bins the data and loses information
e K-S works for all sample sizes; x? requires large sample sizes

it is more difficult to modify K-S for estimated parameters; y? can be easily adapted

for estimated parameters

K-S is “conservative” for discrete data, i.e., it tends to accept Hy for such data

the order matters for K-S; x? is better for unordered categorical data
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12.3 More on Order Statistics

Definition 12.3.1:
Let F be a continuous cdf. A tolerance interval for F' with tolerance coefficient v is

a random interval such that the probability is v that this random interval covers at least a

specified percentage 100p% of the distribution. [ |

Theorem 12.3.2:
If order statistics X(,) < X() are used as the endpoints for a tolerance interval for a continuous
cdf F, it holds that

s—r—1
=2 (?)pi(l—p)”i-

1=0
Proof:
According to Definition 12.3.1, it holds that

v = PX(T),X(S) (PX(X(,«) <X < X(s)) > p) .
Since F' is continuous, it holds that F'x(X) ~ U(0,1). Therefore,

PX(X(r) <X <X(s)) = P(X < X(s)) —P(X < X(r))

where Uy and U, are the order statistics of a U(0, 1) distribution.

Thus,
Y= PX(T),X(S) (PX(X(T‘) <X < X(s)) > p) = P(U(s) - U(r) > p)'

By Therorem 4.4.4, we can determine the joint distribution of order statistics and calculate v

1 ry—p n! . e .
7:/1) /0 r—Dis—r—1Dlin—s)" Ny =) L=y da dy.

Rather than solving this integral directly, we make the transformation

as

U = Uy~ U
Vo= Ugy.
Then the joint pdf of U and V is

(r—l)!(s—:}!—l)!(n—s)! (v —u) ST 1 —v)" S, f0<u<v<l1

0, otherwise

fUﬂ/(uav):: {
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and the marginal pdf of U is

fulu) = /0 o (uyv) do

n! 1

= oGS o) [ o=

(4) n! R e 1 . -
T =Dl —r-Dln—s" HL =)t I(O,l)(u)/o (1 — )"0 dt
B(r,n:s—i—l)
_ n! s—r—1 n—s+r (7‘— 1)!(n—3)!
T =Dl —r-Dln—s" (1 —u) =5t L(o,1)(u)
n! s—r—1 n—s+r
= G W ey
n—1 s—r—1 n—s+r
- Ms—r—1)" (1-u) Tio,1)(w).
(A) is based on the transformation ¢t = 11) :u’ v—u=(1-u)t, l—v=1—u—(1—u)t=
(1 —u)(1—1t) and dv = (1 — u)dt.
It follows that
v = PUs-Us =p)

= PU >p)

_ /1n< n—1 >us—r—1(1_u)n—s+r du
p s—r—1

P(Y <s—r) | whereY ~ Bin(n,p)
s—r—1 n ) )
- (e
i—0 \'
(B) holds due to Rohatgi, Remark 3 after Theorem 5.3.18, page 216, since for X ~ Bin(n,p),

it holds that
b1
n <n >xk1(1 — )" * dz.

P(X<k):/ k1

p
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Example 12.3.3:
Let s =n and » = 1. Then,

n—2
n ; iy _
y=3 (,L.)pz(l —p)" Tt =1—-p"—np" (1 -p).
=0
If p=0.8 and n = 10, then
Y0 =1—(0.8)!1 —10-(0.8)? - (0.2) = 0.624,

i.e., (X(1), X(10)) defines a 62.4% tolerance interval for 80% probability.
If p = 0.8 and n = 20, then

Y20 =1 — (0.8)2° —20 - (0.8)!? - (0.2) = 0.931,
and if p = 0.8 and n = 30, then

30 = 1 — (0.8)3° — 30 - (0.8)?% - (0.2) = 0.989.

Theorem 12.3.4:
Let k, be the p" quantile of a continuous cdf F. Let X(1)s---»X(n) be the order statistics of

a sample of size n from F'. Then it holds that
s—1 n ) )
P(X(y <k < X(5)) =) (Z.)Pz(l -p)"
i=r

Proof:
It holds that

P(Xy <kp) = P(at least r of the X;’s are < k)
n n . .
- (e

Therefore,

P(Xy <kp < X(5)) = P(Xg) Skp) — P(X(5) <kp)

= znj (?)pi(l ey (?)pi(l -p"

1=S$
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Corollary 12.3.5:

s—1
n . .
X, X(s) is a level . |p"(1 — p)"" confidence interval for k,.
(X(r), X(s)) ;_T: (Z> (1-p) p

Example 12.3.6:

Let n = 10. We want a 95% confidence interval for the median, i.e., k, where p =

s—1

We get the following probabilities p, s = Z (?) p'(1 —p)" ¢ that (X(ry, X(s)) covers ko 5:

i=r

Pr.s s
2 3 4 5 6 7 8 9 10
1]10.01 0.05 0.17 0.38 0.62 0.83 0.94 0.99 0.998

2 0.04 0.16 0.37 0.61 0.82 0.93 0.98 0.99

3 0.12 0.32 0.57 0.77 0.89 0.93 0.94

4 0.21 0.45 0.66 0.77 0.82 0.83

r |5 0.25 0.45 0.57 0.61 0.62
6 0.21 0.32 0.37 0.38

7 0.12 0.16 0.17

8 0.04 0.05

9 0.01

Only the random intervals (X(l),X(g)), (X(l),X(lo)), (X(2),X(9)), and (X(2)7X(10)) give the

desired coverage probability. Therefore, we use the one that comes closest to 95%, i.e.,

(X(2), X(9)), as the 95% confidence interval for the median.
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13 Some Results from Sampling

13.1 Simple Random Samples

Definition 13.1.1:

Let © be a population of size N with mean p and variance o2. A sampling method (of size

n) is called simple if the set S of possible samples contains all combinations of n elements of

Q (without repetition) and the probability for each sample s € S to become selected depends

n

size n. -

only on n, i.e., p(s) = ﬁ Vs € S. Then we call s € S a simple random sample (SRS) of

Theorem 13.1.2:

Let Q be a population of size N with mean p and variance 0. Let Y : Q — IR be a measurable

function. Let n; be the total number of times the parameter ¢; occurs in the population and
p; = % be the relative frequency the parameter g; occurs in the population. Let (y1,...,yn)
be a SRS of size n with respect to Y, where P(Y = ¢;) = p; = .

Then the components y;, ¢ =1,...,n, are identically distributed as Y and it holds for i # j:

1 ngny, k#£1

P = q = = NN 1y h -
(yz T Y yz) N(N_l)nkl,werenm {nk(nk—l) k=1

Note:

(i) In Sampling, many authors use capital letters to denote properties of the population
and small letters to denote properties of the random sample. In particular, z;’s and y;’s
are considered as random variables related to the sample. They are not seen as specific

realizations.

(ii) The following equalities hold in the scenario of Theorem 13.1.2:

N = an
7

po= lzng
N - 1J1

0 = Y il
N - (3 (3

1 ~2 2
= _Z"z’yi —H
N5
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Theorem 13.1.3:

n
Let the same conditions hold as in Theorem 13.1.2. Let §y = % Z y; be the sample mean of a
i=1
SRS of size n. Then it holds:

(i) E(y) = u, i.e., the sample mean is unbiased for the population mean pu.

1N —n

(i) Var(s) = - 5o =~ (1= 1)

N 102, where f = &.

Proof:

n

Y E(yi) = p, since E(y;) = p Vi.

1
nis

Var@) = o (Z Var(y) + 2200«)(%%-))

i=1 i<j

Cov(yi,y;)) = Elyi-yj) — E(y)E(y;)

= Elyi-y) —p

= Y WGP =dky =) — 4
ki

Th.13.1.2 1

o~ 9 2
NN-1) Zykymknz + Zyknk(nk - 1)) —p
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Lecture 39:

) Fr 04/20/01
— Var(@) = Q(ZVar(ynwzcov(yi,yj))
=1

~ anN-17
1 n N

= (1—-—2)—/— o2
Ay b v i
1 N

= Z(1-— 2
(1o

Theorem 13.1.4:
Let ,, be the sample mean of a SRS of size n. Then it holds that

[t o

where N — oo and f =  is a constant.

In particular, when the y;’s are 0—1-distributed with E(y;) = P(y; = 1) = p Vi, then it holds
that

,/ln i”_p 2, N(0,1
_f\/mp(l—P)

where N — oo and f =  is a constant. [

148



13.2 Stratified Random Samples

Definition 13.2.1:
Let € be a population of size IV, that is split into m disjoint sets 2;, called strata, of size

m

Nj,j=1,...,m, where N = Z Nj;. If we independently draw a random sample of size n; in
j=1

each strata, we speak of a stratified random sample. [ |

Note:

(i) The random samples in each strata are not always SRS’s.

(ii) Stratified random samples are used in practice as a means to reduce the sample variance
in the case that data in each strata is homogeneous and data among different strata is

heterogeneous.

(iii) Frequently used strata in practice are gender, state (or county), income range, ethnic

background, etc.

Definition 13.2.2:

Let Y : Q@ — IR be a measurable function. In case of a stratified random sample, we use the

following notation:

Let Yjg, j=1,...,m, k=1,...,N; be the elements in §2;. Then, we define

N
i) Y; = Z Yj the total in the j™ strata,
k=1

(ii) p; = N%Y} the mean in the 5" strata,

m
(iif) p =+ Z Njpj the expectation (or grand mean),
]:

m m Nj
(iv) Nu=>_Y;=> > Y} the total,

—_

j=1 7=1k=1

N

(v) 02 =+ (Y — p;)? the variance in the j* strata, and
J N; gk — Hj J )

k=1

m Nj
(vi) 02 =+ Z Z (Yj, — p)? the variance.

Jj=1k=1
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(vii) We denote an (ordered) sample in §2; of size n; as (y;1, -, Yjn;) and g; = Z yjk the

sample mean in the j* strata.

Theorem 13.2.3:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. Let fi; be an unbiased

estimate of y; and Va?(\,aj) be an unbiased estimate of Var(fi;). Then it holds:
m
(i) o= % ZNjﬂj is unbiased for .
j=1

Var(p) = NL Z 2V ar( (f5)-
(ii) Var(/)) NL Z Var /) is unbiased for Var(f).
Proof:
(i)
. 1 m m
By independence of the samples within each strata,

Var() N2 ZN2Va7"(,uJ)
j=1

E(Var(i)) = e ]Zlm (Var(ii;)) = NQJZINWM(M) Var(j)

Theorem 13.2.4:
Let the same conditions hold as in Theorem 13.2.3. If we draw a SRS in each strata, then it
holds:

m J
(i) o=+ ZNJy] is unbiased for y, where 3; = s Z Yjk, J=1,...,m

Var(i) = 3 ZN (1 - f])

—_

-y
1 ],wheref i =N
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— m 1
(ii) Var(p) = # ZNJZ—(l — fj)s? is unbiased for Var(ji), where
; n;
]:1 J
2 IR 2
Sj = nj — 1 kz::l(yjk —7;)"

Proof:
For a SRS in the j% strata, it follows by Theorem 13.1.3:

E(G;) = uj
_ 1 Nj o
Var(yj) = n_](l - fj)Nj — 1Uj
Also, we can show that
N.
E(s?) = N, i 1032'
Now the proof follows directly from Theorem 13.2.3. ]

Definition 13.2.5:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. If the sample in each strata

is of size n; = n%, j =1,...,m, where n is the total sample size, then we speak of pro-
portional selection. ]
Note:

(i) In the case of proportional selection, it holds that f; = %]L =5 j=1....,m.

(ii) Proportional strata cannot always be obtained for each combination of m, n, and N.

Theorem 13.2.6:

Let the same conditions hold as in Definition 13.2.5. If we draw a SRS in each strata, then it

holds in case of proportional selection that

N 11—, 2
Var(i) = WT ZNjUj,
=1
where ~]2- = Nyila‘?.
Proof:
The proof follows directly from Theorem 13.2.4 (i). ]
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Theorem 13.2.7:

If we draw (1) a stratified random sample that consists of SRS’s of sizes n; under proportional

m
selection and (2) a SRS of size n = Z n; from the same population, then it holds that

7=1
_ ~ ]. N —n n 2 1 n ~92
Var(y) — Var(i) = ANV =1 (;Nj(ﬂj — ) = N;(N_Nj) j) :
Proof:
Homework. []

152



14 Some Results from Sequential Statistical Inference

14.1 Fundamentals of Sequential Sampling

Example 14.1.1:

A particular machine produces a large number of items every day. Each item can be either

“defective” or “non—defective”. The unknown proportion of defective items in the production

of a particular day is p.
Let (Xi,...,X,,) be a sample from the daily production where z; = 1 when the item is

m

defective and z; = 0 when the item is non—defective. Obviously, S, = ZXl ~ Bin(m,p)
i=1

denotes the total number of defective items in the sample (assuming that m is small compared

to the daily production).

We might be interested to test Hy : p < pg vs. Hy : p > pp at a given significance level «
and use this decision to trash the entire daily production and have the machine fixed if indeed

p > pg. A suitable test could be

1, ifs,>c
@1(1131,... ,xm) =
0, ifs,<c

where ¢ is chosen such that ®; is a level-«a test.

However, wouldn’t it be more beneficial if we sequentially sample the items (e.g., take item
# 57, 623, 1005, 1286, 2663, etc.) and stop the machine as soon as it becomes obvious that
it produces too many bad items. (Alternatively, we could also finish the time consuming and
expensive process to determine whether an item is defective or non—defective if it is impossible
to surpass a certain proportion of defectives.) For example, if for some j < m it already holds
that s; > ¢, then we could stop (and immediately call maintenance) and reject Hy after only

j observations.

More formally, let us define ' = min{j | S; > ¢} and T" = min{T, m}. We can now con-
sider a decision rule that stops with the sampling process at random time 7" and rejects Hy if
T < m. Thus, if we consider Ry = {(z1,...,Zm) | t <m}and Ry ={(z1,...,Zm) | sm > ¢}

as critical regions of two tests @y and ®;, then these two tests are equivalent. [ |
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Definition 14.1.2:

Let © be the parameter space and A the set of actions the statistician can take. We assume

that the rv’s X, Xo,... are observed sequentially and iid with common pdf (or pmf) fy(z).
A sequential decision procedure is defined as follows:

(i) A stopping rule specifies whether an element of A should be chosen without taking
any further observation. If at least one observation is taken, this rule specifies for every
set of observed values (z1,z9,...,%,), n > 1, whether to stop sampling and choose an

action in A or to take another observation z,i.

(ii) A decision rule specifies the decision to be taken. If no observation has been taken,
then we take action dy € A. If n > 1 observation have been taken, then we take action
dp(z1,...,2,) € A, where d,(z1,...,x,) specifies the action that has to be taken for
the set (x1,...,z,) of observed values. Once an action has been taken, the sampling

process is stopped.

|
Note:
In the remainder of this chapter, we assume that the statistician takes at least one observation.
|
Definition 14.1.3:
Let R, C R",n = 1,2,..., be a sequence of Borel-measurable sets such that the sampling

process is stopped after observing X, = z1, X9 = z9,..., X, =z, if (z1,...,2,) € R,. If
(x1,...,2pn) & Ry, then another observation x,1 is taken. The sets R,,,n = 1,2, ... are called

stopping regions. [

Definition 14.1.4:

With every sequential stopping rule we associate a stopping random variable N which

takes on the values 1,2,3,.... Thus, N is a rv that indicates the total number of observations
taken before the sampling is stopped. [ |
Note:

We use the (sloppy) notation {N = n} to denote the event that sampling is stopped after
observing exactly n values z1,...,z, (i.e., sampling is not stopped before taking n samples).

Then the following equalities hold:

{N=1} = R
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{N=n} = {(z1,...,7zn) € R" | sampling is stopped after n observations but not before}
= (RlURQU...URn_l)CﬂRn
= RINR5N...NR;, | NR,

{N <n}

UJ{N =k}

k=1
Here we will only consider closed sequential sampling procedures, i.e., procedures where

sampling eventually stops with probability 1, i.e.,

P(N <o) = 1,
P(N=00) = 1-P(N < o0)=0.
|
Theorem 14.1.5: Wald’s Equation
Let X1, X2, ... beiidrv’s with E(] X |) < co. Let N be a stopping variable. Let Sy = i\f: Xk
k=1

If E(N) < oo, then it holds
B(Sx) = B(X1)E(N).

Proof:

Define a sequence of rv’s Y;, i =1,2,..., where
1, if no decision is reached up to the (i — 1) stage, i.e., N > (i — 1)
e { 0, otherwise
Then each Y; is a function of X;, X9,..., X; 1 only and Y; is independent of X;.
Consider the rv

o.9]
> Xn Y.
n=1

Obviously, it holds that
Thus, it follows that

It holds that

8
8

D E(IXaYal) = Y E(XnDE(Yal)

n=1 n=1
= BE(X )Y P(N=n)
n=1
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E(X11) D> > P(N=k)

n=1k=n
E(| X1 1)) nP(N =n)
n=1

E(| X1 )E(N)

o0

(A) holds due to the following rearrangement of indizes:

w[\:)b—t‘z

k
1,2,3,...
2.3,...
3,...

We may therefore interchange the expectation and summation signs in (x) and get

which completes the proof.

E(Sy)

(E)

o0

E(X,Yy)
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14.2 Sequential Probability Ratio Tests

Definition 14.2.1:
Let X1, X>,... be a sequence of iid rv’s with common pdf (or pmf) fy(z). We want to test a

simple hypothesis Hy : X ~ fp, vs. a simple alternative H; : X ~ fp, when the observations

are taken sequentially.

Let fo, and f1, denote the joint pdf’s (or pmf’s) of X1,..., X,, under Hy and H; respectively,

ie.,
fOn(xla---uxn):Hfﬁ)(xi) and fln(xlu---axn):Hfﬂl(xi)-
i=1 =1

Finally, let
_ fln (E)
fOn (E) ’

where z = (z1,...,2,). Then a sequential probability ratio test (SPRT) for testing H

An(z1, ..., xp)

vs. Hj is the following decision rule:
(i) If at any stage of the sampling process it holds that
An(z) = A,
then stop and reject Hy.
(ii) If at any stage of the sampling process it holds that
M(z) < B,
then stop and accept Hy, i.e., reject Hj.

(iii) If
B < A\(z) < A,

then continue sampling by taking another observation 1.

Note:

(i) It is usually convenient to define

X.
Z; = log fo,(Xs) l),
oo (Xl)
where Z1, Zo, ... are iid rv’s. Then, we work with

n

og An(@) = 3"z = 3" (log for (1) — log fon (1))
1=1

i=1
instead of using A, (z). Obviously, we now have to use constants b = log B and a = log A

instead of the original constants B and A.
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(i) A and B (where A > B) are constants such that the SPRT will have strength («, (),
where
a = P(Type I error) = P(Reject Hy | Hp)

and
B = P(Type Il error) = P(Accept Hy | Hy).

If N is the stopping rv, then

a:Pﬂo(AN(X)ZA) a’nd/g:Pﬁ()‘N(X)SB)

Example 14.2.2:
Let X1, Xo,... be iid N(u,0?), where p is unknown and o2 > 0 is known. We want to test

Hy: p=povs. H: p= 1, where pg < py.

If our data is sampled sequentially, we can constract a SPRT as follows:
" 1

log () = 3 (—5oz(on = m)* =

202

1
202

(1 = o)?))

- % XRZ ((xi — po)? — (i — H1)2))

n
= 557 Z (mf — 2xip0 + u% — x? + 2zipy — M%)
i=1
1 n
= 53 Z (—2%‘#0 + ug + 2y — M%)

1 n
= 52 (Z 2@ (1 — po) + n(ug — M%))
i—1

n

- +
_ mazuo (in—n“" : m)

1=1

We decide for Hj if

log An(z) < b

n
— +
- M(in_n%> <

2
g i=1

. 2

n
1=

ko g
where b* = o b.
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We decide for H; if

log \n(z) > a

n
— u(Em—nW) a

2
g i=1

M0+:U‘1 *

T;i>n 9 +a”,

1

n

)

a
ulfuoa'

where a* =

Example 14.2.2

3 accept HO / continue  /accept H1

b* a* sum(x_i)

Theorem 14.2.3:
For a SPRT with stopping bounds A and B, A > B, and strength («a, ), we have

ASﬂ and B> p

)
« l—«

where 0 < a<land 0 < 8 < 1.

Theorem 14.2.4:
Assume we select for given a, 3 € (0, 1), where a + 8 < 1, the stopping bounds

A':—l_ﬂandB':—'B .
« 1l -«

Then it holds that the SPRT with stopping bounds A’ and B’ has strength (o/, '), where

a / B
=g B Sl—a

o < ,and o/ + 8 <a+p.

159



Note:

(i) The approximation A’ = % and B' = % in Theorem 14.2.4 is called Wald-—
Approximation for the optimal stopping bounds of a SPRT.

(ii) A’ and B’ are functions of o and (3 only and do not depend on the pdf’s (or pmf’s) fy,
and fy,. Therefore, they can be computed once and for all fy.’s, 7 =0, 1.

THE END !l
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Kolmogorov’s SLLN, 7
Kolmogorov—Smirnov Statistic, 135

Parametric Hypothesis, 71
Permutation Invariant, 29
Kolmogorov—Smirnov Test, 139 Pivot, 116

Point Estimate, 26

Point Estimation, 26

Population Distribution, 18

Kronecker’s Lemma, 4

Landau Symbols O and o, 13
Lehmann—Scheffée, 45 Posterior Distribution, 66

Level of Significance, 73 Power, 73

Level-a—Test, 73 Power Function, 73

Likelihood Function, 57 Prior Distribution, 66
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Minimax Estimate, 64
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