2.3 Describing Distributions with Numbers

The Mean (for measuring the center):
The {arithmetic) mesn of n obgservations »), x5, 23, ..., 2y is denoted by ¥ (read as “x har™)
and is defined as

__mitemt. . ten 1O
r = —ﬂ;.‘h’i

n

Example:

& “Moat Widely Held Stocks™:

¢ “The Cost of Victories™:

Mote:
There are other “meang™ in addition to the arithmetic mean defined above.

The Median (for measuring the center):
The median of n ohservations 2y, %9, %), - - -, Tpy) I8 denoted by M or £ (read as “x tilde”)
and is defined as

.'I.'{n.+1}, if n is oudd
M=z= SEIR T
i 377 ifnis even

Note:

When we use the notation 2, we assume that the data is ordered from smallest to largest
and x¢y is the i** amallest obgervation, i.e., 2y refers to the smallest observation, x5 to the
second amallest, and a0 on, and finally xq,) to the largest observation.

When we have an odd number of observations, e.p., n = 11, then "iﬂ!i = l—l;i ={i. In the
definition of the median above, the expression m{#} turns out to he 2 which is the th

amallest ag well as the §** largest ohservation, i.e., the observation in the middle.

Similarly, when we have an even number of obgervations, the formula ahowve states nothing
else than that the median is the arithmetic mean of the 2 observations in the middle.



Example:

¢ We have observationa ) = 7,29 = 5,23 = 4,2y = 10,25 = 4.
then 20y =, xg = 2m = Fy= L ¥E =
n = 5 is odd.
The median is

& “Most Widely Held Stocks™:

ORI
a5 = 375
ORES

n =15 is odd.
The median is

s “The Coat of Victories™:

ry = 8
.'I.*(]_ﬁ] = 19
n = 3 is even.
The median iz . ta
s S TR
5
Note:

The median iz not effected by a few “unusual/extreme” values in a data set. The mean is
effected by such values, The median # is called a “robust™ statistic.



The Range (for measuring spread ):
The range of n observations x)),.. ., 2y is denoted by R and is defined ag

&= 2 — 2
i.e., the largest observation minus the amallest observation.
Example:

» “Moat Widely Held Stocks™:

# “The Coat of Victories™:

The Quariiles (for measuring spread):

The quartiles of n observations 2y, . .., 2, are denoted by @1 and 03 and can be {roughly)
determined as the median of the observations that are listed lefi of %, i.e., observations that
are amaller or eqqual to the median, (for £} and the median of the observations that are listed
right of %, i.e., ohservations that are larger or equal to the median (for £23). We often call £}
the lower (or first) quartile and )3 the upper {or third) quartile.

Example:

& Ilecall the example where we have observations ¥) = 7,29 =5, 23 =4, 2y = 1,25 = 4.
then rny = 4,.‘!.’(2] = -'1,.'!.‘(_1] = 5,.‘!.’(,1] =T, X = 10.
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» “Moat Widely Held Stocks™:

ry= I
xgy = 375
rm = 433
2 = B74
.'I.'(51= '55%
g = Tl
2= T2{g
2 = 73
2@ = 771
2nq = B4
2y = B4
zpg = BB
2g = 91

.'I.'(l,i] = 115ﬁ
.'I.'(]_lﬂ = 125%

Note:

There are two dlightly different interpretations of what is meant by “left of and “right of”
the median — different computer software may yield resulia that are different from our hand-
calculated results. However, the more observations we have, the smaller these differences
typically are.

The Interquartile Range (for measuring spread):
The interquartile range of n observations 2()y,. .., 2, is denoted by JQR and is defined
a8

IQR =1 — th,
i.e., the third quartile minus the firat quartile.

Example:

s “Most Widely Held Stocks™:
IOR =

11



Note:
An observation that falls more than 1.5 x TR above the third quartile or an observations
that falls more than 1.5 x F0) T below the first quartile is a suspecied outlier.

Puiting all together:
Five—Number Jummary and Boxplota

The Ave—xmmber summary consista of
Minimum €} £ ¢} Maxmmm

and provides a reasonably complete overview of the center and spread of a data set. A boxplot
iz a praphical representation of these mimbera and is constructed as follows:

# Draw a central box that spans the quartiles.
# Draw a line in the box that marks the median.

# Draw each obgervation that falla more than 1.5x TR outgide the central hox separately
uging a * {denoting a possible outlier).

# Draw a line from the box to the amallest and larpest ob@ervationa that are not marked

ag poagible outliers {often, but not always, these are minimum and maximum).

Example: “Moat Widely Held Stocks™

Five-Number Jummary:

IR= ,15xIQR=
Possible outlier would fall below £} —1.5x QR = or ahove Gl + 1.5 x IO =
Boxplot:
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The Variance and Jtandard Deviation (for measuring spread ):
The (sample) varianee of a sample of n observations ..., x,, is denoted by 52 and is
detined as

2 Q ] ™
g (B —FEf+{xa—F) +...+{zn—F)* 1 2
= 1 _“—1.!=El{-r1 ).

The standard deviation is denoted by 9 and is defined as

szﬁzdﬂljg{xi_ﬂﬂ-

Note:

{) If X,,..., Xy represents an entire population of N individuals, we define the (popu-

lation) varianee o? as

a_1yg 2
=1
where i i3 the Imown population mean.

{ii) Check your pocket calculator! If it aays o® {or o), it devidea by N. If it saya 5% {or s,
it devides ny n — 1.

{iii) The variance ia a kind of “mean squared deviation” from the center of a data set.

(iv) 4% {and &%) is never negative. It can be 0 only if all data values are equal.

where 55(2) stands for “Sum of Squares” (of the r—values).
Then, the saample variance ia caleulated as

{v) Shortcut formula for hand caleulations:

S5(z) = Z{.‘ri — _]2 = me -

1
2
== 15’5’{.1*:].
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FExample: “The Cosat of Vietories™
n =30 {or N =30)

x;

e

=1
n 2
55(z) = a2 — M=l 7
i=l n

If we asgume that & = 30, i.e., these 3] teams represent the whole population, i.e., all poasible
teama, we have to calculate the population variance and standard deviation:

o? = j—HTSS{x}
o = Vo

If we assume that n = 3, i.e., these M) teams represent a aample of a larger population, i.e.,
a subset of all possible teams {and there exist other teams that have not heen listed in this
newspaper data set), we have to calculate the sample variance and standand deviation:

1
2 _
¢ o= 15’5’{:1:}

s = Vi
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