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6 Limit Theorems

(Based on Rohatgi, Chapter 6, Rohatgi/Saleh, Chapter 6 & Casella/Berger,
Section 5.5)

Motivation:
I found this slide from my Stat 250, Section 003, “Introductory Statistics” class (an under-

graduate class I taught at George Mason University in Spring 1999):

What does this mean at a more theoretical level?7?



6.1 Modes of Convergence

Definition 6.1.1:
Let Xi,...,X, beiid rv’s with common cdf Fx(x). Let T = T(X) be any statistic, i.e., a

Borel-measurable function of X that does not involve the population parameter(s) ¥, defined

on the support X of X. The induced probability distribution of T'(X) is called the sampling
distribution of T'(X). ]

Note:

(i) Commonly used statistics are:

Sy
gk

-
Il
—

Sample Mean: X,, = X;

|

Sample Variance: S2 = -3 "(X; — X,)?
i=1

Sample Median, Order Statistics, Min, Max, etc.

o=
ot

(ii) Recall that if Xi,..., X, are iid and if E(X) and Var(X) exist, then E(X,) = u =
E(X), E(S2) = 0? = Var(X), and Var(X,) = -

(i) Recall that if X1,..., X, are iid and if X has mgf Mx (t) or characteristic function ® x (t)
then My (t) = (Mx ()" or %, (t) = (®x ()"

Note: Let {X,,}52, be a sequence of rv’s on some probability space (2, L, P). Is there any
meaning behind the expression nlirgo X, = X7 Not immediately under the usual definitions

of limits. We first need to define modes of convergence for rv’s and probabilities. [

Definition 6.1.2:
Let {X,,}52, be a sequence of rv’s with cdf’s {F,}>2; and let X be a rv with cdf F. If

F,.(z) — F(x) at all continuity points of F', we say that X,, converges in distribution to

X (X, 4, X) or X,, converges in law to X (X, L, X), or F,, converges weakly to F'
(F, = F). u

Example 6.1.3:
Let X,, ~ N(0,2). Then



_ /\/M exp(—%s2) ds

—00 2

= O(vnx)

1, >0 ) . C
If Fx(x) = { 0 i;O the only point of discontinuity is at x = 0. Everywhere else,

®(\/nzx) = F,(z) — Fx(z), where ®(z) = P(Z < z) with Z ~ N(0,1).

So, X, LN X, where P(X =0) =1, or X, %, 0 since the limiting rv here is degenerate,
i.e., it has a Dirac(0) distribution. |

Example 6.1.4:

In this example, the sequence {F),}°°; converges pointwise to something that is not a cdf:

Let X,, ~ Dirac(n), i.e., P(X,, =n) = 1. Then,

0, x<n
Fn(:E)Z{ 1, z>n

It is Fj,(z) — 0 Va which is not a cdf. Thus, there is no rv X such that X, NS ]
Example 6.1.5:

Let {X,}22, be a sequence of rv’s such that P(X, =0) =1—1 and P(X, =n) = % and let
X ~ Dirac(0), i.e., P(X =0) = 1.

It is
0, xz <0
Fo(z) = 1-1 0<z<n
1, r>n
0, <0
Fx(z) = ’
x(@) { 1, >0
It holds that F,, - Fx but
B(X}) = 7 B(X") =
Thus, convergence in distribution does not imply convergence of moments/means. [ |



Note:
Convergence in distribution does not say that the X;’s are close to each other or to X. It only
means that their cdf’s are (eventually) close to some cdf F'. The X;’s do not even have to be

defined on the same probability space. [ |

Example 6.1.6:
Let X and {X,}°°, be iid N(0,1). Obviously, X, —& X but Tim X, # X. n

Theorem 6.1.7:
Let X and {X,}?2, be discrete rv’s with support X and {X,,}32, respectively. Define
o

the countable set A = XU U X, = {ar : k = 1,2,3,...}. Let pp = P(X = a;) and
n=1

Pk = P(X,, = ag). Then it holds that pn, — px ¥k iff X, —= X. -

Theorem 6.1.8:
Let X and {X,,}5°; be continuous rv’s with pdf’s f and { f,,}52,, respectively. If f,,(z) — f(x)

for almost all x as n — oo then X, 4, X. [ ]

Theorem 6.1.9:
Let X and {X,,}72 be rv’s such that X, ~%, X. Let c € IR be a constant. Then it holds:

(i) Xp+e-5 X+
(i) X, IS¢
(iii) If a, — a and b, — b, then ap X, + by —= aX + b.
Proof:
Part (iii):
Suppose that a > 0,a,, > 0. Let Y, = a,X,, + b, and Y =aX +b. It is

Fe() = PY <9) = PaX +b<y) = P(X < L0 = peP0)

Likewise,
Yy — bn)

n

Py, (y) = Fx, (

If y is a continuity point of Fy, yT_b is a continuity point of Fx. Since a, — a,b, — b and
Fx, (x) — Fx(z), it follows that Fy, (y) — Fy(y) for every continuity point y of Fy. Thus,
an Xy + by~ aX +. n



Definition 6.1.10:
Let {X,}52, be a sequence of rv’s defined on a probability space (€2, L, P). We say that X,
converges in probability to a rv X (X, = X, P- lim X,, = X) if

n—oo

lim P(| X, — X |[>¢) =0 Ve > 0.

n—~0o0

Note:
The following are equivalent:
nlin;OP(\ Xn—X|>€)=0
= nlin;OP(\ X,—X1|<e) =1

= nhénoloP({w | Xp(w) = X(w) [>€}) =0

If X is degenerate, i.e., P(X = ¢) = 1, we say that X,, is consistent for c. For example, let
X,, such that P(X,, =0)=1—1 and P(X, =1) =1, Then

1
L 0<e<1
P(| X, |>e)=1 7 ‘
0, e>1
Therefore, Jim P(| X, |>€) =0 Ye>0. So X,, 250, i.e., X,, is consistent for 0. |

Theorem 6.1.11:

(i) X, > X —=X,-X 250

(i) X, ==X, X, Y =PX=Y)=1

(iii) X, 2 X, X,, 2 X = X, — X,, 2> 0 as n,m — oc.
(iv) X, 5 XY, LY = X,+Y, 5 X+VY.

(v) X, 2 X,k € R a constant = kX,, = kX.

(vi) X, 25 k,k € IR a constant = X" X5 k" Vr € IN.
(vil) X, 2, a, Yy L, b, a,be R— X,Y, L ab.

(viii) X, 2> 1= X; ! 1.

(ix) X, =5 a,Y, —=b, a € RbeR—{0} = 3= 5 ¢

(x) X, == X,Y an arbitrary rv = X,,Y > XY



xi) X, 2 XY, LY = X,¥, 2 XY.

Proof:
See Rohatgi, page 244-245, and Rohatgi/Saleh, page 260-261 for partial proofs. [ |

Theorem 6.1.12:
Let X, =% X and let g be a continuous function on IR. Then g(X,) —— g(X).

Proof:
Preconditions:
L) Xrv=Ve>0 Jk=k(e): P(|X|>k) <5

2.) g is continuous on IR

= ¢ is also uniformly continuous on [—k, k] (see Definition of uniformly continuous
in Theorem 3.3.3 (iii):
Ve>030>0Vry, 20 € R:| 1 — 22 |[< =] g(x1) — g(22) |< €.)

= 36 =6(e, k) : | X| < k[ Xy — X[ <0 = [9(Xn) —g(X)| <€

Let

b
|

(IX] <k} = {w: [X(w)] <k}
{1X0 = X| < 8} = {w: [Xa(w) - X ()| < 5}
C = {lg(Xn) = g(X)| < & = {w: [9(Xa(w)) — 9(X(w))] < ¢}

s
I



Corollary 6.1.13:

(i) Let X,, %5 ¢, ¢ € IR and let g be a continuous function on IR. Then g(X,,) -~ g(c).
(ii) Let X, %, X and let g be a continuous function on IR. Then g(X,,) 4, g9(X).

(iii) Let X, L, ¢,c € R and let g be a continuous function on IR. Then g(X,,) 4, g(c).

Theorem 6.1.14:
X, L x —Xx, L x.

Proof:
X, 5 XeP(|X,—X|>¢) »0asn—o00 Ye>0

It holds:



Theorem 6.1.15:
Let ¢ € IR be a constant. Then it holds:

d
Xn—>c<:>Xni>c.

Example 6.1.16:

In this example, we will see that

X, L X £ X, L X

for some rv X. Let X,, be identically distributed rv’s and let (X,,, X)) have the following joint

distribution:

X
"l0 1
X
0 0 3|3
1 3 03
1 1
2 21

Theorem 6.1.17:
Let {X,,}22, and {Y,,}52; be sequences of rv’s and X be a rv defined on a probability space
(Q, L, P). Then it holds:

Y, -5 X, X, - Y |- 0= X, -L X,

Proof:
Similar to the proof of Theorem 6.1.14. See also Rohatgi, page 253, Theorem 14, and Ro-
hatgi/Saleh, page 269, Theorem 14. [ |

Theorem 6.1.18: Slutsky’s Theorem
Let (X,,)52; and (Y,)52; be sequences of rv’s and X be a rv defined on a probability space
(Q, L, P). Let ¢c € IR be a constant. Then it holds:

() X, L XY, Le—=X,+Y, L X +c



(i) X, & XY, 2 c = XY, -5 cX.
If ¢ =0, then also X,,Y, £,0.

(iil) X, -5 X, Y, Toe= %= L Xifczq,

Proof:

Th.6.1.11(i
(@) P

(i) Y, e Y,—c—0

— Y, —c=Y,+ (X, - X)) —c=(Xn+Y,) - (Xn+c) 20 (A)

Thgg(z) Xn“‘ci)X_‘_C (B)

X, L x
Combining (A) and (B), it follows from Theorem 6.1.17:
X, +Y, % X te
(ii) Case ¢ = 0:
Ye>0 Vk >0, it is

€ €
P(| XoYo[>€) = P(XoYa|>e Yo < 0)+ P XaYa > e Yo>7)

< P Xné > €) + P(Y, > 2)

< P Xu[> k) +P( Yo > 1)

Since X, 4, X and Y, -2 0, it follows for any fixed k > 0

lim P(] X,,Y, |[>¢€) < P(| X |> k).

n—oo

As k is arbitrary, we can make P(| X |> k) as small as we want by choosing k large.
Therefore, X,,Y;, L,0.



Case ¢ # 0:
Since X, 4, X and Y, -2 ¢, it follows from (ii), case ¢ = 0, that XY, — cX,, =
X, (Y, —¢) 0.

— XV, 2 X,

Th.6.1.14 d
= XY, — cX,

Since cX,, % cX by Theorem 6.1.9 (ii), it follows from Theorem 6.1.17:

X, Y, -5 eX

(iii) Let Z, = 1 and let Y, = ¢Z,,.

#0111

Yo~ Zn ¢
Th.6.1.11(v,viit
( ) YL p
n

With part (ii) above, it follows:

1
c

Definition 6.1.19:
Let (X,,)52, be a sequence of rv’s such that E(| X, |") < oo for some r > 0. We say that X,

converges in the r* mean to a rv X (X,, — X) if (] X |") < oo and

lim E(| X, — X |") = 0.
n—oo

|
Example 6.1.20:
Let (X,,)5%, be a sequence of rv’s defined by P(X,, =0) =1— 1 and P(X,, =1) = L.
Itis E(] X, [") =2 V¥r > 0. Therefore, X,, — 0 Vr > 0. n

Note:
The special cases r = 1 and r = 2 are called convergence in absolute mean for r =1 (X, BN X)

: 2
and convergence in mean square for r = 2 (X, == X or X,, — X). ]

Theorem 6.1.21:
Assume that X,, — X for some r > 0. Then X,, -~ X.

10



Proof:

Using Markov’s Inequality (Corollary 3.5.2), it holds for any € > 0:

Example 6.1.22:
Let (X,)3%, be a sequence of rv’s defined by P(X,, = 0) =1 — L and P(X,, = n) = = for

some r > 0.

For any € > 0, P(] X,, |>€) — 0 as n — o0; s0 X,, — 0.

For 0 <s<r, B(| X, |*) = -4 — 0asn — oo0; s0 X, = 0. But E(| X, |") =1+ 0 as
n — 00; 850 X, £ 0. u

Theorem 6.1.23:
If X,, — X, then it holds:

() tim E( X, ") = E(| X '); and
(i) X, = X for 0 < s <.
Proof:

(i) For 0 < r <1, it holds:

11



For r > 1, it follows from Minkowski’s Inequality (Theorem 4.8.3):

1
p

B X — X+ X, D)7 < [B( X = X, ] + [B(| X5 )]

= [BE(| X [)]7 — [B(| X, )7

1
T

< [E(IX =X [")]

1
p

= [B( X )7 = lim [B(] X, [)]7 < lim [B(| Xp =X [)]* =0 since Xp = X

— [B( X |")]* < lim [E(| X, [")]7 (C)

Similarly,

1 1
T T

[B(| X = X + X |')]7 < [B(| Xo— X )]7 + [B( X )"

— lim [E(| X, [)]7— lim [E(| X |)]* < lim [E(| X,—X |")]"

=0 since X,, — X

— lim [B(| X, [)]F < [B( X )} (D)

Combining (C) and (D) gives
. r 1 T 1
T [E( X, ] = [B( X )
— lim B(| X [) = B( X )
(ii) For 1 < s < r, it follows from Lyapunov’s Inequality (Theorem 3.5.4):
1 ol
[E(] X — X [9)]s < [E(] Xn — X [1)]7
= E(| X — X ") < [B(| X, - X [")]7
= lim E(] X, - X [°) < lim [B(| X, - X "]* =0 since X,, — X

n—oo

12



= X, — X

An additional proof is required for 0 < s < r < 1.

Definition 6.1.24:
Let {X,,}22, be a sequence of rv’s on ({2, L, P). We say that X,, converges almost surely
toarv X (X, ¥% X) or X,, converges with probability 1 to X (X, we) X) or X,

converges strongly to X iff

P{w: Xp(w) = X(w) as n — oo}) = 1.

Note:

An interesting characterization of convergence with probability 1 and convergence in proba-
bility can be found in Parzen (1960) “Modern Probability Theory and Its Applications” on
page 416 (see Handout). [

Example 6.1.25:
Let © =[0,1] and P a uniform distribution on Q. Let X, (w) =w + w" and X (w) = w.

For w € [0,1), w™ — 0 as n — 00. So X, (w) — X(w) VYw € [0,1).
However, for w =1, X,,(1) =2 # 1= X(1) Vn, i.e., convergence fails at w = 1.

Anyway, since P({w : X,(w) — X(w) asn — oo}) = P({w € [0,1)}) = 1, it is X,, <5 X.
|

Theorem 6.1.26:
X, &5 X = X, - X.

Proof:
Choose € > 0 and 0 > 0. Find ng = ng(e, d) such that

P(ﬁ {]Xn—X]§6}>21—6.

n=ng

13



Example 6.1.27:
X, 2 X 4= X, 25 X:

Let © = (0,1] and P a uniform distribution on .

Define A,, by
Ap=(0,3], 42 = (3,1]
Ay = (03] Av = (1,345 = (3, 3) Ao = (1.1
Ar = (0,5, 4s = (5, 1,

Let X, (w) =14, (w).

It is P(] X, —0|>¢€) — 0 Ve > 0 since X,, is 0 except on A, and P(A,) | 0. Thus X,, = 0.

But P({w : X;,(w) — 0}) = 0 (and not 1) because any w keeps being in some A,, beyond any
no, i.e., X, (w) looks like 0...010...010...010..., so X,, £5 0. n

Example 6.1.28:
X, — X &= X, 25 X:

Let X,, be independent rv’s such that P(X,, =0)=1— % and P(X, =1) = %

)
Itis B(| X, —0|")=E( X, |")=E( X,|) =% —0asn— 00,50 X, =0 Vr>0 (and
due to Theorem 6.1.21, also X,, = 0).

But
no 1 m—1 m m+1 no—2. mg—1 m— 1
( 0 Vm <n <mny) ngn( n) ( - )(m+1)(m+2) (no—l)( o~ ) o
As ng — o0, it is P(X,, =0 Ym <n <mng) —0 Vm, so X, £5 0. .

14



Example 6.1.29:
X, 5 X 4= X, — X:

Let Q =[0,1] and P a uniform distribution on {.
Let A, = [0, =].

' Inn

Let X, (w) =nlya,(w) and X(w) = 0.

It holds that Vw > 0 3ng : == < w = X,(w) =0 Vn > ng and P(w = 0) = 0. Thus,

Inng
X, £50.

But E(| X, —0]") = &

nn

— o0 Vr>0,s0 X, /A X. [ |

15



6.2 Weak Laws of Large Numbers

Theorem 6.2.1: WLLN: Version I
Let {X;}22; be a sequence of iid rv’s with mean F(X;) = u and variance Var(X;) = 0% < oo.
n

Let X, = % ZXZ" Then it holds
i=1

lim P(| X, —p|>€)=0 Ve>0,

n—oo
ie., X, 2, .
Proof:
|
Note:
For iid rv’s with finite variance, X,, is consistent for s.
A more general way to derive a “WLLN” follows in the next Definition. [

Definition 6.2.2:

n

Let {X;}2; be a sequence of rv’s. Let T, = ZXZ" We say that {X;} obeys the WLLN
i=1

with respect to a sequence of norming constants {B;}7°,, B; > 0, B; T oo, if there exists a

sequence of centering constants {4;}>°, such that

B YT, — A,) 20

Theorem 6.2.3:

Let {X;}2 ! be a sequence of pairwise uncorrelated rv’s Wlth E(X;) = Hi and Var(X;) = o2,

i € IN. IfZa — 00 as N — oQ, wecanchooseAn—Z,u,andBn—Za and get

=1 i=1 i=1
n
Z(Xz ,Uz)
i=1 _ LO
>_of
i=1



Proof:
By Markov’s Inequality (Corollary 3.5.2), it holds for all € > 0:

n

E((Z(Xi — 11))?)

n n n
T 1
P( Y Xi=Y pil>ed of) < —— =—— —0asn—co m
i=1 i=1 i=1 62(2 022)2 €2 Z 022
i=1 i=1
Note:
To obtain Theorem 6.2.1, we choose A,, = nu and B,, = no?. [ |

Theorem 6.2.4:
n
Let {X;}°, be a sequence of rv’s. Let X, =1 ZXZ" A necessary and sufficient condition

~n
i=1

for {X;} to obey the WLLN with respect to B,, = n is that

—2
E X"_2 —0
1+ x2

as n — oo.
Proof:
Rohatgi, page 258, Theorem 2, and Rohatgi/Saleh, page 275, Theorem 2. [ |

Example 6.2.5:
Let (Xi,...,X,) be jointly Normal with E(X;) = 0, E(X?) = 1 for all i, and Cov(X;, X;) = p
if [i—j|=1and Cov(X;,X;) =0if | i—j|>1 Let T, = > X;. Then, T, ~ N(0,n+2(n—

=1
1)p) = N(0,0?). Tt is

X, 12
b 2 - B3 T2
1+ Xn ne+ 17
2 oo g2 _a? x dx
= 2052 d = — d = —
27m/0 n2 t 22" vy o Y=
2 00 O'2y2 _ﬁ
= / 5 53¢ 2y
V2mJo ne+oy
2 /°° (n+2n—Vply* 2,
= e
Var o wt(nv2n-1)p)2 Y
_ o0 2
< n+ 2(7%2 Lp 2 e % dy
n 0o V21
=1, since Var of N(0,1) distribution
— 0 as n — oo
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Note:
We would like to have a WLLN that just depends on means but does not depend on the

existence of finite variances. To approach this, we consider the following:

n
Let {X;}2, be a sequence of rv’s. Let T,, = ZXZ" We truncate each | X; | at ¢ > 0 and get

i=1
0, otherwise
n n
Let T¢ = > X{ and my, = »  E(XY). n
i=1 i=1
Lemma 6.2.6:

For T,,, T\ and m,, as defined in the Note above, it holds:

n

P(| T,, —my, |>¢€) < P(] Tﬁ—mnl>e)+ZP(\ Xi|>¢) Ye>0

i=1
Proof:
|

Note:
If the X;’s are identically distributed, then

P(| T, —my |>¢€) < P(| Ty —my |>¢€) +nP(] X1 |>c¢) Ve>D0.
If the X;’s are iid, then

E((X¢ 2

P(| T, —my |>€) < # +nP(] X1|>¢) Ve>0 (x).
Note that P(| X; |> ¢) = P(] X1 |> ¢) Vi € IN if the X;’s are identically distributed and that
E(X$)?) = B((X$)?) Vi€ IN if the X;’s are iid. n

18



Theorem 6.2.7: Khintchine’s WLLN
Let {X;}22, be a sequence of iid rv’s with finite mean F(X;) = pu. Then it holds:

— 1
Xy =T >
n
Proof:
If we take ¢ = n and replace € by ne in (%) in the Note above, we get
E((X7)?)

Tn_ n
P(w>e):P(|Tn—mn|>ne)§«7
n n

6; +nP(] X1 |> n).

Since E(] X; |) < oo, it is nP(] X1 |[> n) — 0 as n — oo by Theorem 3.1.9. From Corollary
3.1.12 we know that E(| X |¢) = a/ 2 P(] X |> 2)dx. Therefore,
0

Note:

Theorem 6.2.7 meets the previously stated goal of not having a finite variance requirement. m
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6.3 Strong Laws of Large Numbers

Definition 6.3.1:

n

Let {X;}2, be a sequence of rv’s. Let T, = ZXZ" We say that {X;} obeys the SLLN
i=1

with respect to a sequence of norming constants {B;}7°,, B; > 0, B; T oo, if there exists a

sequence of centering constants {A4;}7°, such that

BN (T, — A,) “5 0.

Note:

Unless otherwise specified, we will only use the case that B, = n in this section. [ |

Theorem 6.3.2:
X, %% X <= lim P(sup | X;, — X |[>¢) =0 Ve >0.

n—00 m>n
Proof: (see also Rohatgi, page 249, Theorem 11)
WLOG, we can assume that X = 0 since X,, == X implies X,, — X =% 0. Thus, we have to

prove:

X, %50 — nlngOP(sup|Xm|>e):0 Ve >0

m>n

Choose € > 0 and define
An(e) = {sup [ Xin [> €}
¢ = (im X% =0)
‘="

Since X,, *% 0, we know that P(C) = 1 and therefore P(C®) = 0.

Let By(e) = C N Ap(€). Note that Byy1(€) € By(e) and for the limit set () Bn(e) = O. It
n=1

follows that

n—oo

lim P(By(€)) = P() Bn(e)) = 0.
We also have "~
P(Bn(€)) = P(4,N0)
= 1-P(C°UAS)
= 1— P(C% —P(A%) + P(C°n A9)
~—— —_—

=0 =0
= P(An)

20



— lim P(An(e)) = 0

n—o0

« .
<"

Assume that Jim P(A,(€)) =0 Ve >0 and define D(e) = {nh_)ngo | X, |> €}

Since D(e) C A, (e) Vn € IN, it follows that P(D(e)) =0 Ve > 0. Also,

RN 1
€ = { lim X, £ 0} € (T | X > )
k=1

—1-P(C) < i P(D(=)) =0
k=1

= X, 50

Note:

(i) X, =% 0 implies that Ve > 0V5 >0 3Ing € IN : P(sup | X, |[>¢) <.

n>ng

o0

(ii) Recall that for a given sequence of events {4, }72 ,

A= T, =y Uai= 1 U

k=n n=1k=n

is the event that infinitely many of the A, occur. We write P(A) = P(A,, i.0.) where

1.0. stands for “infinitely often”.

(iii) Using the terminology defined in (ii) above, we can rewrite Theorem 6.3.2 as

X, %% 0 = P(| X, |>€io0)=0 Ve>0.
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Theorem 6.3.3: Borel-Cantelli Lemma
Let A be defined as in (ii) of the previous Note.

(i) 1¥* BC-Lemma:
Let {A,}52; be a sequence of events such that Z P(A,) < oo. Then P(A) =0.

n=1
(ii) 2"¢ BC-Lemma:
[e.e]
Let {A,}52, be a sequence of independent events such that Z P(A,) = oco. Then

n=1
P(A) =1.
Proof:
(i): 00
P(A) = P(lim U 4x)
k=n
= lim P(J 4x)
n—oo ke,
< nhHOloZP(Ak)
k=n
e’} n—1
= lim ( P(Ak)—ZP(Ak)>
" \k=1 k=1
=0
(ii): We have A¢ = U ﬂ Aj.. Therefore,
n=1k=n
P(A) = P( lim_ ) 4%) = lim P( ) 45).
k=n k=n
If we choose ng > n, it holds that
o) no
ﬂ Aj C ﬂ Aj.
k=n k=n
Therefore,
oo no
PO 4D < lim P([) A7)
k=n ‘ k=n
no
= nélinoo kl;[n(l — P(Ag))
indep. 10
< lim exp <— Z P(Ak)>
nog—o k:n
= 0

22



= P(A) =1 ]

Example 6.3.4:

Independence is necessary for 2"¢ BC-Lemma:
Let © = (0,1) and P a uniform distribution on €.

Let Ap = I 1)(w). Therefore,

n

= OQ.

S|

Z P(An) = Z
n=1 n=1

But for any w € €, A, occurs only for 1,2,... L%j, where L%j denotes the largest integer

(“Hoor”) that is < 1. Therefore, P(A) = P(4,, i.0.) = 0. |

Lemma 6.3.5: Kolmogorov’s Inequality
Let {X;}22; be a sequence of independent rv’s with common mean 0 and variances 2. Let
n
T, =Y _ X;. Then it holds:
i=1
n
D

> ) < i=1
P(lr%a]?%(n | T |> €) < 2 Ve >0

Proof:

See Rohatgi, page 268, Lemma 2, and Rohatgi/Saleh, page 284, Lemma 1. [ |

Lemma 6.3.6: Kronecker’s Lemma

o
If ZXZ' converges to s < oo and B,, T oo, then it holds:

=1
1 n
5 kz BpXj — 0
" k=1

Proof:

See Rohatgi, page 269, Lemma 3, and Rohatgi/Saleh, page 285, Lemma 2. [ |

Theorem 6.3.7: Cauchy Criterion
X, 2% X <« lim P(sup | Xngm — Xn |<€) =1 Ve > 0.
n—00 m

Proof:

See Rohatgi, page 270, Theorem 5. [ |
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Theorem 6.3.8:
If Z Var(X,) < oo, then Z X, — E(X,,)) converges almost surely.

n=1

Proof:
See Rohatgi, page 272, Theorem 6, and Rohatgi/Saleh, page 286, Theorem 4. [ |

Corollary 6.3.9:
Let {X;}5°; be a sequence of independent rv’s. Let {B;}2,, B; > 0,B; 1 00, a sequence of

Var(X;) .
tants. Let T, = » X;. If ¥ ———= then it holds:
norming constants. Le ,Z; ; B2 < oo then it holds
T, — BE(T,) as.
B,
Proof:
This Corollary follows directly from Theorem 6.3.8 and Lemma 6.3.6. [

Lemma 6.3.10: Equivalence Lemma

n
Let {X;}5°, and {X/}$°, be sequences of rv’s. Let T, = ZX and T, = ZXZ’
1=1 i=

o0

If the series ZP(XZ- # X!) < oo, then the series {X;} and {X/} are tail-equivalent and
i=1

T, and T are convergence—equivalent, i.e., for B, | oo the sequences BinTn and B%}T,’L

converge on the same event and to the same limit, except for a null set.

Proof:
See Rohatgi, page 266, Lemma 1. [ |
Lemma 6.3.11:

Let X be a rv with E(| X |) < co. Then it holds:

Y P(IX[zn)<E(X[)<1+) P(X|[2n)

n=1 n=1

Proof:
Continuous case only:
Let X have a pdf f. Then it holds:

BIX)= [ la|fG dx—z/ f(a)do

<|:c|<k+1
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o0

zikp(kgyx\gkﬂ)gE(\Xy)§2(k+1)P(k§\X\§k+1)

k=0 k=0
It is
[e'e) o~ k
S kPR <X |<k+1) = Y > PE<|IXISk+])
k=0 k=0n=1
= Y > Pk<[X|<k+1)
n=1k=n
= ZP(!X!>n)
1
Similarly,
k+1)Pk<|X|<k+1) = Z (| X [>n) +ZP1<;<|X|<I<:+1)
k=0 n=1 k=0
= Z (| X|>n)+1

Theorem 6.3.12:
Let {X;}52, be a sequence of iid rv’s. Then it holds:

X, %0 «— §:<P | X |[>€) < oo Ve>0

n=1

Proof:
See Rohatgi, page 265, Theorem 3.
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Theorem 6.3.13: Kolmogorov’s SLLIN

n
Let {X;}52, be a sequence of iid rv’s. Let T}, = Z X;. Then it holds:
i=1

T —

L =X, u<oco < E( X|)<oo (and then u = E(X))
n

Proof:

“i”:

Suppose that X, =5 u < oco. It is

“¢77:
Let E(| X |) < 0.

26



It is

i I 1+ 1 N 1 N
m2 12 2 2 T
“n B2(k+12 " (k+2)
< i+ ! + = +
= k2 k(k+1) (k+D(k+2)
1 > 1
B p_‘_nzg—l—ln(n_l)
From Bronstein, page 30, # 7, we know that
R + = + = +...+ !
1.2 2-3 3-4 777 nn+1)
1 1 1 1 >
- T2ta3t3at +(1<;—1)-1<;+n§+1n
> 1 1 1 1 1
W n(n = 1) 1-2 2.3 3.4 (k—1)-k
_ 1t 1
2 2.3 3.4 (k—1) -k
11 1
3 34 (k—1)-k
_ o1
o4 (B—-1)-k
_ 1
Ok
=01 1 > 1
=D 5 < 5t > ——=
il nii M —1)
_ 11
k2 k
2
< _
-k

27



28



6.4 Central Limit Theorems

Let {X,,}72, be a sequence of rv’s with cdf’s {F,}22,. Suppose that the mgf M, (t) of X,

exists.

Questions: Does M, (t) converge? Does it converge to a mgf M (¢)? If it does converge, does
it hold that X, A, x for some rv X7

Example 6.4.1:
Let {X,,}>2; be a sequence of rv’s such that P(X,, = —n) = 1. Then the mgf is M, (t) =
E(eX)=e"™. So

0, t>0
lim M,t)=< 1, t=0
n—oo

oo, t<0

So M, (t) does not converge to a mgf and F,(z) — F(z) =1 Vz. But F(z) isnot acdf. m

Note:
Due to Example 6.4.1, the existence of mgf’s M, (¢) that converge to something is not enough

to conclude convergence in distribution.

Conversely, suppose that X, has mgf M, (t), X has mgf M(t), and X, %, X. Does it hold
that
M, (t) — M(t)?

Not necessarily! See Rohatgi, page 277, Example 2, and Rohatgi/Saleh, page 289, Example
2, as a counter example. Thus, convergence in distribution of rv’s that all have mgf’s does

not imply the convergence of mgf’s.

However, we can make the following statement in the next Theorem: [ |

Theorem 6.4.2: Continuity Theorem

Let {X,}52, be a sequence of rv’s with cdf’s {F,}°°; and mgf’s {M,,(¢)}>2 ;. Suppose that
M, (t) exists for | t |< ¢y Vn. If there exists a rv X with cdf F' and mgf M (¢) which exists for
| #]< 1 < to such that lim M,(t) = M(t) ¥t € [~t1,t], then F, > F.ie, X, -5 X. =
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Example 6.4.3:
Let X, ~ Bz’n(n,%). Recall (e.g., from Theorem 3.3.12 and related Theorems) that for
X ~ Bin(n,p) the mgf is Mx(t) = (1 — p + pe’)™. Thus,

Note:
Recall Theorem 3.3.11: Suppose that {X,,}7°; is a sequence of rv’s with characteristic fuctions
{®,(t)}22,. Suppose that

lim &,(t) = ®(t) Vt e (—h,h) for some h > 0,

n—oo

and ®(t) is the characteristic function of a rv X. Then X, LN'S ]

Theorem 6.4.4: Lindeberg—Lévy Central Limit Theorem
Let {X,,}°°, be a sequence of iid rv’s with E(X;) = yu and 0 < Var(X;) = 0% < co. Then it

holds for X,, = 1}~ X; that

~n
i=1

where Z ~ N(0,1).

Proof:
Let Z ~ N(0,1). According to Theorem 3.3.12 (v), the characteristic function of Z is
Dy(t) = exp(—5t°).

Let ®(t) be the characteristic function of X;. We now determine the characteristic function
P, (t) of M:
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Here we make use of the Landau symbol “o”. In general, if we write u(z) = o(v(x)) for

x — L, this implies limL@ = 0, i.e., u(z) goes to 0 faster than v(z) or v(x) goes to 0o
rz—L U\T

faster than u(x). We say that u(z) is of smaller order than v(z) as x — L. Examples are

# = o(m%) and 22 = o(z?) for z — oo. See Rohatgi, page 6, for more details on the Landau

symbols “O” and “o0”.
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Definition 6.4.5:
Let X1, X5 be iid non—degenerate rv’s with common cdf F. Let ai,as > 0. We say that F is

stable if there exist constants A and B (depending on a; and az) such that
B~ (a1 X1 + a Xy — A) also has cdf F. ]

Note:
When generalizing the previous definition to sequences of rv’s, we have the following examples

for stable distributions:

e X, iid Cauchy. Then %ZXZ ~ Cauchy (here B, =n, A, =0).

=1

e X; iid N(0,1). Then ﬁ > Xi ~N(0,1) (here B, = v/n, A, = 0).

i=1

Definition 6.4.6:

n

Let {X;}2, be a sequence of iid rv’s with common cdf F. Let T}, = ZXZ" F belongs to
i=1

the domain of attraction of a distribution V' if there exist norming and centering constants

{Bn}22, By >0, and {A,}52; such that
P(B YT, - A,) <z)= FB;1(Tn_An)(x) — V(z) asn — oo
at all continuity points x of V. [
Note:
A very general Theorem from Loeve states that only stable distributions can have domains

of attraction. From the practical point of view, a wide class of distributions F' belong to the

domain of attraction of the Normal distribution. [ ]

32



Theorem 6.4.7: Lindeberg Central Limit Theorem

Let {X;}?°, be a sequence of independent non—degenerate rv’s with cdf’s {F;}5°,. Assume
n

that E(Xy) = px and Var(Xy) = 02 < 0o. Let s2 = Z ot

If the F}, are absolutely continuous with pdf’s fi = F}, assume that it holds for all € > 0 that
lim — / (x — pg) 2 F}(x)dz = 0.
n—0o0 Sn kzl {|z—px|>esn} k

If the X}, are discrete rv’s with support {x;} and probabilities {py;}, I = 1,2,..., assume that
it holds for all € > 0 that

2 _
(B) nhjfolos—z > (@ — pk)’pr = 0.

k=1 |og—pgl>esn

The conditions (A) and (B) are called Lindeberg Condition (LC). If either LC holds, then

n
Z X — )
k=1

Sn

BN

where Z ~ N(0,1).
Proof:

Similar to the proof of Theorem 6.4.4, we can use characteristic functions again. An alterna-

tive proof is given in Rohatgi, pages 282—-288. [ |
Note:

2
Feller shows that the LC is a necessary condition if 7 — 0 and 52 — 00 as n — 0o. ]

Corollary 6.4.8:

n
Let {X;}2, be a sequence of iid rv’s such that ﬁ ZXZ' has the same distribution for all n.

i=1
If B(X;) =0 and Var(X;) =1, then X; ~ N(0,1).
Proof:
Let F' be the common cdf of % Z X; for all n (including n = 1). By the CLT,

i=1

1 n
lim P(— Y X, < z) = ®(x),
lim (\/ﬁ; < x) = P(z)

where ®(x) denotes P(Z < x) for Z ~ N(0,1). Also, P( % Z ; < x) = F(x) for each n.

Therefore, we must have F'(z) = ®(z). ]
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Note:
In general, if X1, Xo,..., are independent rv’s such that there exists a constant A with
P(] X,, |< A) =1 Vn, then the LC is satisfied if s2 — 0o as n — oo. Why??

Suppose that s2 — oo as n — o0o. Since the | X}, |’s are uniformly bounded (by A), so are the
rv's (X — E(X%)). Thus, for every € > 0 there exists an N, such that if n > N, then

P(‘ Xk—E(Xk) ‘< €Sp, k':l,...,n):l.

This implies that the LC holds since we would integrate (or sum) over the empty set, i.e., the
set {| & — p |> esn} = 0.

The converse also holds. For a sequence of uniformly bounded independent rv’s, a necessary

and sufficient condition for the CLT to hold is that s2 — 0o as n — oc. [ ]

Example 6.4.9:
Let {X;}%°, be a sequence of independent rv’s such that F(X) =0, oy, = E(| X}, [>7?) < o0
n

for some § > 0, and Z o = o(s3H9),
k=1
Does the LC hold? It is:

2 Z/ (z)dz

<2 T 00
- \x\>esn} Sn =1 /lz[>esn} 3

5
2552/ |z [0 fu(a)de
Sn€ Sn 12

1 X2 ‘x\2+5

INE

fr(@)de

IN

n
:262_:

n n
n
2 o
_ 1] e=
D | 2t

(B)
— 0 asn— o

(A) holds since for | x |> €esy, it is % > 1. (B) holds since Z o, = o(s219),

k=1
Thus, the LC is satisfied and the CLT holds. [ |
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Note:

(i) In general, if there exists a 6 > 0 such that

n
STE(| Xk — e [P10)
=1

G — 0 as n — oo,
Sn

then the LC holds.

(ii) Both the CLT and the WLLN hold for a large class of sequences of rv’s {X;} . If
the {X;}’s are independent uniformly bounded rv’s, i.e., if P(| X,, |[< M) =1 Vn, the
WLLN (as formulated in Theorem 6.2.3) holds. The CLT holds provided that s — oo

as n — oo.
If the rv’s {X;} are iid, then the CLT is a stronger result than the WLLN since the CLT
n
provides an estimate of the probability P(Z | ZXZ' —npl|>e)=1—-P(l ZI|< E\/ﬁ),
o

i=1
where Z ~ N(0,1), and the WLLN follows. However, note that the CLT requires the

existence of a 2" moment while the WLLN does not.

(iii) If the {X;} are independent (but not identically distributed) rv’s, the CLT may apply
while the WLLN does not.

(iv) See Rohatgi, pages 289-293, and Rohatgi/Saleh, pages 299-303, for additional details
and examples.
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7 Sample Moments

7.1 Random Sampling

(Based on Casella/Berger, Section 5.1 & 5.2)

Definition 7.1.1:
Let Xi,...,X, beiid rv’s with common cdf F. We say that {X1,...,X,} is a (random)

sample of size n from the population distribution F'. The vector of values {x1,...,2,} is

called a realization of the sample. A rv g(X7y,...,X,,) which is a Borel-measurable function
of Xy,...,X,, and does not depend on any unknown parameter is called a (sample) statistic.
|

Definition 7.1.2:
Let X1,..., X, be a sample of size n from a population with distribution F'. Then

is called the sample mean and

1 " — 1 " -9
2 , 2 _ 2
52 = n_lz(XZ—X) = — <ZX —nX )
i=1 1=1

is called the sample variance. [ |
Definition 7.1.3:
Let X1,..., X, be a sample of size n from a population with distribution F'. The function

A 1 &

i=1

is called empirical cumulative distribution function (empirical cdf). ]
Note:
For any fixed z € IR, F,,(x) is a rv. ]

Theorem 7.1.4:
The rv F,,(z) has pmf

PFy () =) = (?) (F@)Y (1= F@)", je{0,1,....n},
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with E(F,(z)) = F(z) and Var(F,(z)) = Z@0=F@)

n
Proof:

It is (oo 4)(Xi) ~ Bin(1, F(z)). Then nF,(z) ~ Bin(n, F(z)).

The results follow immediately. [ |

Corollary 7.1.5:
By the WLLN, it follows that

E,(z) 2 F(x).

|

Corollary 7.1.6:

By the CLT, it follows that R

VilByw) = Fla) a
V(@) (1 - F(x))

where Z ~ N(0,1). |

Theorem 7.1.7: Glivenko—Cantelli Theorem

E,(x) converges uniformly to F(z), i.e., it holds for all € > 0 that

lim P( sup | Fp(z) — F(z) [>¢€) = 0.
n—oo —00<T <00

|

Definition 7.1.8:

Let X1,..., X, be a sample of size n from a population with distribution F'. We call

- 1 zn: Xk
nis Z
the sample moment of order £k and
b= 1> (X DT
= — ;s — = —
M p ) n =

the sample central moment of order k. [ |

Note:

It is by = 0 and by = "7_152. [ ]

Theorem 7.1.9:
Let Xq,...,X,, be a sample of size n from a population with distribution F'. Assume that
E(X) =, Var(X) = 0%, and E((X — p)*) = pg exist. Then it holds:
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() Ela) = B(X) =

(i) Var(a) =Var(X) =%

(ili) E(be) = Lo?

2 _9,2 3,2
(IV) VCLT(bQ) — H4nﬂg _ 2(H4n22l12) + H4n33ﬂ2

(v) E(S?) = o

(vi) Var(§?) = — o182

Proof:

(i)

See Casella/Berger, Page 214, and Rohatgi, page 303-306, for the proof of parts (iv) through

(vi) and results regarding the 3" and 4" moments and covariances. |

38



7.2 Sample Moments and the Normal Distribution

(Based on Casella/Berger, Section 5.3)
Theorem 7.2.1:
n
Let X1,...,X, beiid N(u,0?) rv’'s. Then X = %ZXZ and (X; — X,..., X, — X) are
i=1

independent.

Proof:
By computing the joint mgf of (X, X; — X, Xs — X,..., X,, — X), we can use Theorem 4.6.3

(iv) to show independence. We will use the following two facts:

(1):
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From (1) and (2), it follows:
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Corollary 7.2.2:
X and S? are independent.

Proof:
This can be seen since S? is a function of the vector (X; — X,..., X, — X), and (X; —
X,..., X, — X) is independent of X, as previously shown in Theorem 7.2.1. We can use

Theorem 4.2.7 to formally complete this proof. [ |

Corollary 7.2.3:

(n —1)52
oz ~ Xi—r
Proof:

Recall the following facts:

e If Z~ N(0,1) then Z2 ~ x3.
n
® Ilea...aynN iid X%, then Z}/; NX?L
i=1
e For 2, the mgf is M(t) = (1 — 2t)~"/2.
o If X; ~ N(pt,0%), then Z£ ~ N(0,1) and Lt 52,
S (X s

Therefore, E 5 ~ X, and 0
, o
i=1

Now consider
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Corollary 7.2.4:

Proof:

Recall the following facts:

e If Z~ N(0,1), Y ~x2 and Z,Y independent, then LX ~ ty.

Vv

o /) = @ ~ N(0,1), Y,_1= M ~x2_4, and Z1,Y,_1 are independent.

(e

Therefore,
— (X—p) (X—p)
VX —p) _ofn o 4
S S//n el

a/Vn

N
q|n
NN
RN
7|3
ZE=
—
45
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Corollary 7.2.5:
Let (X1,...,X;) ~iid N(u1,01) and (Ya,...,Y,) ~iid N(ug,03). Let X;,Y; be independent

Vi, j.
X -V — (1 — p2) .\/m~tm+n_z
i —182/0% + [(n - 183/o3] \ oF/m+ai/n

Then it holds:
In particular, if o1 = o9, then:

~ 75m+n—2

X —-Y — (1 — p2) ‘\/mn(m+n—2)
V/(m—1)8} + (n— 1)83 m+n

Proof:

Homework. []

Corollary 7.2.6:

Let (X1,...,X;) ~iid N(u1,01) and (Ya,...,Y,) ~ iid N(ug,03). Let X;,Y; be independent
Vi, j.

Then it holds:

2/ .2
Si/o1 ~F
S%/O'% m—1n—1

In particular, if o1 = 09, then:
St
— ~ Fp 1
S% m—1n—1
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Proof:
Recall that, if Y7 ~ x2, and Y5 ~ x2, then

Yl/m
F=—"—~ .
Yg/n o
_1)52 _1yq2
Now, C1 = M ~x2,_1 and Cy = % ~ x2_;. Therefore,
91 I3
(m-1)s?

Cy/(m—1) _ ofm-1) _ S?/o? F
Cof(n 1) ~ 0%~ §2jg3 " Fminet

02(n—1)

If 01 = 09, then
St
S_% ~ Fm—l,n—l-
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8 The Theory of Point Estimation

(Based on Casella/Berger, Chapters 6 & 7)

8.1 The Problem of Point Estimation

Let X be a rv defined on a probability space (£, L, P). Suppose that the cdf F' of X depends
on some set of parameters and that the functional form of F' is known except for a finite

number of these parameters.

Definition 8.1.1:
The set of admissible values of 6 is called the parameter space O. If Fy is the cdf of X

when 0 is the parameter, the set {Fy : 6 € ©} is the family of cdf’s. Likewise, we speak of
the family of pdf’s if X is continuous, and the family of pmf’s if X is discrete. [ |

Example 8.1.2:
X ~ Bin(n,p), p unknown. Then # =pand © ={p:0<p < 1}.

X ~ N(p,0%), (u,0?) unknown. Then § = (u1,02) and © = {(u,0?) : —00 < pu < 00,02 > 0}.
|

Definition 8.1.3:
Let X be a sample from Fy, 0 € © C IR. Let a statistic T'(X) map IR" to ©. We call T'(X)

an estimator of § and T'(z) for a realization z of X an (point) estimate of 6. In practice,

the term estimate is used for both. []

Example 8.1.4:
Let Xi,...,X, beiid Bin(1,p), p unknown. Estimates of p include:

X1+ Xo

T(X) = X, To(X) = X3, T(X) = 3, Tu(X) = “1

Obviously, not all estimates are equally good. [ |
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8.2 Properties of Estimates

Definition 8.2.1:
Let {X;}2; be a sequence of iid rv’s with cdf Fy, § € ©. A sequence of point estimates
To(X1,...,X,) =T, is called

e (weakly) consistent for 6 if T), %~ 0 as n — oo V0 € ©
e strongly consistent for 0 if T, =% 6 asn — oo V6 € ©

e consistent in the r** mean for 0 if T,, — 0 asn — 0o V0 € O

Example 8.2.2:

n

Let {X;}2; be a sequence of iid Bin(1,p) rv’s. Let X, = %ZXZ Since E(X;) = p, it
i=1

follows by the WLLN that X,, Lp e, consistency, and by the SLLN that X,, = p, i.e,

strong consistency.

However, a consistent estimate may not be unique. We may even have infinite many consistent

estimates, e.g.,

n
ZXZ‘ +a
i=1

p .
> —— p V finite a,b € IR.

Theorem 8.2.3:
If T), is a sequence of estimates such that E(T,) — 6 and Var(T,) — 0 as n — oo, then T), is

consistent for 6.

Proof:
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Definition 8.2.4:

Let G be a group of Borel-measurable functions of IR™ onto itself which is closed under com-

position and inverse. A family of distributions {Py : 6 € ©} is invariant under G if for
each g € G and for all § € O, there exists a unique ¢’ = g(f) such that the distribution of

g(X) is Py whenever the distribution of X is Py. We call g the induced function on 6 since
Py(g(X) € A) = Py (X € A). .

Example 8.2.5:
Let (X1,...,X,) be iid N(u,o?) with pdf

1 1 &
flxy, ...,z = WGXP <_F ;(3;2 — ,U)2> )

The group of linear transformations G has elements
g(x1,...,xy) = (ax1 +b,...,ax, +b), a>0, —oc0<b< 0.

The pdf of g(X) is

1 1 “
f*(:n”{,...,x:)ziexp( Z(:E;-k—a,u—b)2>, x; =ax;+b, i=1,...,n.

T 90252
(V2mao)™ 20°0° —
So{f : —0o < u< oo, > 0} is invariant under this group G, with g(u, 0?) = (au+b,a’0?),

where —oco < ap + b < 0o and a?0? > 0. [

Definition 8.2.6:

Let G be a group of transformations that leaves {Fy : 6 € ©} invariant. An estimate 7T is

invariant under G if

T(g(X1).....9(Xn) = T(X1,.... Xp) Vg €G.

Definition 8.2.7:

An estimate T is:

e location invariant if T'(X; + a,..., X,, +a) =T(X1,...,X,), a€ R
e scale invariant if T'(cXy,...,cX,) =T(X1,...,X,), ce R—{0}

e permutation invariant if 7'(X;,,..., X

in

) =T(X1,...,X,) Vpermutations (i1, ...,%,)

of 1,...,n
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Example 8.2.8:
Let Fp ~ N(u,0?).

5?2 is location invariant.
X and S? are both permutation invariant.

Neither X nor S? is scale invariant. [ ]

Note:

Different sources make different use of the term invariant. Mood, Graybill & Boes (1974)
for example define location invariant as T(Xy + a,..., X, +a) = T(Xy,...,X,) + a (page
332) and scale invariant as T'(cXy,...,cX,) = T'(X1,...,X,) (page 336). According to their

definition, X is location invariant and scale invariant. [
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8.3 Sufficient Statistics

(Based on Casella/Berger, Section 6.2)

Definition 8.3.1:
Let X = (X1,...,X,) be a sample from {F, : 6 € © C R*}. A statistic T = T(X) is
sufficient for 6 (or for the family of distributions {Fy : 6 € ©}) iff the conditional dis-

tribution of X given 7' = ¢ does not depend on 6 (except possibly on a null set A where
Py(T € A)=0 V0). [

Note:

(i) The sample X is always sufficient but this is not particularly interesting and usually is

excluded from further considerations.

(ii) Idea: Once we have “reduced” from X to T'(X), we have captured all the information
in X about 6.

(iii) Usually, there are several sufficient statistics for a given family of distributions.

Example 8.3.2:
Let X = (Xq,...,X,) beiid Bin(1,p) rv’s. To estimate p, can we ignore the order and simply

count the number of “successes”?

n
Let T(X) = > X;. It is
=1
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Example 8.3.3:
Let X = (X1,...,X,) beiid Poisson(}). Is T' = ZXi sufficient for A? It is

i=1

Example 8.3.4:
Let X1, X2 be iid Poisson(A). Is T' = X; + 2X) sufficient for A7 It is

Note:
Definition 8.3.1 can be difficult to check. In addition, it requires a candidate statistic. We
need something constructive that helps in finding sufficient statistics without having to check

Definition 8.3.1. The next Theorem helps in finding such statistics. [ |

Theorem 8.3.5: Factorization Criterion
Let Xi,...,X, be rv's with pdf (or pmf) f(x1,...,2, | 60), 6 € ©. Then T'(Xy,...,X,) is

sufficient for 6 iff we can write

flxe,...;zn | 0) =h(zy,...,20) g(T(x1,...,2p) | ),

where h does not depend on 8 and g does not depend on z1,...,x, except as a function of 7.
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Proof:

Discrete case only.

Lt:>77 .
Suppose T'(X) is sufficient for 6. Let

“¢77 .
Suppose the factorization holds. For fixed tg, it is
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Note:

(i) In the Theorem above, # and T' may be vectors.

(ii) If T is sufficient for 6, then also any 1-to—1 mapping of 7" is sufficient for 6. However,

this does not hold for arbitrary functions of T'.

|
Example 8.3.6:
Let Xy,...,X, beiid Bin(1,p). It is

|
Example 8.3.7:
Let X1,..., X, be iid Poisson()\). It is

|
Example 8.3.8:
Let X1,..., X, beiid N(u,0?) where 4 € IR and o2 > 0 are both unknown. It is

|
Example 8.3.9:
Let Xi,...,X, beiid U(#,0 + 1) where —oco < 0 < oo. It is

|
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Definition 8.3.10:
Let {fg(x) : 6 € ©} be a family of pdf’s (or pmf’s). We say the family is complete if

Ey(g(X)) =0 V9O

implies that
Py(g(X)=0)=1 VO e€O.

We say a statistic T'(X) is complete if the family of distributions of T" is complete. ]

Example 8.3.11:

n

Let X1,...,X, beiid Bin(1,p). We have seen in Example 8.3.6 that 7' = ZXi is sufficient
i=1

for p. Is it also complete?

We know that 7'~ Bin(n,p). Thus,

Example 8.3.12:

Let X1,...,X, beiid N(6,6%). We know from Example 8.3.8 that T = (Z X,-,ZXZ?) is
i=1 =1
sufficient for 6. Is it also complete?
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Note:
Recall from Section 5.2 what it means if we say the family of distributions {fy : § € ©} is a

one—parameter (or k—parameter) exponential family. [ |

Theorem 8.3.13:

Let {fyp : 0 € O} be a k—parameter exponential family. Let 77, ..., T} be statistics. Then the
family of distributions of (7} (X),...,T(X)) is also a k—parameter exponential family given
by

k
96(t) = exp (Z tiQi(9) + D(9) + S*(z))

i=1
for suitable S*(t).

Proof:

The proof follows from our Theorems regarding the transformation of rv’s. [ |

Theorem 8.3.14:

Let {fs : 0 € ©} be a k—parameter exponential family with & < n and let 77,...,T} be
statistics as in Theorem 8.3.13. Suppose that the range of @ = (Q1,..., Q) contains an open
set in IR¥. Then T = (T1(X),...,Ti(X)) is a complete sufficient statistic.

Proof:

Discrete case and k = 1 only.

Write Q(0) = 6 and let (a,b) C ©.
It follows from the Factorization Criterion (Theorem 8.3.5) that 7' is sufficient for . Thus,

we only have to show that T is complete, i.e., that

Ey(g(T(X))) = D gt)P(T(X) =1)
DS o) exp(0t + D(O) + S*(t) =0 V9 (B)

implies ¢g(t) = 0 Vt. Note that in (A) we make use of a result established in Theorem 8.3.13.

We now define functions g+ and ¢~ as:

g(t), ifg(t) >0
0, otherwise

gt(t) = {

) {_g@, if g(1) < 0

0, otherwise
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It is g(t) = gt (t) — g~ (t) where both functions, g* and g~ are non—negative functions. Using

gT and g~ , it turns out that (B) is equivalent to
Zg )exp(6t + S™(¢ Zg Jexp(0t + S*(t)) V8 (C)

where the term exp(D(6)) in (A) drops out as a constant on both sides.
If we fix 0y € (a,b) and define

g" (t) exp(fot + S*(t)) p(t) = g~ (1) eXP(Got + 5*(t))
S gt (t) exp(Bot + S*(t)) > g7 (t) exp(Bot + S*(t))

t

pr(t) =

it is obvious that p*(t) > 0 Vt and p~(t) > 0 V¢ and by construction Zp+(t)

t
Zp_ (t) = 1. Hence, p*™ and p~ are both pmf’s.

From (C), it follows for the mgf’s M and M~ of pT and p~ that
M+(5) _ Zeét +
Ze& () exp(Oot + S*(t))

Zg Yexp(6ot + 57 (1))

Zg )exp((6o + 0)t + S*(t))

Zg ) exp(Bot + S*(t))

> g () exp((6o + 6)t + S*(t))

Zg_( ) exp (ot + 57(t))

Ze&g t) exp(Oot + S*(t))
Zg (t) exp(Oot + S*(t))
_ Zeét -

= M (8) V5€ (a—0o,b—0p).
—— ——
<0 >0

By the uniqueness of mgf’s it follows that p*(t) = p~(t) Vt.

= gt (t) =g (t) Vt
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= g(t) =0 Vt

— T is complete [ ]
Definition 8.3.15:
Let X = (Xi,...,X,) be asample from {Fy : § € © C IR*} and let T = T(X) be a sufficient
statistic for §. T = T'(X) is called a minimal sufficient statistic for @ if, for any other
sufficient statistic 7" = T"(X), T'(z) is a function of T"(x). |

Note:

(i) A minimal sufficient statistic achieves the greatest possible data reduction for a sufficient

statistic.

(ii) If T' is minimal sufficient for #, then also any 1-to—1 mapping of 7" is minimal sufficient

for 6. However, this does not hold for arbitrary functions of 7'

Definition 8.3.16:
Let X = (X1,...,X,) be a sample from {F, : § € © C IRF}. A statistic T = T(X) is called

ancillary if its distribution does not depend on the parameter 6. [ |

Example 8.3.17:
Let Xi,...,X, be iid U(6,0 + 1) where —oco < 6 < oo. As shown in Example 8.3.9,
T = (X(1), X(n)) is sufficient for ¢. Define

Ry = Xm) — Xq)-
Use the result from Stat 6710, Homework Assignment 5, Question (viii) (a) to obtain
FRa(r10) = fr,(r) = n(n — 1)r""*(1 — )L (r).

This means that R, ~ Beta(n — 1,2). Moreover, R,, does not depend on # and, therefore,

R, is ancillary. m

Theorem 8.3.18: Basu’s Theorem
Let X = (X1,...,Xy) be a sample from {Fy : § € © C IRF}. If T = T(X) is a complete and

minimal sufficient statistic, then 7" is independent of any ancillary statistic. [ |

Theorem 8.3.19:

Let X = (X1,...,X,) be asample from {Fy : 6 € © C IRF}. If any minimal sufficient statis-

tic T = T'(X) exists for 6, then any complete statistic is also a minimal sufficient statistic.
|
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Note:

(i)

(i)

(iii)

(iv)

Due to the last Theorem, Basu’s Theorem often only is stated in terms of a complete

sufficient statistic (which automatically is also a minimal sufficient statistic).

As already shown in Corollary 7.2.2, X and S? are independent when sampling from a
N(u,0?) population. As outlined in Casella/Berger, page 289, we could also use Basu’s

Theorem to obtain the same result.

The converse of Basu’s Theorem is false, i.e., if T(X) is independent of any ancillary
statistic, it does not necessarily follow that 7'(X) is a complete, minimal sufficient statis-

tic.

n n

As seen in Examples 8.3.8 and 8.3.12, T' = (Z Xi, ZXE) is sufficient for 6 but it is not
=1 =1

complete when X1, ..., X, areiid N(6,62). However, it can be shown that T is minimal

sufficient. So, there may be distributions where a minimal sufficient statistic exists but

a complete statistic does not exist.

As with invariance, there exist several different definitions of ancillarity within the lit-

erature — the one defined in this chapter being the most commonly used.
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8.4 Unbiased Estimation

(Based on Casella/Berger, Section 7.3)

Definition 8.4.1:
Let {Fy : 0 € ©}, © C IR, be a nonempty set of cdf’s. A Borel-measurable function 7" from

IR™ to © is called unbiased for § (or an unbiased estimate for 6) if

Eo(T) =6 Y6 € 0.

Any function d(f) for which an unbiased estimate T exists is called an estimable function.

If T is biased,
b(0,T) = Eg(T)—0

is called the bias of T'. ]

Example 8.4.2:

If the k' population moment exists, the k"

sample moment is an unbiased estimate. If

Var(X) = 02, the sample variance S? is an unbiased estimate of 2.

However, note that for X1,..., X, iid N(u,o?) S is not an unbiased estimate of o:
—1)5? -1
=D . 2, = Gamma("Z21,2)
o
1 2 0o nfl_l _z
:>E( (n 2)5) = [ Vito———da
7 o 2T
V2I(3) [ z2le2
= — / T —dz
L(*5=) Jo 22T(3)
¢ V20(5)
r(5t)
2 TI(Z
— B(S) = o
n—lF("T)

n x

(*) holds since £2—5= is the pdf of a Gamma(%,2) distribution and thus the integral is 1.

22T(2)
b(o,S) =0 (‘/nilff%) — 1) .

2
So S is biased for o and
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Note:
If T is unbiased for 6, g(7T') is not necessarily unbiased for g(f) (unless g is a linear function).
|

Example 8.4.3:
Unbiased estimates may not exist (see Rohatgi, page 351, Example 2) or they me be absurd

as in the following case:

Let X ~ Poisson()\) and let d(\) = e}, Consider T(X) = (—1)¥ as an estimate. It is

Note:
If there exist 2 unbiased estimates 77 and T5 of €, then any estimate of the form a7 +(1—a)T%

for 0 < a < 1 will also be an unbiased estimate of 8. Which one should we choose? []

Definition 8.4.4:

The mean square error of an estimate T of o is defined as

MSE@,T) = Ey((T - 0)?)
= Varg(T) + (b(6,7))*.
Let {T;}32, be a sequence of estimates of 6. If

lim MSE(0,T;) =0 VY0 € O,

1—00
then {7} is called a mean—squared—error consistent (M\SE—consistent) sequence of es-

timates of 6. [ ]

Note:

(i) If we allow all estimates and compare their MSE, generally it will depend on 6 which

estimate is better. For example 6 =17 is perfect if & = 17, but it is lousy otherwise.

(i) If we restrict ourselves to the class of unbiased estimates, then MSE(0,T) = Varg(T).
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(iii) MSE-consistency means that both the bias and the variance of T; approach 0 as ¢ — oo.

Definition 8.4.5:

Let 6y € © and let U(6)) be the class of all unbiased estimates T of § such that Eg, (T?) < oco.
Then Ty € U(6p) is called a locally minimum variance unbiased estimate (LMVUE)
at g if

Egy((To — 60)*) < Eg, (T — 60)*) VT € U(6p).

Definition 8.4.6:
Let U be the class of all unbiased estimates T of § € © such that Ey(T?) < co V0 € ©. Then

Ty € U is called a uniformly minimum variance unbiased estimate (UMVUE) of 0 if

Eo((Ty — 0)%) < Eg((T —6)%) Ve O VT el.
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An Excursion into Logic II

In our first “Excursion into Logic” in Stat 6710 Mathematical Statistics I, we have established

the following results:

A = B is equivalent to =B = —A is equivalent to AV B:

A|B|A=B|-A|-B| -B=-A| AVB
1 1 1 0 0 1 1
110 0 0 1 0 0
0] 1 1 1 0 1 1
010 1 1 1 1 1

When dealing with formal proofs, there exists one more technique to show A = B. Equiva-

lently, we can show (AA—B) = 0, a technique called Proof by Contradiction. This means,

assuming that A and =B hold, we show that this implies 0, i.e., something that is always

false, i.e., a contradiction. And here is the corresponding truth table:

A|lB||A=B | -B| An-B | (AN-B)=0

1] 1

110

0|1

010
Note:
We make use of this proof technique in the Proof of the next Theorem. [ |
Example:

Let A: z=5and B: z?=25. Obviously A = B.

But we can also prove this in the following way:

A: z=5and -B: 22#25

— 22 =25 22 #£25

This is impossible, i.e., a contradiction. Thus, A = B.
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Theorem 8.4.7:
Let U be the class of all unbiased estimates T of § € © with Ey(T?) < oo V6, and suppose
that U is non—empty. Let Uy be the set of all unbiased estimates of 0, i.e.,

Up={v : Egp(v) =0,Fp(v?) < oo Vb € O}.
Then Ty € U is UMVUE iff

E@(VT()) =0 VO e®Vvel,.

Proof:
Note that Eg(vTp) always exists.
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Theorem 8.4.8:
Let U be the non—empty class of unbiased estimates of # € © as defined in Theorem 8.4.7.
Then there exists at most one UMVUE T € U for 6.

Proof:
Suppose Ty, T7 € U are both UMVUE.
Then T7 — Ty € Uy, VCLT@(T()) = VCLT@(Tl), and Eg(T()(Tl — T())) =0 VleO

— Ey(T§) = Eo(ToTh)
= Covy(Ty, Th) = Eo(ToT1) — Eo(To)Eo(T1)

= By(T5) — (Ep(Tp))?

= Vare(Tp)

=Varyg(Th) V0 €O
= pro, =1 V€O
— Py(aTy+ 011 =0)=1 for some a,b VO € O
—> 0 = Ey(Ty) = Eg(—2T1) = Eo(Ty) V0 € ©
= -2=1

:>P9(T0:T1):1 vl € © |

Theorem 8.4.9:

(i) Ifan UMVUE T exists for a real function d(6), then \T" is the UMVUE for Ad(0), A € IR.

(ii) If UMVUE’s T} and T exist for real functions d; (6) and da(0), respectively, then T} + 715
is the UMVUE for d;(6) + d2(6).

Proof:

Homework. []
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Theorem 8.4.10:

If a sample consists of n independent observations X1, ..., X, from the same distribution, the

UMVUE, if it exists, is permutation invariant.

Proof:

Homework. []

Theorem 8.4.11: Rao—Blackwell

Let {Fy : 0 € O} be a family of cdf’s, and let h be any statistic in U, where U is the non—
empty class of all unbiased estimates of 6 with Ey(h?) < co. Let T be a sufficient statistic for
{Fy : 0 € ©}. Then the conditional expectation Ey(h | T) is independent of # and it is an
unbiased estimate of 6. Additionally,

Eo(B(h|T) —6)%) < Ep((h—6)*) ¥9€©

with equality iff h = E(h | T).

Proof:
By Theorem 4.7.3, Eg(E(h | T)) = E(h) = 6.
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Theorem 8.4.12: Lehmann—Scheffée
If T is a complete sufficient statistic and if there exists an unbiased estimate h of 6, then
E(h | T) is the (unique) UMVUE.

Proof:

Note:
We can use Theorem 8.4.12 to find the UMVUE in two ways if we have a complete sufficient
statistic 1"

(i) If we can find an unbiased estimate h(T"), it will be the UMVUE since E(h(T) | T) =
h(T).

(ii) If we have any unbiased estimate h and if we can calculate E(h | T), then E(h | T)
will be the UMVUE. The process of determining the UMVUE this way often is called

Rao-Blackwellization.

(iii) Even if a complete sufficient statistic does not exist, the UMVUE may still exist (see
Rohatgi, page 357-358, Example 10).

Example 8.4.13:

n

Let Xy,...,X, beiid Bin(1l,p). Then T = ZXZ- is a complete sufficient statistic as seen in
i=1

Examples 8.3.6 and 8.3.11.

Since E(X7) = p, X3 is an unbiased estimate of p. However, due to part (i) of the Note above,
since X7 is not a function of T', X7 is not the UMVUE.

We can use part (ii) of the Note above to construct the UMVUE. It is
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If we are interested in the UMVUE for d(p) = p(1 — p) = p — p? = Var(X), we can find it in

the following way:
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8.5 Lower Bounds for the Variance of an Estimate

(Based on Casella/Berger, Section 7.3)

Theorem 8.5.1: Cramér—Rao Lower Bound (CRLB)
Let © be an open interval of IR. Let {fy : 6 € ©} be a family of pdf’s or pmf’s. Assume
that the set {z : fo(z) = 0} is independent of 6.

Let ¥ (6) be defined on O and let it be differentiable for all # € ©. Let T be an unbiased
estimate of 1(#) such that Ey(T?) < oo V6 € ©. Suppose that

(1) %(g@) is defined for all 6 € O,

% </fe(£)d£> = / afgég)dg —0V9coO

() -5

(ii) for a pdf fy

or for a pmf fy

z

(/T e ) /T af@ 96(@) ) vpco

% (Trwno) -1

(iii) for a pdf fy

or for a pmf fy

Let x : © — IR be any measurable function. Then it holds

X
WO < B(E) - x0)) B (P2 2) voeo ()
Further, for any 6y € ©, either ¢/(6p) = 0 and equality holds in (A) for § = 6y, or we have

(¢'(60))*
o, (( 9 1og61;<9 X )2)

Eg,(T(X) = x(60))?) > (B).

Finally, if equality holds in (B), then there exists a real number K () # 0 such that

dlog fo(X)

T(X) — x(0o) = K(6h) 90

(@)
0=0

with probability 1, provided that 7" is not a constant. [ |
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Note:

(i) Conditions (i), (ii), and (iii) are called regularity conditions. Conditions under which
they hold can be found in Rohatgi, page 11-13, Parts 12 and 13.

(ii) The right hand side of inequality (B) is called Cramér-Rao Lower Bound of 6, or, in
symbols CRLB(fp).

Proof:

From (ii), we get

By (sptos o)) = [ (35108 fola)) S
= /(%fe(@) @fe(z)dz

= [(gh@)d

— B, (x(@)%logfa@)) = 0

From (iii), we get

B (10t (X)) = [ (T@giog fo)) sotwie

= 5 (1) - xO)gglog o)) = w/0)
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—wor = (50w - emnm))

—~

2 By ((0x) -~ x(0)?) B ((%bg fe@))z) ,

i.e., (A) holds. (x) follows from the Cauchy—Schwarz-Inequality (Theorem 4.5.7 (ii)).

If ¢/ (0g) # 0, then the left—hand side of (A) is > 0. Therefore, the right-hand side is > 0.

Thus,
2
E@o ((% IOg f@(i)) ) > O,

and (B) follows directly from (A).
If ¥/(6p) = 0, but equality does not hold in (A), then

Ey, ((%log fe(i))2> >0,

and (B) follows directly from (A) again.

Finally, if equality holds in (B), then ¢'(6y) # 0 (because T is not constant). Thus,
MSE(x(6p),T(X)) > 0. The Cauchy—Schwarz—Inequality (Theorem 4.5.7 (iii)) gives equality
iff there exist constants (a,3) € IR? — {(0,0)} such that

0
P a(T(X) — x(0o)) + B | 75 log fo(X) =0 =1

00 =00
This implies K (6p) = —g and (C) holds. Since T is not a constant, it also holds that
K(@Q) 75 0. |
Example 8.5.2:
If we take x(0) = ¥(0), we get from (B)

(' (9))°

Varyg(T(X)) > Ea ((31(3%67];9@))2)

If we have 1(0) = 6, the inequality (x) above reduces to

Varg(T(X)) > <E9 <(81°g87";9(1))2>)_1.

Finally, if X = (Xy,...,X,) iid with identical fp(x), the inequality (*) reduces to

(/(0))°
nEy ((H=fE)?)

Varg(T(X)) >
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Example 8.5.3:
Let Xy,..., X, beiid Bin(1,p). Let X ~ Bin(n,p), p€ © =(0,1) C IR. Let

¥(p) = B(T(X)) = 3 T(x) <Z>pm(1 -p)" "

1 (p) is differentiable with respect to p under the summation sign since it is a finite polynomial

in p.

Example 8.5.4:
Let X ~U(0,0),0 € © =(0,00) C IR.
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Theorem 8.5.5: Chapman, Robbins, Kiefer Inequality (CRK Inequality)

Let © C IR. Let {fp : 6 € O} be a family of pdf’s or pmf’s. Let 1(6) be defined on ©. Let

T be an unbiased estimate of ¥(6) such that Ey(T?) < oo V0 € O.

If 0 # ¥, 6 and ¥ € ©, assume that fy(x) and fy(x) are different. Also assume that there

exists such a 9 € © such that 6 # 9 and
S(0) ={z: fo(z) >0} D S(V) ={z: fo(z) > 0}
Then it holds that

VCL?"Q (T(X)) > sup M

{9 : S(9CS0), v£0} Varg (J}Z% )

Vo € O.

—

~

Proof:

Since T is unbiased, it follows
Ey(T(X)) = (09) VI € 0.

For ¢ # 6 and S(¥) C 5(9), it follows

[ T I s — ()~ Bor(X)) = 00) — 000

and

_ fo(z) — folz)
so)  folz)

fo(X) 1> .

fo(z)dz = Ey <fe(£)

Therefore

Cou (TX), jﬁjgg ~ 1) = 9(0) ~ 40).

It follows by the Cauchy—Schwarz—Inequality (Theorem 4.5.7 (ii)) that
_ 2 _ HX) VY
(6(0) ~ 0(6)? = (Cou (T@), 1)
fo(X) )

9

< Varg(T

= Vareg(T

Voro ()
(f&%)

Thus,
(¥(9) —¥(6))*

Vars ($57)

Varg(T(X))

v

Finally, we take the supremum of the right-hand side with respect to {¢ : S(J) C S(0),

¥ # 6}, which completes the proof.
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Note:

(i) The CRK inequality holds without the previous regularity conditions.

(ii) An alternative form of the CRK inequality is:
Let 6,0 + 0, 0 # 0, be distinct with S(6 + ) C S(0). Let ¥(0) = 0. Define

1 X)\2
J:J(9,5)=6—2<(%(X—))) —1).

Then the CRK inequality reads as

1

Varg(T(X)) > m

with the infimum taken over 6 #0 : S(0 +9) C S(0).

(iii) The CRK inequality works for discrete ©, the CRLB does not work in such cases.

Example 8.5.6:
Let X ~ U(0,6), 6 > 0. The required conditions for the CRLB are not met. Recall from

Example 8.5.4 that LX) is UMVUE with Var(“2X,)) = %5 < & = CRLB.

Definition 8.5.7:
Let Ty, Ty be unbiased estimates of § with Ey(T?) < oo and Ey(T2) < co V8 € ©. We define

the efficiency of 717 relative to T by

VCLT@(Tl)
T, Tp) = — L1
effe( 1, 2) VCLT@(TQ)
and say that 77 is more efficient than Ty if ef fo(71,T>) < 1. [ |
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Definition 8.5.8:
Assume the regularity conditions of Theorem 8.5.1 are satisfied by a family of cdf’s {Fy : 6 €
©}. An unbiased estimate T for 6 is most efficient for {Fy} if

2 -1
Varg(T) = <E9 <(810g8J;€(X)) ))

Definition 8.5.9:
Let T be the most efficient estimate for the family of cdf’s {Fy : 6 € ©}, © C IR. Then the
efficiency of any unbiased 77 of € is defined as

Varyg(Th)

ef fo(Ty) = ef fo(T1,T) = Varg(T)

Definition 8.5.10:
T) is asymptotically (most) efficient if T} is asymptotically unbiased, i.e., lim Ey(T) =0,
n—oo

and nhnolo ef fo(Th) = 1, where n is the sample size. ]

Theorem 8.5.11:

A necessary and sufficient condition for an estimate T of 6 to be most efficient is that T is

sufficient and ) dlog fo(z)
0og JolL
—(T(z) —0) = —=——
2 7@ - 0) = =5
where K(0) is defined as in Theorem 8.5.1 and the regularity conditions for Theorem 8.5.1
hold.

Proof:
Lt:>:77
Theorem 8.5.1 says that if T is most efficient, then (x) holds.

Voeo (x),

Assume that © = IR. We define

C(6o) / —d@ P(6y) = / K d0 and \(z) = elim log fo(z) — ().
Integrating (x) with respect to 6 gives
o 1 b dlog fo(z)
x)df — —d0 = ———=df
_ [z = [.2%

= T(2)C(0p) — ¥(6o) = log fo(z)|"s + c(2)
— T(2)C(6o) — ¢(6o) log fo,(z) — lim log fo(z) + c(z)

= T(z)C(0o) — ¥(0o) = log fo,(z) — A(z)
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Therefore,
Jfoo(@) = exp(T'(z)C(6o) — ¥(6o) + A(z))

which belongs to an exponential family. Thus, T is sufficient.

43 2
<~

From (%), we get

dlog fo(X)\? 1
Ey <<%(_)) ) = anre(T(i))-

Additionally, it holds

Ey ((T(X) — 9)%) —1

00

as shown in the Proof of Theorem 8.5.1.

Using () in the line above, we get

2
K(6)E, ((Loggz@) ) —1,

ie.,
-1
0 log fe(X)>2
K@) =|E —= .
o= (= (25
Therefore,
-1
dlog fo(X)\?
Ver(T() = (B [ (ZEEN) )
00
i.e., T is most efficient for 6. [ |
Note:
Instead of saying “a necessary and sufficient condition for an estimate T of 0 to be most
efficient ...” in the previous Theorem, we could say that “an estimate T of 0 is most efficient
iff ...7, i.e., “necessary and sufficient” means the same as “iff’.

A is necessary for B means: B = A (because -A = —B)
A is sufficient for B means: A = B [
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8.6

The Method of Moments

(Based on Casella/Berger, Section 7.2.1)

Definition 8.6.1:

Let X1,..., X, beiid with pdf (or pmf) fp, 8 € ©. We assume that first k moments mq, ..., my

of fg exist. If § can be written as

0= h(mly"' >mk)7

where h : RF — IR is a Borel-measurable function, the method of moments estimate

(mom) of 0 is

Note:

(i)

~

1 & 1 & 1
Hmom:T(Xl,...,Xn):h(EZXi,EZXf,...,EZXf).
=1 i=1 =1

The Definition above can also be used to estimate joint moments. For example, we use
n
%ZXZ-YZ- to estimate E(XY).
i=1
n .
Since E(% ZXZJ) = m;, method of moment estimates are unbiased for the popula-

i=1
tion moments. The WLLN and the CLT say that these estimates are consistent and

asymptotically Normal as well.

If @ is not a linear function of the population moments, Ormom will, in general, not be

unbiased. However, it will be consistent and (usually) asymptotically Normal.
Method of moments estimates do not exist if the related moments do not exist.

Method of moments estimates may not be unique. If there exist multiple choices for the

mom, one usually takes the estimate involving the lowest—order sample moment.

Alternative method of moment estimates can be obtained from central moments (rather

than from raw moments) or by using moments other than the first ¥ moments.
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Example 8.6.2:
Let X1,..., X, beiid N(u,0?).

Since p = my, it i flpmom = X.

This is an unbiased, consistent and asymptotically Normal estimate.

n
. _ 3 e s R )
Since 0 = \/mg — m7, it iS Gpmoem = EE X —-X".
i=1

This is a consistent, asymptotically Normal estimate. However, it is not unbiased. [

Example 8.6.3:
Let X1,...,X, be iid Poisson(\).

We know that E(X;) = Var(X;1) =\
Thus, X and %Z(XZ — X)? are possible choices for the mom of A. Due to part (v) of the

i=1
Note above, one uses A\ om = X. [ ]
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8.7 Maximum Likelihood Estimation

(Based on Casella/Berger, Section 7.2.2)

Definition 8.7.1:
Let (X1,...,X,) be an n—rv with pdf (or pmf) fp(x1,...,2,), 8 € ©. We call the function
of 0

L(eaxlu 7‘Tn) = f@(l’l,...7xn)

the likelihood function. []

Note:

(i) Often 6 is a vector of parameters.

(i) If (Xy,...,X,) are iid with pdf (or pmf) fy(x), then L(6;x1,...,2,) = H fo(x).

i=1
|
Definition 8.7.2:
A maximum likelihood estimate (MLE) is a non—constant estimate Orr1 such that
L(éML;:L'l, cooyy) =sup L(0; 21, ..., xy).
0cO
|

Note:
It is often convenient to work with log I when determining the maximum likelihood estimate.

Since the log is monotone, the maximum is the same. [ |

Example 8.7.3:
Let X1,..., X, beiid N(u,0?), where 1 and o2 are unknown.

L(p,0% 21, 1) = L e —anM
O'n(27'(')§ ; 202

=1

Formally, we still have to verify that we found the maximum (and not a minimum) and that

there is no parameter 6 at the edge of the parameter space © such that the likelihood function
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does not take its absolute maximum which is not detectable by using our approach for local

extrema. [ |
Example 8.7.4:

Let X1,...,X, beiid U6 — 5,0+ 3).

Example 8.7.5:
Let X ~ Bin(1,p), p€ [i, %]

. D, ifz=1
L(p;z) =p*(1—p) " =
1—p, ifz=0

Theorem 8.7.6:
Let T be a sufficient statistic for fy(z), 6 € ©. If a unique MLE of # exists, it is a function
of T.

Proof:

Since T is sufficient, we can write

fo(z) = h(z)ge(T(z))

7



due to the Factorization Criterion (Theorem 8.3.5). Maximizing the likelihood function with
respect to 6 takes h(z) as a constant and therefore is equivalent to maximizing gg(z) with

respect to 6. But gg(x) involves x only through 7. [ ]

Note:

(i) MLE’s may not be unique (however they frequently are).
(i) MLE’s are not necessarily unbiased.
(iii) MLE’s may not exist.
(iv) If a unique MLE exists, it is a function of a sufficient statistic.

(v) Often (but not always), the MLE will be a sufficient statistic itself.

Theorem 8.7.7:
Suppose the regularity conditions of Theorem 8.5.1 hold and 6 belongs to an open interval in
IR. If an estimate 6 of 0 attains the CRLB, it is the unique MLE.

Proof:
If § attains the CRLB, it follows by Theorem 8.5.1 that
0log fo(X) 1

= K(Q)(é(g)—e) w.p. 1.

Thus, 6 satisfies the likelihood equations.

We define A(0) = ﬁ. Then it follows

9% log fo(X)
062

The Proof of Theorem 8.5.11 gives us

A(6) = E <<%g7m)2> > 0.

= A'(0)(6(X) —6) — A(®).

00
So )
1 X
g log Jo(X) > efj(—) — —A(0) <0,
0=0
i.e., log fo(X) has a maximum in 0. Thus, 0 is the MLE. ]
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Note:
The previous Theorem does not imply that every MLE is most efficient. [ |

Theorem 8.7.8:

Let {fo : 6 € ©} be a family of pdf’s (or pmf’s) with © C IR¥, k>1. Let h: © — A be a
mapping of © onto A C IRP, 1< p<k. If § is an MLE of 6, then h(é) is an MLE of h(#).
Proof:

For each § € A, we define
Os;=1{0 : 6 €0O,h(0) =4}

and

M(d;z) = sup L(0;z),
0By

the likelihood function induced by h.

Let 6 be an MLE and a member of ©;, where 6 = h(f). It holds

M(d;z) = sup L(0;z) > L(; z),

96@5
but also
M(3;z) < sup M (%) = sup (sup L(e;@) = sup L(0; z) = L(0; z).

o€A deA \0€O; 0cO

Therefore,
M(6;z) = L(0;z) = sup M (; z)
dEA

Thus, 6 = h(f) is an MLE. .

Example 8.7.9:
Let X1,...,X, beiid Bin(1,p). Let h(p) = p(1 — p).

Since the MLE of p is p = X, the MLE of h(p) is h(p) = X (1 — X). ]

Theorem 8.7.10:
Consider the following conditions a pdf fy can fulfill:

(1) alg%f", i log fo Plogfs ayist for all § € © for all . Also,

90° 903
dlog fo(X)

/°° dfo(x)
—o 00 00

dx:Eg( )ZO Vo € O.

o [ O fo(z)
(ii) /_OO 902 dr =0 Vb € 0.
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0o 92
(i) —o0 < / %ng(x)dx <0 Vo eo.

(iv) There exists a function H(x) such that for all § € ©:

9 log fo(x)

BTE < H(x) and /_O:O H(z) fo(x)dz = M(f) < oco.

(v) There exists a function ¢g(#) that is positive and twice differentiable for every 6 € © and
there exists a function H(x) such that for all § € ©:

[ log folx)
s |90 =5

< H(z) and /_O:O H(z)fo(x)dz = M(0) < cc.

In case that multiple of these conditions are fulfilled, we can make the following statements:

(i) (Cramér) Conditions (i), (iii), and (iv) imply that, with probability approaching 1, as

n — oo, the likelihood equation has a consistent solution.

(i) (Cramér) Conditions (i), (ii), (iii), and (iv) imply that a consistent solution 6, of the

likelihood equation is asymptotically Normal, i.e.,

2 -1
where Z ~ N(0,1) and 02 = (Ee ((moga];g(X)) ))

(iii) (Kulldorf) Conditions (i), (iii), and (v) imply that, with probability approaching 1, as

n — oo, the likelihood equation has a consistent solution.

(iv) (Kulldorf) Conditions (i), (ii), (iii), and (v) imply that a consistent solution 6, of the

likelihood equation is asymptotically Normal.

Note:

In case of a pmf fy, we can define similar conditions as in Theorem 8.7.10. [ |
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8.8 Decision Theory — Bayes and Minimax Estimation

(Based on Casella/Berger, Section 7.2.3 & 7.3.4)
Let {fg : 6 € ©} be a family of pdf’s (or pmf’s). Let Xi,..., X, be a sample from fy. Let
A be the set of possible actions (or decisions) that are open to the statistician in a given
situation , e.g.,

A = {reject Hy, do not reject Hy} (Hypothesis testing, see Chapter 9)

A = artefact found is of { Greek, Roman} origin (Classification)

A = O (Estimation)

Definition 8.8.1:
A decision function d is a statistic, i.e., a Borel-measurable function, that maps IR" into
A. If X = z is observed, the statistician takes action d(z) € A. ]

Note:
For the remainder of this Section, we are restricting ourselves to A = O, i.e., we are facing

the problem of estimation. [ |

Definition 8.8.2:

A non—negative function L that maps © x A into IR is called a loss function. The value

L(6,a) is the loss incurred to the statistician if he/she takes action a when 6 is the true pa-

rameter value. u

Definition 8.8.3:
Let D be a class of decision functions that map IR™ into A. Let L be a loss function on © x A.
The function R that maps © x D into IR is defined as

R(0,d) = Eg(L(0,d(X)))

and is called the risk function of d at 6. [ ]

Example 8.8.4:
Let A=0© C IR. Let L(0,a) = (§ — a)?. Then it holds that
R(0,d) = Ep(L(0,d(X))) = Eg((0 — d(X))*) = Ep((0 — 0)*).

Note that this is just the MSE. If § is unbiased, this would just be Var(f). ]
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Note:
The basic problem of decision theory is that we would like to find a decision function d € D
such that R(6,d) is minimized for all # € ©. Unfortunately, this is usually not possible. [

Definition 8.8.5:
The minimax principle is to choose the decision function d* € D such that

max R(0,d") < max R(0,d) Vd e D.
0co 0co

Note:
If the problem of interest is an estimation problem, we call a d* that satisifies the condition

in Definition 8.8.5 a minimax estimate of 6. []

Example 8.8.6:
Let X ~ Bin(1,p), pe© ={1,3} = A.

We consider the following loss function:

NSNS L ]
NSRRI N[JURNN T e

The set of decision functions consists of the following four functions:

d1(0) = % di(1) :i
bO) =7, b1)=>
BO)=T  ds() =
aO)=3 b=

First, we evaluate the loss function for these four decision functions:

L(Zadl(o)) = L(471):
LG (1) = D(3)=
LEG0) = LG =
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"4
L(3.60) = L) =
L(3d) = LG5 =
LEh0) = LGy =
LG d() = I35 =
L(340) = LG5 =
L(pds() = LGy =
L dy(0) = 1.5 =
LC.ds(1) = L3, 7) =
LG di0) = LG5 =
LG (D) = LG5 =
LCdi0) = D32 =
LC.d) = L(,2)=

Then, the risk function
R(p, di(X)) = Ep(L(p,d(X))) = L(p,d(0)) - P,(X = 0) + L(p,d(1)) - F,(X =1)

takes the following values:

i | p=1 R(G.d) | p=7 R(E.d) el R(p, d;)

1

2

3

4
Hence,

min max  R(p,d;) =
ic{l, 2, 3, 4} pe{l/4, 3/4}

Thus, _ is the minimax estimate. []
Note:

Minimax estimation does not require any unusual assumptions. However, it tends to be very
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conservative. [ ]

Definition 8.8.7:

Suppose we consider # to be a rv with pdf 7(f) on ©. We call 7 the a priori distribution

(or prior distribution). |

Note:
f(z ] 0) is the conditional density of z given a fixed 8. The joint density of z and 6 is

fz,0) =m(0)f(z|90),
the marginal density of z is
g(z) = / f(z,0)do,

and the a posteriori distribution (or posterior distribution), which gives the distribution

of 6 after sampling, has pdf (or pmf)

0
o) 2) = 127
9(z)
|
Definition 8.8.8:
The Bayes risk of a decision function d is defined as
R(w,d) = Ex(R(0,d)),
where 7 is the a priori distribution. [ |
Note:
If 0 is a continuous rv and X is of continuous type, then
R(m,d) = E(R(0,d))
Similar expressions can be written if # and/or X are discrete. ]
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Definition 8.8.9:

A decision function d* is called a Bayes rule if d* minimizes the Bayes risk, i.e., if

R(m,d*) = dién%R(ﬂ,d).

Theorem 8.8.10:
Let A=0O C IR. Let L(0,d(z)) = (6 — d(z))?. In this case, a Bayes rule is

d(z) = E(0 | X = z).

Proof:
Minimizing
R(r.d) = [ gw) ([0 - d()?*(0 | ) d0) dz,
where ¢ is the marginal pdf of X and h is the conditional pdf of 6 given z, is the same as
minimizing
O d@)*n(e | 2) do.

However, this is minimized when d(z) = E(6 | X = z) as shown in Stat 6710, Homework 3,

Question (ii), for the unconditional case. ]

Note:

Under the conditions of Theorem 8.8.10, d(z) = E(0 | X = z) is called the Bayes estimate.
|

Example 8.8.11:
Let X ~ Bin(n,p). Let L(p,d(z)) = (p — d(x))?.

Let w(p) =1 Vp € (0,1), i.e.,  ~ U(0,1), be the a priori distribution of p.
Then it holds:

hp|z) =



(;L)px(l _ p)n—m

/1 <n>px(1 —p)" "dp
o \x

prd—p""
1
/0 p"(1—p)" “dp

Eplz) =

Thus, by Theorem 8.8.10, the Bayes rule is

ﬁBayes =
The Bayes risk of d*(X) is

R(m,d"(X)) = Ex(R(p,d"(X)))
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1 1
= m/o (1—4p+np—np2+4p2) dp

1 1
- m/o(l—k(n—él)p—k(él—n)pz)dp
B 1 n—4 ., 4-n 5|
- (n+2)2(p+ 5 P 3 p)o
1 n—4 4—n
- (n—|—2)2(1+ >t

1 64+3n—-12+8—2n
(n+2)? 6
1 n—+2
(n+2)2 6
b
6(n+2)

Now we compare the Bayes rule d*(X) with the MLE pyr, = % This estimate has Bayes risk

R(w, E) =

Theorem 8.8.12:
Let {fo : 6 € ©} be a family of pdf’s (or pmf’s). Suppose that an estimate d* of 6 is a

Bayes estimate corresponding to some prior distribution 7 on ©. If the risk function R(6,d*)

is constant on O, then d* is a minimax estimate of 6. [ |
Proof:
Homework. [ |

Definition 8.8.13:
Let F denote the class of pdf’s (or pmf’s) fy(z). A class II of prior distributions is a conju-

gate family for F' if the posterior distribution is in the class II for all f € F, all priors in II,
and all z € X. [
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Note:
The beta family is conjugate for the binomial family. Thus, if we start with a beta prior, we

will end up with a beta posterior. (See Homework.) ]

88



9 Hypothesis Testing

9.1 Fundamental Notions

(Based on Casella/Berger, Section 8.1 & 8.3)

We assume that X = (Xi,...,X,) is a random sample from a population distribution
Fp, 0 € © C IR*, where the functional form of Fy is known, except for the parameter 6.

We also assume that © contains at least two points.

Definition 9.1.1:

A parametric hypothesis is an assumption about the unknown parameter 6.

The null hypothesis is of the form
Hy: 0 €06yCO.
The alternative hypothesis is of the form

Hi: 066, =0-0,.

Definition 9.1.2:
If ©¢ (or ©) contains only one point, we say that Hy and Oy (or H; and ©;) are simple. In

this case, the distribution of X is completely specified under the null (or alternative) hypoth-

esis.

If ©p (or ©1) contains more than one point, we say that Hy and ©¢ (or H; and O;) are

composite. [ |

Example 9.1.3:
Let X1,...,X, be iid Bin(1,p). Examples for hypotheses are p = % (simple), p > % (com-
posite), p # % (composite), etc. [ |

Note:

The problem of testing a hypothesis can be described as follows: Given a sample point z, find

a decision rule that will lead to a decision to accept or reject the null hypothesis. This means,

we partition the space IR"™ into two disjoint sets C' and C° such that, if z € C, we reject

Hy: 0 € Oy (and we accept Hy). Otherwise, if x € C¢, we accept Hy that X ~ Fp, 6 € ©y.
|
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Definition 9.1.4:
Let X ~ Fy, 0 € O. Let C be a subset of IR" such that, if z € C, then Hj is rejected (with
probability 1), i.e.,

C ={z € R" : Hj is rejected for this x}.

The set C' is called the critical region. [ |

Definition 9.1.5:

If we reject Hy when it is true, we call this a Type I error. If we fail to reject Hy when it

is false, we call this a Type II error. Usually, Hy and H; are chosen such that the Type I

error is considered more serious. []

Example 9.1.6:

We first consider a non—statistical example, in this case a jury trial. Our hypotheses are that
the defendant is innocent or guilty. Our possible decisions are guilty or not guilty. Since it is
considered worse to punish the innocent than to let the guilty go free, we make innocence the

null hypothesis. Thus, we have

Truth (unk
uth (un noWn)Innocent (Hop)| Guilty (H;)

Decision (known)

Not Guilty (Hp) Correct  [Type II Errox
Guilty (Hy) Type I Error| Correct

The jury tries to make a decision “beyond a reasonable doubt”, i.e., it tries to make the

probability of a Type I error small. [ |

Definition 9.1.7:
If C is the critical region, then Py(C), 6 € Oy, is a probability of Type I error, and
Py(C*), 6 € ©y, is a probability of Type II error. [ |

Note:

We would like both error probabilities to be 0, but this is usually not possible. We usually
settle for fixing the probability of Type I error to be small, e.g., 0.05 or 0.01, and minimizing
the Type II error. m

Definition 9.1.8:
Every Borel-measurable mapping ¢ of IR"™ — [0, 1] is called a test function. ¢(z) is the

probability of rejecting Hy when x is observed.
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If ¢ is the indicator function of a subset C' C IR", ¢ is called a nonrandomized test and C

is the critical region of this test function.

Otherwise, if ¢ is not an indicator function of a subset C C IR", ¢ is called a randomized
test. ]

Definition 9.1.9:
Let ¢ be a test function of the hypothesis Hy : 6 € ©g against the alternative Hy : 6 € O;.

We say that ¢ has a level of significance of a (or ¢ is a level-a—test or ¢ is of size «) if

Ey(p(X)) = Py(reject Ho) < a V0 € Oy.

In short, we say that ¢ is a test for the problem («, ©g, 01). [ |

Definition 9.1.10:
Let ¢ be a test for the problem («, 0, 01). For every 0 € ©, we define

Bs(0) = Ep(¢(X)) = Py(reject Ho).

We call 34(0) the power function of ¢. For any 6 € Oy, (4(0) is called the power of ¢

against the alternative 6. [

Definition 9.1.11:
Let ®, be the class of all tests for (o, 0,01). A test ¢g € P, is called a most powerful
(MP) test against an alternative 6 € Oy if

B (0) > By(0) Vo € P,

Definition 9.1.12:
Let ®, be the class of all tests for (a, ©g,01). A test ¢g € P, is called a uniformly most
powerful (UMP) test if

By (0) > B4(0) Vo € D, VO € O.

Example 9.1.13:
Let X1,..., X, beiild N(u,1), p€© ={ug, 1}, po < pi.

Let Hy: X; ~ N(po,1) vs. Hy : X; ~ N(ug,1).

Intuitively, reject Hy when X is too large, i.e., if X > k for some k.
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Under Hy it holds that X ~ N (uo, %) For a given «, we can solve the following equation for
k: _
~ X —po _ k—po
P, (X>k)=P
NO( > ) ( 1/\/ﬁ > 1/\/5
Here, ?T_\/%O = Z ~ N(0,1) and z, is defined in such a way that P(Z > z,) = a, i.e., z4 is
the upper a—quantile of the N(0,1) distribution. It follows that ]1“7_\/“—% = z, and therefore,
k= po+ Z—‘:L

)=P(Z>z2,) =«

Thus, we obtain the nonrandomized test
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Example 9.1.14:
Let X ~ Bin(6,p), p€ © = (0,1).

Hy : p:%, lep;ﬁ%.

Desired level of significance: a = 0.05.

Reasonable plan: Since Ep:l(X) = 3, reject Hp when | X — 3 |> ¢ for some constant c. But
2
how should we select c?

r |c=|z—3] Pp:%(X:x)‘P:%(\X—iﬂzc)
0,6
1,5
2.4
3
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9.2 The Neyman—Pearson Lemma

(Based on Casella/Berger, Section 8.3.2)

Let {fp : 06 € ©={6p,01}} be a family of possible distributions of X. fy represents the pdf
(or pmf) of X. For convenience, we write fo(z) = fg,(z) and fi(z) = fp, (x).

Theorem 9.2.1: Neyman—Pearson Lemma (NP Lemma)
Suppose we wish to test Hy : X ~ fo(z) vs. Hy: X ~ fi(x), where f; is the pdf (or pmf) of
X under H;, i = 0,1, where both, Hy and H;, are simple.

(i) Any test of the form

1, if fi(z) > kfo(z)
P(x) =9 v(x), if filz)=kfo(z) (*)
0, if f1(z) < kfo(z)
for some k > 0 and 0 < y(z) < 1, is most powerful of its significance level for testing

H() VS. Hl.
If £ = oo, the test

6(z) :{ L, if fo(z) =0 ()

0, if folz) > 0
is most powerful of size (or significance level) 0 for testing Hy vs. Hj.
(ii) Given 0 < a < 1, there exists a test of the form (x) or (x*) with v(z) = ~v (i.e., a

constant) such that
Egy (¢(X)) = .

Proof:

We prove the continuous case only.

(i):
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Theorem 9.2.2:
If a sufficient statistic T exists for the family {fy : 6 € © = {6y,61}}, then the Neyman—

Pearson most powerful test is a function of T.

Proof:

Homework []

Example 9.2.3:
We want to test Hy : X ~ N(0,1) vs. H; : X ~ Cauchy(1,0), based on a single observation.

It is - )
Al)  Fme \/?exp(%)
) T 1422

fo(z) \/% exp(—%

The MP test is

1Lif 2R g
pla)=9q VT

0, otherwise

where k is determined such that Ep,(¢(X)) = a.
If @« < 0.113, we reject Hy if | = [> zg, where zg is the upper S quantile of a N(0,1)

distribution.

If o > 0.113, we reject Hy if | x |[> ky or if | x |< kg, where k1 > 0, ko > 0, such that

k2 k2 2
ep(3) _ exp(3) and /l‘Cl ! exp(—>-)da = 1—a
1+ k2 1+ k3 ke V2T 2 2
Example 9.2.3a Example 9.2.3b
|
} H °
§ H
o g I
. - alpha/2 = 0.113/2 alpha/2 = 0.113/2
=] N
~ g I
/ \
T K1 T K2 T K2 T K1 T T T T T T
-2 .1585 -1 0 1 1585 2 -2 -1.585 -1 0 1 1585 2
X X
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Why is a = 0.113 so interesting?

For x =0, it is

fl(l’) 2
=1/ — =~ 0.7979.
fo(z) m
Similarly, for x ~ —1.585 and x = 1.585, it is
2
A _ 2 exp(FF) o 1(0)
fo(x) w1+ (£1.585)2 ’ fo(0)’

More importantly, Pg,(] X |> 1.585) = 0.113.
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9.3 Monotone Likelihood Ratios

(Based on Casella/Berger, Section 8.3.2)

Suppose we want to test Hy : 6 < 0y vs. Hy : 6 > 0 for a family of pdf’s {fp : 0 € © C R}.
In general, it is not possible to find a UMP test. However, there exist conditions under which
UMP tests exist.

Definition 9.3.1:
Let {fg : 0 € © C IR} be a family of pdf’s (pmf’s) on a one-dimensional parameter space.
We say the family {fy} has a monotone likelihood ratio (MLR) in statistic 7'(X) if for

01 < 02, whenever fy, and fp, are distinct, the ratio j:zz Eg is a nondecreasing function of 7'(x)
1 =

for the set of values z for which at least one of fp, and fp, is > 0. ]

Note:
We can also define families of densities with nonincreasing MLR in T'(X), but such families

can be treated by symmetry. [ |

Example 9.3.2:
Let X1,...,X, ~U[0,0], 8 > 0. Then the joint pdf is

Oﬁl’(n)ﬁe 1

1
fo(z) = { gm = e—nf[o,e](fﬂ(n)),

otherwise
where T(n) = Tmaz = iilllaxn ;.
e

Let 85 > 67, then
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Theorem 9.3.3:
The one-parameter exponential family fy(z) = exp(Q(0)T (z) + D(0) + S(z)), where Q(0) is
nondecreasing, has a MLR in T'(X).

Proof:

Homework. []

Example 9.3.4:
Let X = (X3,---,X,) be a random sample from the Poisson family with parameter A > 0.
Then the joint pdf is

iz) = 1:[1 (e O Za:_,'> — e\ T 1:[1 i exp (—n)\ + ;xl -log(\) — ;log(aji!)> ,
which belongs to the one—parameter exponential family.
Since Q(A\) = log()) is a nondecreasing function of A, it follows by Theorem 9.3.3 that the
Poisson family with parameter A > 0 has a MLR in T'(X) = ZXZ"

i=1

We can verify this result by Definition 9.3.1:

Ao Ao le . . .
If Ay > A1, then 2> 1 and ()\—1) is a nondecreasing function of }_ x;.

n

Therefore, fp has a MLR in T(X) = ZXZ" ]
i=1

Theorem 9.3.5:

Let X ~ fp, 8 € © C IR, where the family {fp} has a MLR in T'(X).

For testing Hy : 0 < 6y vs. Hy : 0 > 6y, 0y € O, any test of the form
1, if T'(z) > to

oz)=1 7 7@ =t (¥
0, if T(z) < to

has a nondecreasing power function and is UMP of its size Ep,(¢(X)) = «, if the size is not 0.

Also, for every 0 < a < 1 and every 6y € O, there exists a tp and a v (—oo < tg < 00, 0 <
v < 1), such that the test of form (x) is the UMP size « test of Hy vs. Hj.
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“¢77 .
Use the Neyman—Pearson Lemma (Theorem 9.2.1). |

Note:
By interchanging inequalities throughout Theorem 9.3.5 and its proof, we see that this The-
orem also provides a solution of the dual problem H/,: 6 > 6y vs. Hj : 0 < 6. [ |

Theorem: 9.3.6
For the one—parameter exponential family, there exists a UMP two-sided test of Hp : 6 < 601
or 6 > 6y, (where 01 < 03) vs. Hy : 01 < 0 < 0 of the form

1, ife <T(z)<eo
P(z) =4 v, HT(2)=0c, i=12
0, ifT(z)<ec, orifT(z)>co

Note:
UMP tests for Hy : 01 < 0 < 03 and H) : § = 6y do not exist for one-parameter exponential

families. [ ]
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9.4 Unbiased and Invariant Tests

(Based on Rohatgi, Section 9.5, Rohatgi/Saleh, Section 9.5 & Casella/Berger,
Section 8.3.2)

If we look at all size « tests in the class ®,,, there exists no UMP test for many hypotheses.

Can we find UMP tests if we reduce ¢, by reasonable restrictions?

Definition 9.4.1:
A size a test ¢ of Hy: 0 € ©g vs Hy : 6 € O is unbiased if

Ey(6(X)) > a V0 € O,.

| ]
Note:
This condition means that G4(0) < o V8 € ©g and B4(0) > o V8 € ©;1. In other words, the
power of this test is never less than c. [ |

Definition 9.4.2:
Let U, be the class of all unbiased size « tests of Hy vs Hy. If there exists a test ¢ € U,
that has maximal power for all § € ©1, we call  a UMP unbiased (UMPU) size o test. =

Note:

It holds that U, € ®,. A UMP test ¢, € ®, will have B4, > a V6O € O; since we must
compare all tests ¢, with the trivial test ¢(z) = a. Thus, if a UMP test exists in @, it is
also a UMPU test in U,. [ ]

Example 9.4.3:
Let X1,...,X, beiid N(u,0o?), where 02 > 0 is known. Consider Hy : p = po vs Hy : pu # pio.
From the Neyman—Pearson Lemma, we know that for p1 > g, the MP test is of the form

1, if X > po+ L2,
¢1(X) ={ vn

0, otherwise
and for po < g, the MP test is of the form

1, if7<,uo—ﬁza

0, otherwise

$2(X) = {

If a test is UMP, it must have the same rejection region as ¢; and ¢3. However, these 2

rejection regions are different (actually, their intersection is empty). Thus, there exists no
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UMP test.

We next state a helpful Theorem and then continue with this example and see how we can
find a UMPU test. u

Theorem 9.4.4:
Let ¢1,...,¢, € IR be constants and fi(z),..., fnt1(z) be real-valued functions. Let C be the
class of functions ¢(z) satisfying 0 < ¢(z) <1 and

[ sz =c vi=1,..n
If ¢* € C satisfies
17 lf fTL—l—l Zk fl

0, if fara(z) < Zk filz

for some constants ki, ..., k, € IR, then ¢* maximizes / &(x) frnt1(z)dz among all ¢ € C.

Proof:
Let ¢*(z) be as above. Let ¢(z) be any other function in C. Since 0 < ¢(z) <1 Vz, it is

This holds since if ¢*(z) = 1, the left factor is > 0 and the right factor is > 0. If ¢*(z) = 0,
the left factor is < 0 and the right factor is < 0.

Therefore,

0 < [@-ow (fnﬂ Zkfz )
— [¢@hn@dz~ [ @) finle Zk‘(/¢ iz dm—/qﬁ Vfilz dw)

i=1

Thus, o
[ ¢ @hin@dz > [ 6@ fu (@i

Note:
(i) If fn41 is a pdf, then ¢* maximizes the power.

(ii) The Theorem above is the Neyman-Pearson Lemma if n = 1, fi = fp,, fo = fp,, and

Cc1 = Q.
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Example 9.4.3: (continued)
So far, we have seen that there exists no UMP test for Hy: p = po vs Hy: p # po.

We will show that

1, if X <po— %za/g or if X > pg + %za/g
¢3(z) =
0, otherwise
is a UMPU size o test.
Due to Theorem 9.2.2, we only have to consider functions of sufficient statistics T'(X) = X.
2

2 _
Let 7 —%.

To be unbiased and of size «, a test ¢ must have

0) [ 60)fun(t)dt = . and

@) 4 [ oo, = [ o) (5500

B=Ho

We want to maximize / o(t) fu(t)dt, p# po such that conditions (i) and (ii) hold.

We choose an arbitrary p; # po and let
H@) = Fu(t)
f2(t) = %fu(t)
f3(t) = f#l (t)

We now consider how the conditions on ¢* in Theorem 9.4.4 can be met:

f3(t) > kifi(t) + kafa(t)

— \/%T eXp( 272 (33‘ lu’l) ) > \/%T eXp( 272 (:E MO) ) +
ko L 2\, % — Mo
\/%7_ p( 272 (‘T IUO) )( 72 )
1 . 2 1 _ 2 1 — 2
= exp(—ﬁ(:ﬂ—ul) ) > k1 exp(—?(az—uo) )+k2exp(—ﬁ(az—,uo) )(

dt =0, i.e., we have a minimum at pyg.

T — o
-2

)



Note that the left hand side of this inequality is increasing in T if 1 > pg and decreasing in
T if uy < po. Either way, we can choose k1 and ko such that the linear function in T crosses
the exponential function in T at the two points

= 7 z = o + ? Z
ML = Ko \/7_1 a/27 HU = Ho \/ﬁ a/2'

Obviously, ¢3 satisfies (i). We still need to check that ¢3 satisfies (ii) and that By, (x) has a

minimum at g but omit this part from our proof here.

¢3 is of the form ¢* in Theorem 9.4.4 and therefore ¢3 is UMP in C. But the trivial test
¢(z) = o also satisfies (i) and (ii) above. Therefore, (4, (1) > @ ¥V # p9. This means that
¢3 is unbiased.

Overall, ¢35 is a UMPU test of size a. [

Definition 9.4.5:

A test ¢ is said to be a—similar on a subset ©* of © if

Bys(0) = Eg(¢(X)) = a VO € O

A test ¢ is said to be similar on ©* C O if it is a—similar on ©* for some o, 0 <a<1. =

Note:

The trivial test ¢(z) = « is a—similar on every 0* C ©. ]

Theorem 9.4.6:
Let ¢ be an unbiased test of size « for Hy : 6 € ©g vs H; : 6 € ©1 such that (4(0) is a
continuous function in . Then ¢ is a-similar on the boundary A = ©9 N O, where O and

O, are the closures of O and 1, respectively.

Proof:
Let & € A. There exist sequences {6,} and {6} whith 6, € ©¢ and 6/, € ©; such that
nlingo 0, =0 and nlingo 0, = 0.

By continuity, £y (0r) — 84(6) and 54 (0;,) — £,(0).

Since fy(0r) < « implies f(0) < a and since B4(6;,) > a implies 55(6) > o it must hold
that 6,(0) = a V6 € A. |
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Definition 9.4.7:
A test ¢ that is UMP among all a-similar tests on the boundary A = ©g N O is called a
UMP a—similar test. u

Theorem 9.4.8:
Suppose (4(0) is continuous in @ for all tests ¢ of Hy: 6 € ©g vs Hy : § € ©1. If a size a
test of Hy vs Hy is UMP a—similar, then it is UMP unbiased.

Proof:
Let ¢p be UMP a-similar and of size a. This means that Fyg(¢(X)) < a V6 € O.

Since the trivial test ¢(z) = a is a-similar, it must hold for ¢¢ that B4,(0) > a V6 € ©; since
¢o is UMP a—similiar. This implies that ¢q is unbiased.

Since B4(#) is continuous in €, we see from Theorem 9.4.6 that the class of unbiased tests is

a subclass of the class of a—similar tests. Since ¢g is UMP in the larger class, it is also UMP

in the subclass. Thus, ¢g is UMPU. [ |
Note:
The continuity of the power function 34(#) cannot always be checked easily. [ |

Example 9.4.9:
Let Xy,..., X, ~ N(u,1).

Let Hy: p<0vs Hy: p>0.

n

Since the family of densities has a MLR in Z X, we could use Theorem 9.3.5 to find a UMP
i=1

test. However, we want to illustate the use of Theorem 9.4.8 here.

It is A = {0} and the power function
= L ! _1 En: )2

of any test ¢ is continuous in g. Thus, due to Theorem 9.4.6, any unbiased size a test of Hy

is a—similar on A.
We need a UMP test of H): pn=0vs Hy: p>0.

By the NP Lemma, a MP test of Hj : p=0vs H : = uj, where 11 > 0 is given by
1, if exp (fo - Z(xi_”)z) > k'

2 2

P(z) =

0, otherwise
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or equivalently, by Theorem 9.2.2,
n

1, 7= X;>k
i=1

0, otherwise

Since under Hg, T' ~ N(0,n), k is determined by o = P,—o(T > k) = P(
k= /nzq.

¢ is independent of yu; for every pu; > 0. So ¢ is UMP a-similar for Hj vs. Hj.

T k :
% > %), 1.e.,

Finally, ¢ is of size a;, since for p < 0, it holds that
E (X)) = PJT> Vnza)

s

< P(Z > z,)

= «

(%) holds since =2 ~ N(0,1) for pn < 0 and zq — /> 24 for p < 0.

v
Thus all the requirements are met for Theorem 9.4.8, i.e., 3, is continuous and ¢ is UMP
a—similar and of size «, and thus ¢ is UMPU. [ |
Note:

Rohatgi, page 428-430, lists Theorems (without proofs), stating that for Normal data, one—
and two-tailed t-tests, one— and two-tailed y2tests, two-sample t-tests, and F-tests are all
UMPU. [

Note:

Recall from Definition 8.2.4 that a class of distributions is invariant under a group G of trans-
formations, if for each g € G and for each # € © there exists a unique §’ € © such that if
XNP%theng(X)NP@" u

Definition 9.4.10:

A group G of transformations on X leaves a hypothesis testing problem invariant if G
leaves both {FPy : 0 € ©p} and {Fy : 6 € Oy} invariant, ie., if y = g(z) ~ hy(y), then
{fo(z) : 0 € ©p} = {hg(y) : 0 € Op} and {fo(z) : 6 € ©1} = {ho(y) : 6 € O1}. |
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Note:

We want two types of invariance for our tests:

Measurement Invariance: If y = g(z) is a 1-to-1 mapping, the decision based on y should
be the same as the decision based on z. If ¢(x) is the test based on z and ¢*(y) is the
test based on y, then it must hold that ¢(z) = ¢*(g(z)) = ¢*(y)-

Formal Invariance: If two tests have the same structure, i.e, the same O, the same pdf’s (or
pmf’s), and the same hypotheses, then we should use the same test in both problems.
So, if the transformed problem in terms of y has the same formal structure as that of

the problem in terms of z, we must have that ¢*(y) = ¢(z) = ¢*(g(z)).

We can combine these two requirements in the following definition: [ |

Definition 9.4.11:

An invariant test with respect to a group G of tansformations is any test ¢ such that

P(z) = d(g(z)) Yz Ygegq.

Example 9.4.12:
Let X ~ Bin(n,p). Let Hy: p= % vs. Hy: p# %

Let G = {g1, 92}, where ¢g1(z) =n — x and go(x) = x.

If ¢ is invariant, then ¢(x) = ¢(n — x). Is the test problem invariant? For go, the answer is

obvious.

For g1, we get:
91(X)=n— X ~ Bin(n,1 —p)

Ho: p=3:{fp(2):p =3} ={hp(e1(x)) : p = 3} = Bin(n, 3)
By p# b (@) n# 5} = (yln@) p# 5)

=Bin(n,p#3) =Bin(n,p#3)
So all the requirements in Definition 9.4.10 are met. If, for example, n = 10, the test

1, ifz=0,1,2,8,9,10
o(r) =

0, otherwise

is invariant under G. For example, ¢(4) = 0 = ¢(10 — 4) = ¢(6), and, in general,
o(z) = p(10 —x) Vo €{0,1,...,9,10}. |
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Example 9.4.13:
Let X1,...,X, ~ N(u,0?) where both y and 0 > 0 are unknown. It is X ~ N(p, %) and
"0—_2152 ~x2_; and X and S? independent.

Let Hy: pw<0vs. H : u>0.
Let G be the group of scale changes:
6= {0e(@ 53, > 0 g3, 5%) = (e, P}

The problem is invariant because, when g.(Z, s?) = (cZ, c*s?), then

(i) ¢X and ¢2S? are independent.

(ii) X ~ N(cp, Z) € {N(n, T)}.

n

(iil) Z5c?S% ~ X2 .

So, this is the same family of distributions and Definition 9.4.10 holds because p < 0 implies
that cu <0 (for ¢ > 0).

An invariant test satisfies ¢(%, s?) = ¢(cT, ¢?s%), ¢ > 0,52 > 0,7 € IR.

Let ¢ = L. Then ¢(7,s%) = QS(%, 1) so invariant tests depend on (Z,s?) only through

s

» |8l

If f—ll f—;, then there exists no ¢ > 0 such that (Ta,s3) = (cT1,c?s?). So invariance places

no restrictions on ¢ for different f—i = f—; Thus, invariant tests are exactly those that depend
only on %, which are equivalent to tests that are based only on ¢t = ﬁ Since this mapping

is 1-to—1, the invariant test will use T' = % ~ t,_1 if 4 = 0. Note that this test does not

depend on the nuisance parameter ¢2. Invariance often produces such results. [ |

Definition 9.4.14:

Let G be a group of transformations on the space of X. We say a statistic 7'(z) is maximal

invariant under G if

(i) T is invariant, i.e., T'(z) = T'(g(z)) Vg € G, and

(ii) 7T is maximal, i.e., T(z;) = T'(z,) implies that z; = g(z,) for some g € G.
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Example 9.4.15:
Let x = (x1,...,zy,) and ge(z) = (1 + ¢, ..., zy + C).

Consider T'(z) = (y, — T1,Tn — T2y -+, T — Tp—1)-

It is T(ge(z)) = (xp, — 1, T — T2y .., Xy — Tp—1) = T'(z), so T is invariant.
If T(z) =T(z), then ¢, —x; =2, — 2} Vi=1,2,...,n—1.

This implies that @; — 2}, =2, — 2}, =c¢ Vi=1,2,...,n — 1.

Thus, g.(2') = (] +¢,...,2), +¢) = z.

Therefore, T' is maximal invariant. [ |

Definition 9.4.16:
Let I, be the class of all invariant tests of size o of Hy: 0 € ©g vs. Hy : 0 € ©4. If there
exists a UMP member in I, it is called the UMP invariant test of Hy vs H;. [ ]

Theorem 9.4.17:

Let T'(z) be maximal invariant with respect to G. A test ¢ is invariant under G iff ¢ is a

function of T

Proof:

="

Let ¢ be invariant under G. If T'(z;) = T'(x5), then there exists a g € G such that x; = g(z5).
Thus, it follows from invariance that ¢(x;) = ¢(g(z3)) = ¢(z4). Since ¢ is the same whenever
T(z;) = T(z5), ¢ must be a function of T.

“C”:
Let ¢ be a function of T', i.e., ¢(x) = h(T'(z)). It follows that

(%) holds since T' is invariant.

This means that ¢ is invariant. [ |
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Example 9.4.18:
Consider the test problem

Hy: X~ folx1—0,...,0p—0) vs. H: X ~ fi(x1 —0,...,2, — 0),
where 0 € IR.
Let G be the group of transformations with
ge(z) = (r1+ ¢, ..., 2y + ),

where ¢ € IR and n > 2.

As shown in Example 9.4.15, a maximal invariant statistic is T(X) = (X1 — Xp, ..., Xpn—1 —
Xp) = (T1,...,T,—1). Due to Theorem 9.4.17, an invariant test ¢ depends on X only through
T.

Since the transformation

Ty X - X,
Z Tn—l Xn—l - Xn
A Xn

is 1-to—1, there exists inverses X,, = Z and X; =T, + X,, =T, + 2 Vi=1,...,n—1.
Applying Theorem 4.3.5 and integrating out the last component Z (= X,,) gives us the joint
pdfofT = (Tl,... Tn 1)

Thus, under H;,i = 0,1, the joint pdf of T" is given by / filti+z,to+2,... th_1+ 2,2)dz

which is independent of §. The problem is thus reduced to testing a simple hypothesw against
a simple alternative. By the NP Lemma (Theorem 9.2.1), the MP test is

1 AR >
Ot stnt) = { 0, At <e

o
/ filti+ z,te+ 2,0 ty—1 + 2,2)dz
where t = (t1,...,t,—1) and A(t) = Z==2 .
/ folti+ z,ta+ 2z, .. ty—1 + 2,2)dz

— o

In the homework assignment, we use this result to construct a UMP invariant test of

Hy: X ~N(0,1) vs. H: X ~ Cauchy(1,80),

1 1
where a Cauchy(1,0) distribution has pdf f(z;0) = oy )4 where 0 € IR. ]
s x —
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10 More on Hypothesis Testing

10.1 Likelihood Ratio Tests

(Based on Casella/Berger, Section 8.2.1)

Definition 10.1.1:
The likelihood ratio test statistic for

Hy: 0€0Ogvs. HH: /€0, =06 —0

is
sup fp(z)
__ 0€6g

sup fo(z)
0O

The likelihood ratio test (LRT) is the test function

Az)

d(z) = o) (A(2)),

for some constant ¢ € [0, 1], where ¢ is usually chosen in such a way to make ¢ a test of size
Q. | |

Note:

(i) We have to select ¢ such that 0 < ¢ <1 since 0 < A\(z) < 1.

(i) LRT’s are strongly related to MLE’s. If 6 is the unrestricted MLE of # over © and 6 is

the MLE of 6 over O, then \(z) = %%

FExample 10.1.2:
Let Xi,...,X, be a sample from N(u,1). We want to construct a LRT for

Ho: p=povs. Hy: p# po.
It is fig = po and o = X. Thus,

_(@2m) T exp(— 3 (@ — po)?)

T) = = exp(—2(T — po)?).
Ne) = =ar A P p(—5 (T — po)”)

2

The LRT rejects Hy if A(z) < ¢, or equivalently, | T — u |> \/—210%. This means, the LRT
rejects Hy: = po if T is too far from ug. [
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Theorem 10.1.3:
If T(X) is sufficient for § and A\*(¢) and A(z) are LRT statistics based on T and X respectively,
then

A(T(z) = Mz) Vz,
i.e., the LRT can be expressed as a function of every sufficient statistic for 6.

Proof:
Since T is sufficient, it follows from Theorem 8.3.5 that its pdf (or pdf) factorizes as fy(z) =
go(T)h(z). Therefore we get:

sup fo(z)
[ASSH

sup fp(z)
66

sup go(T)h(z)
[ASISH

sup go(T)h(z)
0O

Mz) =

sup go(T)
[ASSH

sup go(T')
0cO

= N(T(2))

Thus, our simplified expression for A(z) indeed only depends on a sufficient statistic 7. [ |

Theorem 10.1.4:

If for a given «a, 0 < a < 1, and for a simple hypothesis Hy and a simple alternative H; a

non—-randomized test based on the NP Lemma and LRT’s exist, then these tests are equivalent.

Proof:

See Homework. [ ]

Note:
Usually, LRT’s perform well since they are often UMP or UMPU size « tests. However, this
does not always hold. Rohatgi, Example 4, page 440-441, cites an example where the LRT is

not unbiased and it is even worse than the trivial test ¢(z) = a. [ ]
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Theorem 10.1.5:
Under some regularity conditions on fp(z), the rv —2log A(X) under Hy has asymptotically

a chi-squared distribution with v degrees of freedom, where v equals the difference between

the number of independent parameters in © and Oy, i.e.,

—2log A(X) LN x2 under Hy.

Note:
The regularity conditions required for Theorem 10.1.5 are basically the same as for Theorem
8.7.10. Under “independent” parameters we understand parameters that are unspecified, i.e.,

free to vary. [

Example 10.1.6:
Let X1,..., X, ~ N(u,0?) where 4 € IR and 0 > 0 are both unknown.

Let Hy: p=po vs. Hy: p# up.
We have 0 = (u,0%), © = {(i,0?) : p € IR,0? > 0} and Og = {(uu0,0?%) : 0% > 0}.

n n
It is Bo = (o, 2 Y (25 — po)?) and 0 = (7, 1 Y (a; — 7)?
i=1 i=1

Now, the LR test statistic A(z) can be determined:
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Note that

[SIE]

_ I'(3) 1 f N2
fl,n—l(f)_r(nT_l)P( )(n—l)% f(1+n—1> T10,00)(f)

is the pdf of a F ,_; distribution.

D=

n—1

—1
Let y = (1+ %) , then —L- = I_Ty and df = —”y—_zldy.

Thus,
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As n — oo, we can apply Stirling’s formula which states that

D(a(n) +1) & (a(n)! = V2r(a(n)* ™+ exp(—a(n)).

So,
\/ﬂ(n—_2)7lgl exp(_%)\/ﬂ(n(l—gt)—{%)n(1722t)72 exp(_n(l—gt)—?))
Var(252) "7 exp(— 252)vam(MU2) T exp(— U502
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10.2 Parametric Chi—Squared Tests

(Based on Rohatgi, Section 10.3 & Rohatgi/Saleh, Section 10.3)

Definition 10.2.1: Normal Variance Tests

Let X1,...,X, be asample from a N(u,o?) distribution where  may be known or unknown

and o2 > 0 is unknown. The following table summarizes the x? tests that are typically being

used:
Reject Hy at level « if
Hy Hy w known  unknown
I o200 0<o0 (2~ p)?<0iXni—a s? < na—ixgz—l;l—a
Il |0<0g o>o0 (@i — p)? > 03Xz 5% > no—_glxgz—l;a
III |0 =09 0 #o0p Z(xz - N)z < U%X%;l_a/g s < ;T(%Xi_l;l_a/g
or S — 1) 2 09y 00522 03
|
Note:

(i) In Definition 10.2.1, o is any fixed positive constant.
(ii) Tests I and II are UMPU if y is unknown and UMP if y is known.

(iii) In test ITI, the constants have been chosen in such a way to give equal probability to

each tail. This is the usual approach. However, this may result in a biased test.

(iv) X%;l—a is the (lower) o quantile and X%;a is the (upper) 1 — a quantile, i.e., for X ~ x2,
it holds that P(X < x7., ,) =aand P(X <x3.,)=1—o.

(v) We can also use x? tests to test for equality of binomial probabilities as shown in the

next few Theorems.

Theorem 10.2.2:
Let Xy,..., X} be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. Then it holds that

2
TZZ( X —nip; )) i’X%

i=1 nipi(1 — p;

as ni,...,np — 00.
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Proof:

Homework []

Corollary 10.2.3:
Let X1,..., X} be asin Theorem 10.2.2 above. We want to test the hypothesis that Hy : p1 =

p2 = ... = pp = p, where p is a known constant (vs. the alternative H; that at least one of

the p;’s is different from the other ones). An appoximate level-« test rejects Hy if

k 2
;( le_ )> > Xia-

Theorem 10.2.4:
Let X1,..., Xy be independent rv’s with X; ~ Bin(n;,p),i = 1,...,k. Then the MLE of p is

k
>
L =1
p = k N
>_ni
i=1
Proof:
This can be shown by using the joint likelihood function or by the fact that Y X; ~ Bin(}_ n;, p)
and for X ~ Bin(n,p), the MLE is p = Z. [

Theorem 10.2.5:
Let Xi,..., X} be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. An approximate

level-«v test of Hy: p1 = pa = ... = pr = p, where p is unknown (vs. the alternative H; that

at least one of the p;’s is different from the other ones), rejects Hy if

k A 2
) 2
2 Xk—1;00
; <v (1 = >> -
where p = %Zl ]
Theorem 10.2.6:
k
Let (X1,..., X)) be a multinomial rv with parameters n,pi,po,...,pr where Zpi =1 and
i=1

k
Z X; = n. Then it holds that
i=1

k 2
(Xi—npi)® a4 o
UkZZ#—’XH
i=1 i
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as n — oo.
An approximate level-« test of Hy : p1 = p},p2 = ph, ..., pr = p). rejects Hy if

(i — np})? 2
Z - np( : > Xk—l;a‘
=1 7

Proof:

Case k = 2 only:

Theorem 10.2.7:

Let X1,...,X, be a sample from X. Let Hy : X ~ F, where the functional form of F' is
known completely. We partition the real line into k£ disjoint Borel sets Ai,..., A and let
P(X € A;) = pi, wherep; >0 Vi=1,... k.

n
Let Y; = #X/sin Aj =Y Ix(X;), Vi=1,... k.
=1

Then, (Y1,...,Y%) has multinomial distribution with parameters n, pi,pa, ..., pk. [ |

Theorem 10.2.8:

Let X1,..., X, be a sample from X. Let Hy: X ~ Fp, where § = (01,...,0,) is unknown.
Let the MLE @ exist. We partition the real line into k& disjoint Borel sets Ay, ..., A; and let
Py(X € A;) = pi, where p; >0 Vi=1,... k.

Let Y; = #X[sin A; =Y I4,(X;), Vi=1,...,k
i=1
Then it holds that
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An approximate level-« test of Hy: X ~ Fy rejects Hy if

- npz 2
> Xk—r—l;ou

k
=1 np’l

(2

where r is the number of parameters in 6 that have to be estimated.
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10.3 ¢—Tests and F—Tests

(Based on Rohatgi, Section 10.4 & 10.5 & Rohatgi/Saleh, Section 10.4 & 10.5)

Definition 10.3.1: One— and Two—Tailed ¢-Tests

Let X1,...,X, be a sample from a N(u,o?) distribution where o
n n

unknown and g is unknown. Let X = %ZXZ and $% = LY (X, — X)2.
=1 =1

2 > 0 may be known or

The following table summarizes the z— and t—tests that are typically being used:

Reject Hy at level « if

Hy H; o2 known o2 unknown

I jp<po p>po T2 po+ 7oza T > po+ =tn-tia
T\ pzpo p<po T<po+ 2o TS pot otn-ti-a

HI | p=po p#po [T—polz F2ap | T—po |2 Frtn-tia2

(i) In Definition 10.3.1, po is any fixed constant.
(ii) These tests are based on just one sample and are often called one sample t—tests.

(iii) Tests I and IT are UMP and test III is UMPU if o2 is known. Tests I, II, and III are
UMPU and UMP invariant if o2 is unknown.

(iv) For large n (> 30), we can use z—tables instead of ¢-tables. Also, for large n we can
drop the Normality assumption due to the CLT. However, for small n, none of these

simplifications is justified.

Definition 10.3.2: Two—Sample t-Tests
Let Xq,...,X,, be a sample from a N(ul,a%) distribution where a% > 0 may be known or

unknown and g is unknown. Let Y, ..., Y, be a sample from a N (u2,03) distribution where

03 > 0 may be known or unknown and p is unknown.
m

LetY:%ZXiandS% Z
1=1

n n
Let?z%ZYi andS%:ﬁZ
i=1

(m—1)S2+(n—1)52

2 __
Let SP - m+n—2

The following table summarizes the z— and t—tests that are typically being used:
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Reject Hy at level « if

Hy H, 02,03 known 02,03 unknown, o1 = o9

2
%2

0.2
I fpr—p2<d pr—p2>0 T—Y2>0+2q\ 7 + +%
0'2 0'2 — —
IT | pp—pp>0 p—pa<d T-P<0+z0(V2E+2 T-FP<0+bngn-21-aSpy/ = + =
2 2
IIT | pn—pp =06 pn—pa#0 |T=F—01>2ap\ T+ [T=T— 01> tugn-2a2%\ 5 + 5

T—Y=>0+ tmtn—2;aSp %

Note:

(i) In Definition 10.3.2, § is any fixed constant.

(ii) All tests are UMPU and UMP invariant.

(iii) If 0? = 02 = 0 (which is unknown), then Sg is an unbiased estimate of o2. We should

check that 0? = 03 with an F-test.

(iv) For large m + n, we can use z—tables instead of t-tables. Also, for large m and large n
we can drop the Normality assumption due to the CLT. However, for small m or small

n, none of these simplifications is justified.

Definition 10.3.3: Paired t-Tests
Let (X1,Y1)...,(Xyn,Ys) be a sample from a bivariate N (u1, 2,03, 03, p) distribution where

all 5 parameters are unknown.

Let D; = X; — Y; ~ N(uy — pia, 03 + 03 — 2po102).
Let D=2%"D;and S3 = 15> (D; - D)%
i=1 i=1

The following table summarizes the t—tests that are typically being used:

Hy H; Reject Hy at level « if

I |pp—p2 <0 pp—pg>90 325+%tn—1;a

IT {pp—pe>6 p—pa<d d< +%tn—1;1—a

HI | py—pa=0 m—pp#6 |d—0]>2kt, 10
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Note:

(i) In Definition 10.3.3, § is any fixed constant.

(ii) These tests are special cases of one-sample tests. All the properties stated in the Note

following Definition 10.3.1 hold.

(iii) We could do a test based on Normality assumptions if 02 = o2 + 03 — 2poi09 Were

known, but that is a very unrealistic assumption.

Definition 10.3.4: F—Tests
Let X1,..., X, be asample from a N (1, 0%) distribution where 1 may be known or unknown

., Y, be a sample from a N(ug,02) distribution where 2 may

and o? is unknown. Let Yi,..
be known or unknown and o3 is unknown.

Recall that . .
Z(Xz - Y)2 Z(Y; - ?)2
=1 O'% ~ X?n—ly =1 O'% ~ X%—la
and .
> (X - X)?
i=1
(m—1)0f 0357
i — - _%S_% ~ Lm—1n—1-
(Y; -Y)
i=1
(n—1)o3

The following table summarizes the F—tests that are typically being used:

Reject Hy at level « if

Hj H, 11, o known 11, o unknown
D (wi—m)? 57
I |62<0? 02> 02 7 2o > Fon L > F1n—1:
1 =%2 1 2 ﬁz(yi_“2)2 Z I'mn;a gg Z 'm—-1n—-1;a
1 ) 2
- - S
II|o}>03 o?<o} AU S g %> Factmoto
Z(xz u1) 51
m
1 _ 2 2
II] | 0?2 =02 0?2 +# 02 M>F . > F . if $2 > g2
1 2 1 7& 2 %Z(yi—MZ)z = Pmon;a/2 52 = m—1,n—1;a/2 1= 22
w2 (yi—p2)? 55 2 2
or iZ(m ) > me;a/g or s—% > Fn_Lm_l;a/g if s7 < 53
m 4 1 1
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Note:

(i) Tests I and IT are UMPU and UMP invariant if p; and po are unknown.
(ii) Test III uses equal tails and therefore may not be unbiased.

(iii) If an F—test (at level ;) and a t—test (at level ag) are both performed, the combined
test has level a« =1 — (1 — a1)(1 — a2) > maz(aq, a2) (= a1 + ag if both are small).
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10.4 Bayes and Minimax Tests

(Based on Rohatgi, Section 10.6 & Rohatgi/Saleh, Section 10.6)

Hypothesis testing may be conducted in a decision—theoretic framework. Here our action

space A consists of two options: ag = fail to reject Hy and a; = reject Hy.

Usually, we assume no loss for a correct decision. Thus, our loss function looks like:

0, it 0 € ©g
L(ev (1(]) =

a(6), if0eo,

b(0), 0 e O
L(ev (11) =

0, if 0 € ©1

We consider the following special cases:

0-1 loss: a(8) =b(f) =1, i.e., all errors are equally bad.

Generalized 0-1 loss: a(f) = ¢z, b(6) = ¢y, i.e., all Type I errors are equally bad and all
Type II errors are equally bad and Type I errors are worse than Type II errors or vice

versa.

Then, the risk function can be written as

R(0.d(X)) = L(0,a0)Py(d(X) = ao) + L(0,a1) Py(d(X) = a1)
a(0)Py(d(X) = ap), if e O
b(@)Pg(d(i) = al), if 0 e @0

The minimax rule minimizes

max{a(f) Fy(d(X) = ao), b(0)Fy(d(X) = a1)}-
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Theorem 10.4.1:

The minimax rule d for testing

H(]: 9:90VS. H12 9:91

under the generalized 0-1 loss function rejects Hy if

fnl@) o,

feo(ﬁ) -

where k is chosen such that
R(61,d(X)) = R(f,d(X))
= crbp (dX) =ag) = crF(dX)=a)

= P, (;Z;gi < k;) = Py, (fel(i) > k;) .

Proof:

Let d* be any other rule.
e If R(0p,d) < R(0y,d"), then

o If R(6,d) > R(6o,d"), then
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Example 10.4.2:
Let X1,...,X,, beiid N(u,1). Let Hy: p=po vs. Hy: p= g > up.

Note:
Now suppose we have a prior distribution 7(6) on ©. Then the Bayes risk of a decision rule

d (under the loss function introduced before) is
R(m,d) = E;R(#,d(X))
_ / R(6, d)m(6)do
©

- /@ b(O)R(O)Po(d(X) = ax)d0 + | a(0)(0)Po(d(X) = o)l

if 7 is a pdf.

The Bayes risk for a pmf 7 looks similar (see Rohatgi, page 461). [ ]

Theorem 10.4.3:
The Bayes rule for testing Hy : 6 = 6y vs. Hy : 6 = 61 under the prior 7(6y) = mp and

m(01) = m = 1 — m and the generalized 0-1 loss function is to reject Hy if

fo. () S CImo

foo(z) — errm

Proof:
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Note:

For minimax rules and Bayes rules, the significance level « is no longer predetermined. [ |

Example 10.4.4:
Let X1,...,X,, beiid N(u,1). Let Hy: pu=po vs. Hy : p=py > po. Let cf = ¢qy.

By Theorem 10.4.3, the Bayes rule d rejects Hy if

|
Note:
We can generalize Theorem 10.4.3 to the case of classifying among k options 61, ..., 0. If we
use the 0-1 loss function
1, ifdX)=0; Vj#i
L(6;,d) = ’ :
0, ifdX)=0;
then the Bayes rule is to pick 6; if
ﬂ-ifei(&) > 7ij9j (&) V] 7é i.
|
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Example 10.4.5:
Let X1,...,X, beiid N(u,1). Let p1 < p2 < ps and let 73 = my = 3.

Choose p = p; if

—_ )2 _ )2
oD @M) > myexp (_mfw) Ptij—12.3

Similar to Example 10.4.4, these conditions can be transformed as follows:

(i — pg) (pi + p5)
2

In our particular example, we get the following decision rules:

(i) Choose py if T < M2 (and 7 < K1tk

(ii) Choose pg if T > “1;“2 and 7 < %

(iii) Choose usz if ©

v

Hzé—us (and T > ,Ufl‘;u?)).

Note that in (i) and (iii) the condition in parentheses automatically holds when the other

condition holds.

If g =0, po =2, and pg = 4, we have the decision rules:

(i) Choose up if T < 1.
(ii) Choose pg if 1 <7 < 3.

(iii) Choose pug if T > 3.

We do not have to worry how to handle the boundary since the probability that the rv will

realize on any of the two boundary points is 0. [ |
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11 Confidence Estimation

11.1 Fundamental Notions

(Based on Casella/Berger, Section 9.1 & 9.3.2)

Let X be a rv and a, b be fixed positive numbers, a < b. Then

Pla< X <b) =

The interval I(X) = (%, X) is an example of a random interval. I(X) contains the value

a with a certain fixed probability.

For example, if X ~ U(0,1),a = %, and b = %, then the interval I(X) = (%,X) contains %

with probability %

Definition 11.1.1:

Let Fp,0 € © C IR*, be a set of probability distributions of a rv X. A family of subsets
S(z) of ©, where S(z) depends on z but not on 6, is called a family of random sets. In
particular, if § € © C IR and S(z) is an interval (6(z),0(z)) where §(z) and (z) depend on

x but not on 6, we call S(X) a random interval, with §(X) and 6(X) as lower and upper
bounds, respectively. §(X) may be —co and §(X) may be +oo. [ ]

Note:
Frequently in inference, we are not interested in estimating a parameter or testing a hypoth-
esis about it. Instead, we are interested in establishing a lower or upper bound (or both) for

one or multiple parameters. [ |

Definition 11.1.2:
A family of subsets S(z) of © C IR¥ is called a family of confidence sets at confidence

level 1 — « if
Py(S(X)20)>1—a V0eO,

where 0 < a < 1 is usually small.

The quantity
inf Py(S(X) 36) =10
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is called the confidence coefficient (i.e., the smallest probability of true coverage is 1 — «).
|

Definition 11.1.3:
For k = 1, we use the following names for some of the confidence sets defined in Definition
11.1.2:

(i) If S(z) = (8(z),0), then f(z) is called a level 1 — a lower confidence bound.
(ii) If S(z) = (—00,0(x)), then f(z) is called a level 1 — o upper confidence bound.

(iii) S(z) = (0(z),0(x)) is called a level 1 — o confidence interval (CI).

Definition 11.1.4:
A family of 1 — « level confidence sets {S(z)} is called uniformly most accurate (UMA)
if

Py(S(X)20) < Pp(S'(X)>8) v0.0'€®, 0+#0,

and for any 1 — « level family of confidence sets S’(X) (i.e., S(z) minimizes the probability

of false (or incorrect) coverage). ]

Theorem 11.1.5:
Let Xi,...,X, ~ Fy, 6 € O, where O is an interval on IR. Let T(X,0) be a function on
IR"™ x © such that for each 6, T'(X,0) is a statistic, and as a function of 0, T is strictly

monotone (either increasing or decreasing) in 6 at every value of z € IR".

Let A C IR be the range of T and let the equation A = T'(z,0) be solvable for # for every
A € A and every z € IR".

If the distribution of T'(X, #) is independent of 6, then we can construct a confidence interval

for 6 at any level.

Proof:
Choose a such that 0 < o < 1. Then we can choose A1 («) < A2(a) (which may not necessarily
be unique) such that

Pg()\l(oé) < T(K, 9) < /\2(0[)) >1—«o V6.

Since the distribution of T'(X, ) is independent of 6, A\j(«) and A2(«) also do not depend on
6.

If T(X, 0) is increasing in 6, solve the equations A (a) = T'(X, 0) for §(X) and A\ («) = T(X, 0)
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for §(X).

If T(X,0) is decreasing in 6, solve the equations \i(a) = T(X,0) for §(X) and X2(a) =
T(X,0) for 6(X).

In either case, it holds that

P(X)<0<0(X)>1—a V6.

Note:

(i) Solvability is guaranteed if T is continuous and strictly monotone as a function of 6.

(ii) If 7" is not monotone, we can still use this Theorem to get confidence sets that may not

be confidence intervals.

Example 11.1.6:
Let X1,...,X, ~ N(u,02), where 4 and 02 > 0 are both unknown. We seek a 1 — « level

confidence interval for p.

Example 11.1.7:
Let Xi,...,X, ~U(0,0).

We know that 6 = max(X;) = Max, is the MLE for 6 and sufficient for 6.

The pdf of Mazx, is given by
n—1

fnly) = nyen Ti0,0)(¥)-
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Then the rv T,, = % has the pdf
hi(t) = nt" 1 (o.1(t),

which is independent of . T}, is monotone and decreasing in 6.

We now have to find numbers A\ («) and Ay(«) such that

133



11.2 Shortest—Length Confidence Intervals

(Based on Casella/Berger, Section 9.2.2 & 9.3.1)

In practice, we usually want not only an interval with coverage probability 1 — « for 8, but if

possible the shortest (most precise) such interval.

Definition 11.2.1:
A rv T(X, 0) whose distribution is independent of 6 is called a pivot. [

Note:
The methods we will discuss here can provide the shortest interval based on a given pivot.

They will not guarantee that there is no other pivot with a shorter minimal interval. [ |

Example 11.2.2:
Let X1,..., X, ~ N(u,0?), where o2 is known. The obvious pivot for  is

T,(X) =2 K~ N(0.1),

Suppose that (a,b) is an interval such that P(a < Z < b) = 1 — a, where Z ~ N(0,1).

A 1 — « level CI based on this pivot is found by

l1—a=P( :P(Y—bin<u<7—ai

a < u < b)
a/\/n vn Vn
The length of the interval is L = (b — a)%.

To minimize L, we must choose a and b such that b — a is minimal while

).

b 22
&(b) — P(a) = \/%_ﬁ/ e Tdr=1-a,

where ®(z) = P(Z < z).

To find a minimum, we can differentiate these expressions with respect to a. However, b is

not a constant but is an implicit function of a. Formally, we could write d sc(la). However, this

is usually shortened to %.

Here we get

and



The minimum occurs when ¢(a) = ¢(b) which happens when a = b or a = —b. If we select

a = b, then ®(b) — ®(a) = ®(a) — ®(a) = 0 # 1 — a. Thus, we must have that b = —a = 2, 5.

Thus, the shortest CI based on T, is
(X —

X+Za/2 )

vy Vi

Definition 11.2.3:

A pdf f(x) is unimodal iff there exists a z* such that f(z) is nondecreasing for = < z* and

f(x) is nonincreasing for x > z*. ]

Theorem 11.2.4:
Let f(x) be a unimodal pdf. If the interval [a, b] satisfies

/f Jdr =1—«

(ii) f(a) = f(b) >0, and

(iii) a < x* <b, where z* is a mode of f(x),

then the interval [a, b] is the shortest of all intervals which satisfy condition (i).

Proof: ,

Let [a/, ] be any interval with ' —a’ < b—a. We will show that this implies ’ f(z)dx < 1—a,
i.e., a contradiction. “

We assume that @’ < a. The case a < o' is similar.

e Suppose that ¥ < a. Then @’ <V < a < z*. It follows

[ i@ < jow—a) <y <at = @) < 10)
< fla)(t) —d) V' <a<a® = f(V) < fla)
< f(a)(b—a) |t —a’ <b—aand f(a) >0
< bf(a;)da: |f(x) > f(a) fora <ax<b
= l-a by (i)

e Suppose b’ > a. We can immediately exclude that b > b since then ' —da’ > b — a, i.e.,
b — a’ wouldn’t be of shorter length than b — a. Thus, we have to consider the case that
a' <a<b <b. It holds that

: f(x)dx = /abf(:lt)dzn + /; f(z)dz — /: f(x)da
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Note that /jlf(a:)dw < f(a)(a —a’) and blbf(a:)dw > f(b)(b—1V"). Therefore, we get

a b
~/a’ _// < f(a)(a—d)— f(b)(b—-1)
= fla)((a—d)—(b-V)) since f(a) = f(b)
— @ )~ (b a)

< 0

Thus,
b/
/ flz)dzr < a—a.

Note:

Example 11.2.2 is a special case of Theorem 11.2.4. However, Theorem 11.2.4 is not immedi-
ately applicable in the following example since the length of that interval is proportional to
12 (and not to b — a). ]

a

Example 11.2.5:
Let X1,..., X, ~ N(u,0?), where i is known. The obvious pivot for o2 is

L 2
7,a(x) = ZEHD e

So

We wish to minimize L

L=(-- E)Z(Xi — )
such that /b fn(t)dt = 1 — «, where f,(t) is the pdf of a 2 distribution.
We get '
FuD) 2~ fula) = 0
and

dL 1 1 db 1 1 fu(a
te = (i) S = (5 ) S

a?
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We obtain a minimum if a?f,,(a) = b%f,,(b).

Note that in practice equal tails Xi; o2 and Xi;l— /2 A€ used, which do not result in shortest—
length CI's. The reason for this selection is simple: When these tests were developed, com-
puters did not exist that could solve these equations numerically. People in general had to
rely on tabulated values. Manually solving the equation above for each case obviously wasn’t

a feasible solution. [ ]

Example 11.2.6:
Let Xi,..., X, ~ U(0,0). Let Max, = maxX; = X,. Since T, = % has pdf
nt"‘ll(o,l)(t) which does not depend on 6, T,, can be selected as a our pivot. The den-

sity of T,, is strictly increasing for n > 2, so we cannot find constants a and b as in Example
11.2.5.

If P(a < T, <b)=1—a, then P(M¢2n < § < Mazn) —1 _ ¢

We wish to minimize L
L= Mazn(~ — =
azy( - b)
b
such that / nt" ldt =" —a"=1-a.

a

We get
da da b1
bn—l_ "_1—:0 _— =
" T db a1
and
dL 1da 1 it | antl — pntl
B Maxn(—g%—kb—ﬂ = Maa;n(—W+b—2) = Maxn(w) <0 for0<a<b<1

Thus, L does not have a local minimum. It is minimized when b = 1, i.e., when b is as large

as possible. The corresponding a is selected as a = al/m,

The shortest 1 — « level CI based on T, is (Max,, oz_l/"Ma:En). ]
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11.3 Confidence Intervals and Hypothesis Tests

(Based on Casella/Berger, Section 9.2)

Example 11.3.1:
Let X1,...,X, ~ N(u,0?), where 62 > 0 is known. In Example 11.2.2 we have shown that

the interval
o

9 9 )
Za/2\/7_17

(Y— 7"‘2@/2%

isa 1l — « level CI for p.

Suppose we define a test ¢ of Hy : p = uo vs. Hi : p # ug that rejects Hy iff pg does not

fall in this interval.

Conversely, if ¢(z, 1p) is a family of size v tests of Hy : p = g, theset {po | ¢(z, po) fails to reject Hy}

is a level 1 — « confidence set for pg. [

Theorem 11.3.2:
Denote Hy(6y) for Hy : 6 = 60y, and H1() for the alternative. Let A(6y), 6y € ©, denote the

acceptance region of a level-a test of Hy(y). For each possible observation z, define

S(z) =16 : z€ A),0 € B}

Then S(z) is a family of 1 — « level confidence sets for 6.

If, moreover, A(6p) is UMP for («, Hy(6p), H1(6p)), then S(z) minimizes Py(S(X) 2 60") V6 €
H,(#') among all 1 — « level families of confidence sets, i.e., S(z) is UMA.

Proof:
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Example 11.3.3:

Let X be arv that belongs to a one-parameter exponential family with pdf fy(x) = exp(Q(8)T (z)+
S’(x)+D(6)), where Q(f) is non—decreasing. We consider a test Hy : 6 = 60y vs. Hy : 0 < 6.
The acceptance region of a UMP size « test of Hp has the form A(6y) = {z : T(z) > c(6p)}.

Example 11.3.4:
Let X ~ Exp(f) with fy(z) = %6_%1(0700)(1'), which belongs to a one-parameter exponential

family. Then Q(0) = —3 is non-decreasing and T(z) = z.

We want to test Hy : 0 =0y vs. Hi : 0 < 6.
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Note:
Just as we frequently restrict the class of tests (when UMP tests don’t exist), we can make

the same sorts of restrictions on CI’s. []

Definition 11.3.5:

A family S(z) of confidence sets for parameter 6 is said to be unbiased at level 1 — « if

Py(S(X)20)>1—aand Pp(S(X)20)<1—a V0,0 €0, 040

If S(z) is unbiased and minimizes Py(S(X) > ¢’) among all unbiased CI’s at level 1 — q, it is
called uniformly most accurate unbiased (UMAU). ]

Theorem 11.3.6:
Let A(6p) be the acceptance region of a UMPU size « test of Hy : 0 =0y vs. H : 0 # 6
(for all 6y). Then S(z) ={0 : z € A(#)} is a UMAU family of confidence sets at level 1 — a.

Proof:
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Theorem 11.3.7:
Let © be an interval on IR and fy be the pdf of X. Let S(X) be a family of 1 — « level CI’s,
where S(X) = (8(X),0(X)), 8 and @ increasing functions of X, and (X) — §(X) is a finite

Irv.

Then it holds that

By(0(X) - 0())) = [ @) ~0@)fola)da = [ P(S(X) 5 0) ' w0 < 0.

Proof:

_ 7
It holds that § — 0 = / d6'. Thus, for all 6 € ©,
(2]

E@X) -0X) = [ 0@ -0w)f@d

1

= [ m(xep )5 @) @

R
= [ Py(S(X)30)do
R

= Py(S(X) >0 do
0'40 ]
Note:
Theorem 11.3.7 says that the expected length of the CI is the probability that S(X) includes

the false 0’ averaged over all false values of ¢'. [ ]

Corollary 11.3.8:
If S(X) is UMAU, then Ey(f(X) — §(X)) is minimized among all unbiased families of CT’s.

Proof:

In Theorem 11.3.7 we have shown that

Ey(0(X) - 0(X)) = o Py(S(X) > 0") db'.

Since a UMAU CI minimizes this probability for all #’, the entire integral is minimized. —m
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Example 11.3.9:
Let X1,..., X, ~ N(u,0?), where 02 > 0 is known.

By Example 11.2.2, (X — za/2%,7 + za/2%) is the shortest 1 — « level CI for p.

By Example 9.4.3, the equivalent test is UMPU. So by Theorem 11.3.6 this interval is UMAU
and by Corollary 11.3.8 it has shortest expected length as well. [ |

Example 11.3.10:
Let X1,..., X, ~ N(u,0?), where 1 and 02 > 0 are both unknown.

Note that
(n—1)52

(X, 0-2) = 2

2
pn = TO’ ~ Xn—l

Thus,

Rohatgi, Theorem 4(b), page 428-429, states that the related test is UMPU. Therefore, by
Theorem 11.3.6 and Corollary 11.3.8, our CI is UMAU with shortest expected length among

all unbiased intervals.

Note that this CI is different from the equal-tail CI based on Definition 10.2.1, ITI, and from
the shortest—length CI obtained in Example 11.2.5. [
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11.4 Bayes Confidence Intervals

(Based on Casella/Berger, Section 9.2.4)
Definition 11.4.1:

Given a posterior distribution h(f | z), a level 1 — « credible set (Bayesian confidence set)

is any set A such that
P(GeAlg):/ o | 2)do =1 — .
A

Example 11.4.2:
Let X ~ Bin(n,p) and 7(p) ~ U(0,1).

In Example 8.8.11, we have shown that

plo) = 2T )

1
‘/0 px(l . p)n—xdp

= Blz+1n-z+1)""p*(1 - p)" "L01)(p)

I'(n+2)
MNz+1)I'(n—xz+1)

p*(L—p)" " Io1)(p)
=plx ~ Beta(zr+1,n—z+1),

where B(a,b) = L@T®) i¢ the beta function evaluated for a and b and Beta(x + In—az+1
I'(a+b)

represents a Beta distribution with parameters x + 1 and n — x + 1.

Using the observed value for x and tables for incomplete beta integrals or a numerical ap-
proach, we can find Ay and Az such that P,.(A1 <p < A2) =1 —a. So (A1, A2) is a credible

interval for p. [ |

Note:

(i) The definitions and interpretations of credible intervals and confidence intervals are quite

different. Therefore, very different intervals may result.

(ii) We can often use Theorem 11.2.4 to find the shortest credible interval (if the precondi-
tions hold).

Example 11.4.3:
Let X1,...,X, beiid N(g,1) and 7(p) ~ N(0,1). We want to construct a Bayesian level
1 —« CI for pu.
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By Definition 8.8.7, the posterior distribution of p given z is

where

m(p)f(z | p

h(p|z) = o(@)
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12 Nonparametric Inference

12.1 Nonparametric Estimation

Definition 12.1.1:

A statistical method which does not rely on assumptions about the distributional form of a

rv (except, perhaps, that it is absolutely continuous, or purely discrete) is called a nonpara-

metric or distribution—free method. [ ]

Note:

Unless otherwise specified, we make the following assumptions for the remainder of this chap-
ter: Let Xi,...,X, be ild ~ F, where F' is unknown. Let P be the class of all possible
distributions of X. m

Definition 12.1.2:
A statistic T'(X) is sufficient for a family of distributions P if the conditional distibution of
X given T' =t is the same for all F' € P. [

Example 12.1.3:
Let Xi,..., X, be absolutely continuous. Let T = (X(l), . ,X(n)) be the order statistics.

It holds that 1
fa|T=1) =

so T is sufficient for the family of absolutely continuous distributions on IR. [

Definition 12.1.4:

A family of distributions P is complete if the only unbiased estimate of 0 is the 0 itself, i.e.,

Ep(h(X))=0 YFeP = h(z)=0 Vz.

Definition 12.1.5:

A statistic T(X) is complete in relation to P if the class of induced distributions of T is

complete. m

Theorem 12.1.6:
The order statistic (X(y),. .., X(n)) is a complete sufficient statistic, provided that Xi,..., X,

are of either (pure) discrete of (pure) continuous type. ]
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Definition 12.1.7:
A parameter g(F) is called estimable if it has an unbiased estimate, i.e., if there exists a
T(X) such that

Ep(T(X)) = g(F) VF €P.

Example 12.1.8:
Let P be the class of distributions for which second moments exist. Then X is unbiased for
w(F) = [xdF(z). Thus, pu(F) is estimable. |

Definition 12.1.9:

The degree m of an estimable parameter g(F') is the smallest sample size for which an unbi-

ased estimate exists for all F' € P.

An unbiased estimate based on a sample of size m is called a kernel. [ |

Lemma 12.1.10:

There exists a symmetric kernel for every estimable parameter.

Proof:
Let T'(Xy,...,X,) be a kernel of g(F'). Define
1
Ts(Xl,...,Xm):m > T(Xiys .o X))
all permutations of{1,...,m}
where the summation is over all m! permutations of {1,...,m}.
Clearly T is symmetric and E(T5) = g(F). ]

Example 12.1.11:

(i) E(X1) = u(F), so p(F) has degree 1 with kernel Xj.

(ii) E(I(c,00)(X1)) = Pr(X > ¢), where c is a known constant. So g(F') = Pr(X > c) has
degree 1 with kernel [, .)(X1)-

(iii) There exists no T'(X;) such that E(T(X1)) = 0(F) = [(z — p(F))?dF (z).
But BE(T(X1,X32)) = E(X? — X1X32) = 0?(F). So ¢%(F) has degree 2 with kernel
X12 — X1 X5. Note that X22 — X9 X7 is another kernel.

(iv) A symmetric kernel for o(F) is
1 1
To(X1, Xp) = S((XT = X1 Xp) + (X5 — X1 X)) = 5 (X1 — Xa)”.
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Definition 12.1.12:
Let g(F) be an estimable parameter of degree m. Let X, ..., X,, be a sample of size n,n > m.
Given a kernel T'(X;,,...,X;,,) of g(F'), we define a U—statistic by

1
UX1,...s Xn) = szs(Xip-uaXin?

where T is defined as in Lemma 12.1.10 and the summation ¢ is over all (") combina-
tions of m integers (iy,...,4m) from {1,---,n}. U(Xy,..., X)) is symmetric in the X;’s and
Er(U(X)) = g(F) for all F. |

Example 12.1.13:
For estimating p(F') with degree m of u(F) = 1:

Symmetric kernel:

U-statistic:

For estimating o?(F) with degree m of o%(F) = 2:
Symmetric kernel:

1 .. . .
Ts(Xi17 iz)zi(Xil_Xig)zy Z1722:17"'an>21 #22

U-statistic:

1 1
Up2(X) = @) §(X21 - X;,)?

2/ 41<ig
11

= M (Xi, — Xiy)?
2 11702
(n—2)-2'1

= n' Z (Xll - Xi2)2

1742
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= n_lzz Xip + X3)

i1 2741

- 271(7@%1[”_1 Z ZXil)(ZXi2)+2;X§+

i1=1 i1=1 io=1

(n—1) i sz]

io=1

n n n
= 2an-1) n—1 [ Z ZX3_2(ZX2'1)2+2ZX1.2+
i—1

i1=1 i1=1 i1=1

n n
ani—zXz]

io=1 io=1

Theorem 12.1.14:

Let P be the class of all absolutely continuous or all purely discrete distribution functions on

IR. Any estimable function g(F'), F € P, has a unique estimate that is unbiased and sym-

metric in the observations and has uniformly minimum variance among all unbiased estimates.

Proof:
Let X1,...,X, ~ F € P, with T(X1,...,X,) an unbiased estimate of g(F).
We define

,Ti :,Tz(Xlaan) = T(Xi17Xi27~'aXin)7 1= 1,2,...,71!,
over all possible permutations of {1,...,n}.

n! n!
Let T = %ZTZ andT:ZTi.
i=1 i
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Then

and

Var(T)

IN

E

(%)

- "zm?] ~ ()
Ti=1
(P T |~ (o))
To=1j=1
> ST - lo(F)P
i=1j=1
(ZT) (Z T) ~ lg(F)P?
i=1 j=1
2

E(T?) — [g(F)?

Var(T)

Equality holds ift T; =T Vi,j=1,...,n!

Corollary 12.1.15:

If T(Xy,...
unique UMVUE.

— T is symmetric in (X7, ...

,Xp)and T =T

= by Rohatgi, Problem 4, page 538, T is a function of order statistics
—> by Rohatgi, Theorem 1, page 535, T" is a complete sufficient statistic
— by Note (i) following Theorem 8.4.12, T is UMVUE ]

, Xp) is unbiased for g(F'), F € P, the corresponding U-statistic is an essentially
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Definition 12.1.16:
Suppose we have independent samples X1,...,Xm ~ F €P, Yi,....Y, NG €P (G may or

may not equal F.) Let g(F, G) be an estimable function with unbiased estimator T'( X7, ..., Xz, Y1,...

Define

TS(X17---7Xk7 Ylu"'a l ]{;HZZ 217"' 1k7 }/}17"'7Y}l)
Px Py

(where Py and Py are permutations of X and Y') and

UX,Y) = ZZT i Xigy Yoo, Y5)
CXCY

(where C'x and Cy are combinations of X and Y).

U is a called a generalized U—statistic. [ |

Example 12.1.17:
Let X1,...,X,, and Y7,...,Y, be independent random samples from F' and G, respectively,
with F,G € P. We wish to estimate

9(F,G) = Pra(X <Y).

Let us define

Zij =
0, X;> Y}

for each pair X;, Yj,i=1,2,...,m,j=1,2,...,n.

m n
Then Z Z;; is the number of X’s <Y}, and Z Z;; is the number of Y'’s > X;.
i=1 j=1

E(I(X; £Y)) = 9(F,G) = Prg(X <Y),

and degrees k and [ are = 1, so we use

U(K7K) = 1) ZZT 1190 Zku }/}17"'7Y}l)

Cx Cy
—1)!
- n)ﬂ:'l S ,,ZZ i Xigs Yinso o, Yp)
’ Cx Cy Px Py
1 m n
= — I(X; <Yj).

This Mann—Whitney estimator (or Wilcoxin 2—Sample estimator) is unbiased and
symmetric in the X’s and Y’s. It follows by Corollary 12.1.15 that it has minimum variance.
|
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12.2 Single-Sample Hypothesis Tests

Let X1,..., X, be asample from a distribution F. The problem of fit is to test the hypoth-
esis that the sample Xi,..., X, is from some specified distribution against the alternative
that it is from some other distribution, i.e., Hy : ' = Fy vs. Hy : F(z) # Fy(z) for some z.

Definition 12.2.1:
Let Xq,..., X, i F', and let the corresponding empirical cdf be

Fi(a) = = I(_oo 2 (Xi)-
=1

S

The statistic
Dy, =sup | F;(z) — F(z) |
X

is called the two—sided Kolmogorov—Smirnov statistic (K-S statistic).

The one—sided K-S statistics are

n

D =sup|F(x) - F(x)] and Dy = sup[F(z) - Fy(x)].

Theorem 12.2.2:

For any continuous distribution F, the K-S statistics D,,, D,,, D, are distribution free.

Proof:
Let X(l),...,X(n) be the order statistics of X1,...,X,, ie., X(l) < X(z) <... < X(n), and
define X () = —oo and X(,,11) = +o0.

Then, ‘
* ? .
Fi(x) = - for Xy <2 < Xiy1), i=0,...,n.
Therefore,
1
Dy = max{ sup [~ — F(a)]}
0Sisn ™ X <o<Xgq T
i .
= g D -l b @l
® max{i —F(Xu»)}
0<i<n'm ®

= max { max {E—F(X(i))}, 0}

1<i<n | n

(*) holds since F' is nondecreasing in [X(;), X(;41))-
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Note that D, is a function of F(X, (i))- In order to make some inference about D, the dis-
tribution of F (X(Z-)) must be known. We know from the Probability Integral Transformation
(see Rohatgi, page 203, Theorem 1) that for a rv X with continuous cdf Fl, it holds that
Fx(X)~U(0,1).

Thus, F (X(Z-)) is the it order statistic of a sample from U(0,1), independent from F. There-
fore, the distribution of D;! is independent of F'.

Similarly, the distribution of

D,, = max { max {F(X(i))—i_l}, 0}

1<i<n n

is independent of F.

Since
Dy = sup | F(x) - F(z) |= max {D},D; },
X

the distribution of D,, is also independent of F'. [ |

Theorem 12.2.3:

If F' is continuous, then

ifvr<0
1 v [Vtan +355
PDnsv+o0) = / 2 / 2 / " flu)dy,
__V 2n _V
: 2n—1
if v > g—n
where
nl, fo<uy<us<...<u,<1
f(u):f(ulv"wun): . "
0, otherwise
is the joint pdf of an order statistic of a sample of size n from U (0, 1). [
Note:

As Gibbons & Chakraborti (1992), page 108-109, point out, this result must be interpreted

carefully. Consider the case n = 2.

For 0 <v < %, it holds that

1

1 vty
P(Dy<v+-) = /
4 1_,

4

3

V+Z
/3 9N duy duy.

0<u] <ug<1l i

Note that the integration limits overlap if

_|_
N N N
N

v

!
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When 0 < v < %, it automatically holds that 0 < u; < us < 1. Thus, for 0 < v < i, it holds
that

1 vii (vt
P(Dy<v4+2) = / / 2 dus duy
1 J3y
1

v+3g 1/+§
= 2l ’LL2|§_4 du1
1, AV

4

u+%
= 2!/ 2u duy

1
i~V

v+
= 2! (2v) ul’i—i
= 2! (2v)?

For % <v< %, the region of integration is as follows:

Note to Theorem 12.2.3

u2
1
Area 1 Area 2
3/4 -nu
0 3/4-nu 1/4 + nu 1 wu
Thus, for % <v< %, it holds that
1 vty vtd
P(Dy<v+-) — / / 2 dus dur
4 1y 3_y

1 O<ui<ug<l “ 4

v+ 1 %—V 1

_ / / 21 dus duy +/ / 21 dus duy
%—I/ ul 0 %—I/

u+% 1 %—u 1

s (u2|u1) dU1—|—/0 (u2|%_y) duy

1-v

2[/
2[/:%

N

3y
(1 —wup) du1+/4 (1—Z—|—V) dull
0

1-v
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1
—2% 4+ 3 — =

8

Combining these results gives

Theorem 12.2.4:

Let F' be a continuous cdf. Then it holds Vz > 0:

Theorem 12.2.5:

lim P(D,

n—oo

SN

)= Li(z

Let F' be a continuous cdf. Then it holds:

P(Dy < 2)

where f(u) is defined in Theorem 12.2.3.

Note:

= P(D,, <=z)

3
U 1Y
+<4+VU1>0 }
) 3. (—v+3)2 (—v+3) 3
—(—u+Z)+ 5 1 +v(- +1
L, 328, 9 v 3 03,
32 4 2 4 32 4 16 4
0, ifr<o0
2! (2v)2, if0<v<g
2% 4+3v—1, if3<v<3
: 3
1, if v >4
|
—1—22 1) exp(—2i%2?).
|
if 2<0
/ / / / )du, f0<z<1
z —z ——z ——z
ifz>1
|

It should be obvious that the statistics D;7 and D, have the same distribution because of

Ssymmetry.
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Theorem 12.2.6:
Let F' be a continuous cdf. Then it holds Vz > 0:

lim P(D;} <

n—oo

)= lim P(D,, <

Tim_ < %) = Ly(2) = 1 — exp(~22?)

B

Corollary 12.2.7:

Let V,, = 4n(D;/)2. Then it holds V;, 4, X3, i.e., this transformation of D; has an asymptotic

X3 distribution.

Proof:
Let « > 0. Then it follows:
lim P(V, <z) "=  lim P(V, < 42?)

n—oo n—oo

= lim P(4n(D;)? < 42%)

n—oo

= lim P(y/nD; < z)

n—oo

Thi226 4 exp(—222)

42%=z
= 1 —exp(—x/2)
Thus, lim_ P(V,, <z)=1—exp(—x/2) for z > 0. Note that this is the cdf of a x3 distribu-

tion. [ |

Definition 12.2.8:
Let Dy, be the smallest value such that P(D,, > D) < «a. Likewise, let D;[;a be the
smallest value such that P(D;f > D) < a.

The Kolmogorov—Smirnov test (K-S test) rejects Hy : F(x) = Fy(x) Vz at level « if
Dn > Dn;a-

It rejects Hj) : F(z) > Fo(z) Vz at level a if D, > D, and it rejects Hy : F(x) < Fy(x) Vo
at level a if D > D . |

Note:
Rohatgi, Table 7, page 661, gives values of D,,., and D;{;a for selected values of o and small
n. Theorems 12.2.4 and 12.2.6 allow the approximation of D,., and D;a for large n. [ |
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Example 12.2.9:
Let Xi,...,X, ~C(1,0). We want to test whether Hy : X ~ N(0,1).

The following data has been observed for z(y), ..., x(0):

—1.42,-0.43,—0.19, 0.26, 0.30, 0.45, 0.64, 0.96, 1.97, and 4.68

The results for the K-S test have been obtained through the following S—Plus session, i.e.,
Dy = 0.02219616, Dy, = 0.3025681, and D1 = 0.3025681:

>x _ c(-1.42, -0.43, -0.19, 0.26, 0.30, 0.45, 0.64, 0.96, 1.97, 4.68)
> FX _ pnorm(x)
> FX
[1] 0.07780384 0.33359782 0.42465457 0.60256811 0.61791142 0.67364478
[7] 0.73891370 0.83147239 0.97558081 0.99999857
> Dp _ (1:10)/10 - FX
> Dp
[1] 2.219616e-02 -1.335978e-01 -1.246546e-01 -2.025681e-01 -1.179114e-01
[6] -7.364478e-02 -3.891370e-02 -3.147239e-02 -7.558081e-02 1.434375e-06
> Dm _ FX - (0:9)/10
> Dm
[1] 0.07780384 0.23359782 0.22465457 0.30256811 0.21791142 0.17364478
[7] 0.13891370 0.13147239 0.17558081 0.09999857
> max (Dp)
[1] 0.02219616
> max (Dm)
[1] 0.3025681
> max (max(Dp), max(Dm))
[1] 0.3025681
>

> ks.gof (x, alternative = "two.sided", mean = 0, sd = 1)

One-sample Kolmogorov-Smirnov Test

Hypothesized distribution = normal

data: x
ks = 0.3026, p-value = 0.2617
alternative hypothesis:

True cdf is not the normal distn. with the specified parameters

Using Rohatgi, Table 7, page 661, we have to use Djg.020 = 0.323 for a = 0.20. Since
D1p = 0.3026 < 0.323 = Diq.0.20, it is p > 0.20. The K-S test does not reject Hy at level
a = 0.20. As S—Plus shows, the precise p—value is even p = 0.2617. [ |
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Note:

Comparison between y? and K-S goodness of fit tests:

e K-S uses all available data; x? bins the data and loses information
e K-S works for all sample sizes; x? requires large sample sizes

it is more difficult to modify K-S for estimated parameters; x? can be easily adapted

for estimated parameters

K-S is “conservative” for discrete data, i.e., it tends to accept Hy for such data

the order matters for K-S; x? is better for unordered categorical data
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12.3 More on Order Statistics

Definition 12.3.1:

Let F be a continuous cdf. A tolerance interval for I’ with tolerance coefficient v is

a random interval such that the probability is v that this random interval covers at least a

specified percentage 100p% of the distribution. [ |

Theorem 12.3.2:
If order statistics X(,) < X(,) are used as the endpoints for a tolerance interval for a continuous
cdf F, it holds that

s—r—1
=2 <?>pi(1—p)"_i~

i=0
Proof:
According to Definition 12.3.1, it holds that

7= Pxipy X0 (PX(X(T) <X < X)) 2 p) -
Since F' is continuous, it holds that Fx(X) ~ U(0,1). Therefore,
Px(X(y < X < X)) = P(X < X)) — P(X < X))
= F(X() - F(X()
= U = U,

where U,y and Uy, are the order statistics of a U(0, 1) distribution.

Thus,
v = Px,y. X (PX(X(T) <X <X(g) 2 p) =P(Us) — Uy 2 p).

By Therorem 4.4.4, we can determine the joint distribution of order statistics and calculate ~

1 ry—p n - . .
,Y:/p /0 r—Dls—r—Dln—s)" Hy—2) " 1=y da dy.

Rather than solving this integral directly, we make the transformation

as

U = Uy —Up

V. = Ugy).
Then the joint pdf of U and V is
n! r—1,s—r—1 n—s :
e (v —w) (I—v)" ™, f0<u<v<l
fu(uv) = { TS
0, otherwise
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and the marginal pdf of U is

fu(u) = /OlfU,V(U,U) dv

n! 1

= e e [ e wT e

(é) n! s—r—1¢q _  \n—s+r /1 r—=1/1 _ p\n—s
B (T—l)!(s—r—l)!(n—s)!u (1 =) Ton(w) 0 AT dt
B(r,n—s+1)
_ n! s—r—1 n—s+r (T — 1)'(” — S)'
B (T—l)!(s—r—l)!(n—s)!u (1 =) (n—s+r)! Ton(w)
n! s—r—1 n—s+r
- (n—s+r)!(s—r—1)!u (1= )" Loy (u)
n—1 s—r—1 n—s+r
= nl ) (1—u) Tio,1)(u).
(A) is based on the transformation ¢t = 21} : u, v—u=(1-u)t, 1—v=1—-u—(1—u)t=
(1 —u)(1—1t)and dv = (1 —u)dt.
It follows that
v = PUgs — Uy 2p)

= PU>p)

= /1n< n-l )us_r_l(l—u)”_s+r du
p s—r—1

P(Y <s—r) | whereY ~ Bin(n,p)
s—r—1 n ) ]
e

=0 \'

(B) holds due to Rohatgi, Remark 3 after Theorem 5.3.18, page 216, since for X ~ Bin(n,p),

it holds that
Lofn—1Y\ ;4 n—k
P(X<l<:):/n p_1)® (1 —2)"% dz.

p
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Example 12.3.3:
Let s =n and r = 1. Then,

n—2
ny n—i n n—
v=3 (Z.>p (1—p)" ' =1-p"—np" '(1—-p).
=0
If p=0.8 and n = 10, then
v10 =1 — (0.8)1° —10-(0.8)? - (0.2) = 0.624,

ie., (Xq), X(10)) defines a 62.4% tolerance interval for 80% probability.
If p = 0.8 and n = 20, then

20 =1 —(0.8)2° — 20 - (0.8)!Y - (0.2) = 0.931,
and if p = 0.8 and n = 30, then

v30 =1 — (0.8)2Y — 30 - (0.8)%% - (0.2) = 0.989.

Theorem 12.3.4:
Let k, be the p" quantile of a continuous cdf F. Let X(1)s+--»X(n) be the order statistics of

a sample of size n from F'. Then it holds that

s—1
ny n—i
P(X SkpSX(s))=Z<i>p(1—p) :

1=r

Proof:
It holds that

P(X4y <kp) = P(at least r of the X;’s are < k)

n n ) »
= 2 ( .>p2<1 —p)"
i=r ¢
Therefore,
P(Xoy <kp < X(5) = P(Xpy <kp) = P(X(5) <kp)

i=r =5
s—1 n ] )

= <.>p’(1—p)""-
=T t
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Corollary 12.3.5:

s—1
(X(r), X(s)) 1s a level Z <7;>p’(1 — p)"~" confidence interval for k,.

Example 12.3.6:

Let n = 10. We want a 95% confidence interval for the median, i.e., k, where p =

s—1

We get the following probabilities p,. s = Z <:L>p’(1 — p)"~" that (X(ry, X(s)) covers ko 5:

i=r

Pr.s 5
2 3 4 5 6 7 8 9 10
11001 0.05 0.17 0.38 0.62 0.83 0.94 0.99 0.998

2 0.04 0.16 0.37 0.61 0.82 0.93 0.98 0.99

3 0.12 0.32 0.57 0.77 0.89 0.93 0.94

4 0.21 045 0.66 0.77 0.82 0.83
r|5 0.25 0.45 0.57 0.61 0.62
6 0.21 0.32 0.37 0.38

7 0.12 0.16 0.17

8 0.04 0.05

9 0.01

Only the random intervals (X(1), X(9)), (X(1), X(10)), (X(2), X(9)), and (X(2), X(10y) give the

desired coverage probability. Therefore, we use the one that comes closest to 95%, i.e.,

(X(2), X(9)), as the 95% confidence interval for the median.
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13 Some Results from Sampling

13.1 Simple Random Samples

Definition 13.1.1:

Let © be a population of size N with mean p and variance o2. A sampling method (of size

n) is called simple if the set S of possible samples contains all combinations of n elements of
Q (without repetition) and the probability for each sample s € S to become selected depends
only on n, i.e., p(s) = ﬁ Vs € S. Then we call s € S a simple random sample (SRS) of

n

size n. -

Theorem 13.1.2:

Let © be a population of size N with mean ;¢ and variance 0. Let Y :  — IR be a measurable

function. Let n; be the total number of times the parameter ¢; occurs in the population and
pi = & be the relative frequency the parameter f; occurs in the population. Let (y1,...,¥n)

be a SRS of size n with respect to Y, where P(Y = ;) = p; = .
Then the components y;, @ =1,...,n, are identically distributed as Y and it holds for i # j:

1 ngng, k 75 l

P(yi =9k, Yj = 1) = w77 — 1y "kt Wh B
(s = Gos 5 = ) N(N—l)nkl where ny {nk(nk_1)7 b=

Note:

(i) In Sampling, many authors use capital letters to denote properties of the population
and small letters to denote properties of the random sample. In particular, z;’s and y;’s
are considered as random variables related to the sample. They are not seen as specific

realizations.

(ii) The following equalities hold in the scenario of Theorem 13.1.2:

N = an
1 -
uo= szyi
o’ = lzn'(ﬂ—uf
NZ. (] K]

1 -2 2
= _an’yi -
N i
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Theorem 13.1.3:

n

Let the same conditions hold as in Theorem 13.1.2. Let y = % Z y; be the sample mean of a
i=1

SRS of size n. Then it holds: '

(i) E(y) = p, i.e., the sample mean is unbiased for the population mean .

(i) Var(p) = ~3—0* = 0 - N

N1 02,wheref:%.

Proof:

1 & . .
E() = n ZE(%) =pu, since E(y;) =p Vi.
i=1
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Theorem 13.1.4:
Let 7,, be the sample mean of a SRS of size n. Then it holds that

_ N(0,1),
\/1— 10

where N — oo and f =  is a constant.

In particular, when the y;’s are 0-1-distributed with E(y;) = P(y; = 1) = p Vi, then it holds

that
n gn_p d
Vi—f /N —>
mp(l—p)

where N — oo and f =  is a constant. [ |
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13.2 Stratified Random Samples

Definition 13.2.1:

Let € be a population of size N, that is split into m disjoint sets €);, called strata, of size
m

Nj,7=1,...,m, where N = Z Nj;. If we independently draw a random sample of size n; in
j=1
each strata, we speak of a stratified random sample. [ |

Note:

(i) The random samples in each strata are not always SRS’s.

(ii) Stratified random samples are used in practice as a means to reduce the sample variance
in the case that data in each strata is homogeneous and data among different strata is

heterogeneous.

(iii) Frequently used strata in practice are gender, state (or county), income range, ethnic

background, etc.

Definition 13.2.2:

Let Y : Q — IR be a measurable function. In case of a stratified random sample, we use the

following notation:

Let Y, j=1,...,m, k=1,...,N; be the elements in €};. Then, we define

J
Y; = Z Y., the total in the Gt strata,

(i) p; = N%Y] the mean in the j** strata,

m
(il) p= & Z Njp; the expectation (or grand mean),
j=

m m Nj
(iv) N,u:ZYj :Zink the total,

j=1 j=1k=1

[y

(v) 02 = & (Yji — u1;)? the variance in the j*" strata, and
1

<
<.
bl
Il

NJ
Z ik — 2 the variance.
k=1

(vi) 0% = %

e
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(vii) We denote an (ordered) sample in §2; of size n; as (y;1, .., Yjn,;) and g; = Z yjk the

sample mean in the j** strata.

Theorem 13.2.3:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. Let ji; be an unbiased

estimate of p; and Va?(\ﬂj) be an unbiased estimate of Var(ji;). Then it holds:

j=1
Var(i) = 1= 3 N2Var(ay)
j=1
(ii)) Var(p) = N2 ZN2Va7‘(,u]) is unbiased for Var(j).
j=1

Theorem 13.2.4:
Let the same conditions hold as in Theorem 13.2.3. If we draw a SRS in each strata, then it

holds:

m J
() == ZNJ-@]- is unbiased for p, where 7, = n—lJ Z Yjks J=1,...,m.
k=1

=N
j=1
Ui 1
Var(p) = NLZ n_ 1 ], where f; = WJ]
Ui 1
(ii) Var = ﬁlg ZNyzn_ (1— fj ©is unbiased for Var(fi), where

7j=1
;1
Sj = (Yjx — ;)
J n; — 1 = J J



Proof:

Definition 13.2.5:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. If the sample in each strata

is of size n; = n%, j =1,...,m, where n is the total sample size, then we speak of pro-
portional selection. [ |
Note:

ng _ n

(i) In the case of proportional selection, it holds that f; = N, =N f,i=1....m

(ii) Proportional strata cannot always be obtained for each combination of m, n, and N.

Theorem 13.2.6:
Let the same conditions hold as in Definition 13.2.5. If we draw a SRS in each strata, then it

holds in case of proportional selection that

1 1-f&
Var(fi) = ———— > N;o;,
N2 f o ]
~ N;
where 0']2- = Njilcf]z.
Proof:
The proof follows directly from Theorem 13.2.4 (i). ]

Theorem 13.2.7:

If we draw (1) a stratified random sample that consists of SRS’s of sizes n; under proportional

selection and (2) a SRS of size n = Z n; from the same population, then it holds that
j=1

1 N

Var(y) — Var(j) = ~~ (Z N;( — % > (N - Nj)&i) .
j=1
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Proof:

See Homework.
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14 Some Results from Sequential Statistical Inference

14.1 Fundamentals of Sequential Sampling

Example 14.1.1:

A particular machine produces a large number of items every day. Each item can be either

“defective” or “non—defective”. The unknown proportion of defective items in the production

of a particular day is p.
Let (Xi,...,X,,) be a sample from the daily production where z; = 1 when the item is

m

defective and x; = 0 when the item is non—defective. Obviously, S,, = ZXi ~ Bin(m,p)
i=1

denotes the total number of defective items in the sample (assuming that m is small compared

to the daily production).

We might be interested to test Hy: p < pg vs. Hy : p > pg at a given significance level «
and use this decision to trash the entire daily production and have the machine fixed if indeed

p > po. A suitable test could be

1, ifs,>c
@1(33‘1,...,:1)7,1) ==
0, ifs,<c

where c is chosen such that ®; is a level-«a test.

However, wouldn’t it be more beneficial if we sequentially sample the items (e.g., take item
# 57, 623, 1005, 1286, 2663, etc.) and stop the machine as soon as it becomes obvious that
it produces too many bad items. (Alternatively, we could also finish the time consuming and
expensive process to determine whether an item is defective or non—defective if it is impossible
to surpass a certain proportion of defectives.) For example, if for some j < m it already holds
that s; > ¢, then we could stop (and immediately call maintenance) and reject Hy after only

j observations.

More formally, let us define ' = min{j | S; > ¢} and T" = min{T,m}. We can now con-
sider a decision rule that stops with the sampling process at random time 7" and rejects H if
T < m. Thus, if we consider Ry = {(z1,...,Zm) | t <m}and Ry = {(z1,...,Zm) | Sm > ¢}

as critical regions of two tests ®y and ®q, then these two tests are equivalent. [ |
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Definition 14.1.2:

Let © be the parameter space and A the set of actions the statistician can take. We assume

that the rv’s X1, Xs,... are observed sequentially and iid with common pdf (or pmf) fp(x).

A sequential decision procedure is defined as follows:

(i) A stopping rule specifies whether an element of A should be chosen without taking
any further observation. If at least one observation is taken, this rule specifies for every
set of observed values (x1,x2,...,2,), n > 1, whether to stop sampling and choose an

action in A or to take another observation x, 1.

(ii) A decision rule specifies the decision to be taken. If no observation has been taken,
then we take action dy € A. If n > 1 observation have been taken, then we take action
dp(z1,...,2,) € A, where d,(x1,...,x,) specifies the action that has to be taken for
the set (z1,...,x,) of observed values. Once an action has been taken, the sampling

process is stopped.

|
Note:
In the remainder of this chapter, we assume that the statistician takes at least one observation.
|
Definition 14.1.3:
Let R, € IR",n = 1,2,..., be a sequence of Borel-measurable sets such that the sampling
process is stopped after observing X1 = x1,Xo = x9,..., X, = x, if (21,...,2,) € R,. If
(x1,...,2y) ¢ R,, then another observation x4 is taken. The sets R,,,n = 1,2,... are called
stopping regions. [ |

Definition 14.1.4:

With every sequential stopping rule we associate a stopping random variable N which

takes on the values 1,2,3,.... Thus, N is a rv that indicates the total number of observations
taken before the sampling is stopped. [ |
Note:

We use the (sloppy) notation {N = n} to denote the event that sampling is stopped after
observing exactly n values z1,...,x, (i.e., sampling is not stopped before taking n samples).

Then the following equalities hold:

{(N=1} = R
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{N =n} = {(x1,...,2,) € R" | sampling is stopped after n observations but not before}
= (R1UR2U...URn_1)CﬂRn
— RSNRSN...NR°_, NR,

Nenp = JIN=#)

Here we will only consider closed sequential sampling procedures, i.e., procedures where

sampling eventually stops with probability 1, i.e.,

P(N <o0) = 1,
P(N=o00) = 1-P(N <o0)=0.
| |
Theorem 14.1.5: Wald’s Equation
N
Let X1, Xo,...beiid rv’s with E(] X3 |) < co. Let N be a stopping variable. Let Sy = Z X5
k=1

If E(N) < oo, then it holds
E(Sn) = E(X1)E(N).

Proof:

Define a sequence of rv’s Y;, i =1,2,..., where

1, if no decision is reached up to the (i — 1)t stage, i.e., N > (i — 1)
Y, =
0, otherwise

Then each Y; is a function of X1, X5,..., X; 1 only and Y] is independent of X;.
Consider the rv

o

> XY

n=1

Obviously, it holds that
Sy =Y XnYy.

n=1

Thus, it follows that
=FE (Z XnYn> (%)
n=1

It holds that

NE

3
Il
—

= E(X1]) Z (N >n)
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= BIXi )Y Y P(N=k)

n=1k=n

D (X, )Y APV = n)
n=1

B X DE)

< o0

(A) holds due to the following rearrangement of indizes:

k
1,2,3,...

2,3,...
3,...

OJI\D)—t‘ﬁ

We may therefore interchange the expectation and summation signs in (%) and get

E(Sy) = E(anYn>
n=1

which completes the proof.
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14.2 Sequential Probability Ratio Tests

Definition 14.2.1:
Let X1, Xo,... be a sequence of iid rv’s with common pdf (or pmf) fy(z). We want to test a
simple hypothesis Hy : X ~ fg, vs. a simple alternative H; : X ~ fp, when the observations

are taken sequentially.
Let fo, and f1,, denote the joint pdf’s (or pmf’s) of Xi,..., X,, under Hy and H; respectively,
ie.,
Jon(@r, . mn) =[] fao(m) and  fia(zr,... z0) = [] fo, (i)
i=1 i=1

Finally, let
fln (E)

fOn (E) ’
where = (z1,...,2,). Then a sequential probability ratio test (SPRT) for testing H

An(T1, ..y xp) =

vs. Hi is the following decision rule:
(i) If at any stage of the sampling process it holds that
An(z) > A,
then stop and reject Hy.
(ii) If at any stage of the sampling process it holds that
An(z) < B,
then stop and accept Hy, i.e., reject Hj.

(iii) If
B < M\(z) < A,

then continue sampling by taking another observation x, 1.

Note:

(i) It is usually convenient to define

21— o 150
% Too (1)’
where Z1, Zs, ... are iid rv’s. Then, we work with

log A ( Zzl = Z log fo, (z;) — log fo,(z:))

=1
instead of using A, (z). Obviously, we now have to use constants b = log B and a = log A

instead of the original constants B and A.
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(ii) A and B (where A > B) are constants such that the SPRT will have strength (o, (),
where
= P(Type I error) = P(Reject Hy | Ho)

and
B = P(Type 11 error) = P(Accept Hy | Hy).

If N is the stopping rv, then

o = P(A(X) = 4) and § = Py, (An(X) < B).

Example 14.2.2:
Let X1, Xo,... be iid N(u,0?), where p is unknown and o2 > 0 is known. We want to test

Hy: p=povs. H: p=py, where po < p1.
If our data is sampled sequentially, we can constract a SPRT as follows:

i=1 < 252" —m) - (_%(iﬂi - M0)2)>

= % i ((a:, — M0)2 — (@ — N1)2))
i=1

1
o2
%

log \p(z) =

M:

|
M 3

(x? — 20 + pg — xF + 2w — /ﬁ)
1

( 2 1o + pa + 2y — M%)

Q

I
“’\

-
[N}
'M:

=1

1
= 552 <Z 22 (1 — po) + n(ug —M%)>

=1

+
_ mazuo (in_nuo : m)

1=1

We decide for Hy if

log Ap(z) <0

n
M1 — o Mo + p1
= E i —n——— | <b
<i:lxl T >_

o2

2

ko a
where b* = = b.
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We decide for Hy if

g

where a* = .
ere a T

Example 14.2.2

3 accept HO continue accept H1

b* ax sum(x_i)

Theorem 14.2.3:
For a SPRT with stopping bounds A and B, A > B, and strength («, 3), we have

Agﬂ and B> B
« 1«

9

where 0 < a<land 0 < 8 < 1.

Theorem 14.2.4:
Assume we select for given «, § € (0,1), where o 4+ § < 1, the stopping bounds

A/:—l_ﬁandB/:—ﬂ .
« l—«o

Then it holds that the SPRT with stopping bounds A" and B’ has strength (o/, 3'), where

« ﬁlﬁ /8

!
<
=15 1—a

,and o/ + 8 < a+ 5.
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Note:

(i) The approximation A’ = % and B’ = % in Theorem 14.2.4 is called Wald—
Approximation for the optimal stopping bounds of a SPRT.

(i) A" and B’ are functions of o and (3 only and do not depend on the pdf’s (or pmf’s) fp,
and fg,. Therefore, they can be computed once and for all fg,’s, i =0, 1.

THE END !l
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