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6 Limit Theorems

(Based on Rohatgi, Chapter 6, Rohatgi/Saleh, Chapter 6 & Casella/Berger,
Section 5.5)
Motivation:

I found this slide from my Stat 250, Section 003, “Introductory Statistics” class (an under-
graduate class I taught at George Mason University in Spring 1999):
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What does this mean at a more theoretical level???



6.1 Modes of Convergence

Definition 6.1.1:
Let Xi,...,X, beiid rv’s with common cdf Fx(z). Let ' = T(X) be any statistic, i.e., a

Borel-measurable function of X that does not involve the population parameter(s) ¢, defined

on the support X of X. The induced probability distribution of T'(X) is called the sampling
distribution of T'(X). ]

Note:

(i) Commonly used statistics are:

X;

sl
=

I
_

Sample Mean: X,, =

1

>

n
Sample Variance: S2 = -1 > (X; — X,)?
i=1

Sample Median, Order Statistics, Min, Max, etc.

(ii) Recall that if Xi,..., X, are iid and if F(X) and Var(X) exist, then E(X,) = p =
E(X), E(S2) = 0? = Var(X), and Var(X,) =

o=
et

(iii) Recall that if Xy,..., X, are iid and if X has mgf M (¢) or characteristic function ® x (t)
then M (t) = (Mx(5))" or &% (1) = (Dx(5)™

Note: Let {X,,}>°, be a sequence of rv’s on some probability space (2, L, P). Is there any
meaning behind the expression ILm X, = X7 Not immediately under the usual definitions
n o

of limits. We first need to define modes of convergence for rv’s and probabilities. [ |

Definition 6.1.2:
Let {X,}5°, be a sequence of rv’s with cdf’s {F,}>2; and let X be a rv with cdf F. If
F,(z) — F(x) at all continuity points of F', we say that X,, converges in distribution to

X (X, 4, X) or X,, converges in law to X (X, N X), or F,, converges weakly to F'
(F,, == F). n

Example 6.1.3:
Let X,, ~ N(0,1). Then



®(00) =1, if x>0
= F,(z) — ®(0) =1, if =0
O(—oc0) =0, ifx<0
1, >0 . . c e
If Fx(z) = { 0 0 the only point of discontinuity is at * = 0. FEverywhere else,
, <
®(\/nx) = F,(z) — Fx(z), where ®(z) = P(Z < z) with Z ~ N(0,1).
So, X, 4, X, where P(X =0) =1, or X, %, 0 since the limiting rv here is degenerate,
i.e., it has a Dirac(0) distribution. ]

Example 6.1.4:

In this example, the sequence {F),}°° ; converges pointwise to something that is not a cdf:

Let X, ~ Dirac(n), i.e., P(X,, =n) = 1. Then,

0, x<n
Fn(x)—{ 1, z>n

It is Fy,(z) — 0 Vz which is not a cdf. Thus, there is no rv X such that X, 4 X, ]
Example 6.1.5:

Let {X,,}52, be a sequence of rv’s such that P(X, =0) =1— 1 and P(X, =n) = % and let
X ~ Dirac(0), i.e., P(X =0) = 1.

It is
0, x <0
F,(z) = 1-1 0<z<n
1, rT>n
0, <0
Fx(z) = ’
x(@) {1, >0

It holds that F,, — Fx but

1 1
EXEH=0"1-=)+nF —=nF1 £ EXF) =0.
n n
Thus, convergence in distribution does not imply convergence of moments/means. [ |



Note:
Convergence in distribution does not say that the X;’s are close to each other or to X. It only
means that their cdf’s are (eventually) close to some cdf F. The X;’s do not even have to be

defined on the same probability space. [ |

Example 6.1.6:
Let X and {X,}°°, be iid N(0,1). Obviously, X,, —% X but lim_ X, # X. -
n x

Theorem 6.1.7:
Let X and {X,,}>2; be discrete rv’s with support X and {X,}5°;, respectively. Define
o0

the countable set A = XU U X, = {ar : k= 1,2,3,...}. Let pp = P(X = a;) and
n=1

Pre = P(X,, = ag). Then it holds that pn, — pr Vk iff X, —& X. -

Theorem 6.1.8:
Let X and {X,,}°2; be continuous rv’s with pdf’s f and {f,,} 72, respectively. If f,,(z) — f(x)
for almost all z as n — oo then X, LNS'S [ |

Theorem 6.1.9:
Let X and {X,}52, be rv’s such that X, %, X. Let ¢ € IR be a constant. Then it holds:

(i) Xp+e-5 X+
(i) eX, % cX.
(iii) If an — a and b, — b, then an X, + by —— aX + b.

Proof:

Part (iii):

Suppose that a > 0,a,, > 0. (If a < 0, a, < 0, the result follows via (ii) and ¢ = —1.)
Let Y, =a, X, +b, and Y =aX +b. It is

Fe(y) = P(Y <9) = PaX +b<y) = P(X < L0) = (U0

Likewise,

y_bn
).

n

Fy,(y) = Fx, (

If y is a continuity point of Fy, %b is a continuity point of Fx. Since a, — a,b, — b and
Fx, (x) — Fx(z), it follows that Fy, (y) — Fy (y) for every continuity point y of Fy. Thus,
an X + by 5 aX 4. n



Definition 6.1.10:
Let {X,}52, be a sequence of rv’s defined on a probability space (2, L, P). We say that X,
converges in probability to a rv X (X,, =+ X, P- 1Lm X, =X)if

n o

lim P(| X, — X [>€¢) =0 Ve > 0.

n—oo

Note:

The following are equivalent:

nh_)rroloP(\ X,—X|>¢ =0
= nh_)rr;OP(\Xn—X\ge):l
—  lim Pw: | Xp(w) —X(w)|>€})=0

If X is degenerate, i.e., P(X = ¢) = 1, we say that X, is consistent for c. For example, let
X,, such that P(X,, =0)=1—1 and P(X, =1) = 1. Then

1
= 0<e<1
P(| X, |>e) = ™
R E
Therefore, lim P(| X, |>€) =0 Ye>0. So X,, 250, i.e., X,, is consistent for 0. |
n—oo

Theorem 6.1.11:

X —=X,-X 5o

—
—
~—
£

~
=

SN—
§<

2 XX, HY=PX=Y)=1

i)X,Xmi)X:>Xn—Xmi>0asn,m—>oo.

A
—
—-
—

~—

3

2 xY, Ly—=X,+Y, L X+VY.

=
=
5

L4 X,k € R a constant = kX,, — kX.

=
&

A
3
&

25 k,k € R a constant => X 25 k" Vr € IN.

254V, 25 b, a,b e R= X,Y,, -2 ab.

)
e

—~
S,
=:

~

£

1= x5 1

=
z
£

PsaY, Db ae Rbe R—{0} = ¥ Iy 0.

o
>

n —s X,Y an arbitrary rv = XY L, Xy,



xi) X, = X,Y, Y = X,¥, 2 XY.

Proof:
See Rohatgi, page 244-245, and Rohatgi/Saleh, page 260-261, for partial proofs. [ |

Theorem 6.1.12:
Let X, - X and let g be a continuous function on IR. Then g(X,) - g(X).

Proof:
Preconditions:
1) X1v=Ve>0 dk=k(e): P(|X|>k) <5

2.) g is continuous on IR

= ¢ is also uniformly continuous on [—k, k] (see Definition of uniformly continuous
in Theorem 3.3.3 (iii):
Ve>030>0Vry, 20 € R:| 1 — 22 |[< =] g(x1) — g(22) |< €.)

= 30 =0(e, k) : | X| <k, | X, — X| <= |9(Xpn) —g9(X)| <€

Let
A = X<k ={w: Xl <k
B = {|X\—X|<6}={w:|Xa(w) ~ X(w)| <}
C = A{lg(Xn) —g(X)| <€} ={w: [g(Xn(w)) — g(X (w))| <€}
IfweANB
2:')> weClC
= ANBCC(C
— C¢ C(AnB)‘ =AU B°®
— P(CY) < P(AY U B®) < P(A%) + P(BY)
Now:
P(lg(Xn) —9(X)[ =€) < P(X[>k) + P(| X, — X| > 9)
<t by 1.) <& for n>ng(e,8,k) since X,-25Xx

< e forn >ng(e0,k)



Corollary 6.1.13:

(i) Let X,, =+ ¢, ¢ € IR and let g be a continuous function on IR. Then g(X,) - g(c).
(ii) Let X, —%5 X and let g be a continuous function on IR. Then ¢(X,,) N 9(X).

(iii) Let X, N ¢,c € IR and let g be a continuous function on IR. Then g(X,,) N g(c).

Theorem 6.1.14:
X, L X —=Xx, %L x.

Proof:
X, B X P(X,—X|>e) = 0asn—o00 Ve>0

Theorem 6.1.14

| ) |
| = |
X—¢€ X
€ €
Xn
It holds:
PX<z—¢) = PX<z—¢|X,—X|<e)+P(X<z—¢l|X,—X|>¢)

(4)
< P(X, <z)+P(X,—X|>¢)

(A) holds since X <z — € and X,, within € of X, thus X,, < z.

Similarly, it holds:
PX,<z) = PX,<uz,| X, - X|<e)+P(X, <z, |X,—X|>¢)
< PX<z+e)+P(X,—X|>¢)

Combining the 2 inequalities from above gives:

PX<z—€¢)—P(|Xn—X|>¢) <P(X, <) <PX <x+¢)+ P(|Xy — X|>¢)

—0 as n—oo :Fn(ﬂf) —0 as n—oo




Therefore,
P(X <xz—¢€)<Fy(z) <P(X <z+e¢€) asn— occ.

Since the cdf’s F, () are not necessarily left continuous, we get the following result for € | 0:
P(X <z) < F,(x) < P(X <z)=Fx(x)
Let = be a continuity point of F'. Then it holds:
F(z)=P(X <z) < Fy(x) < F(x)
— X, L X =

Theorem 6.1.15:
Let ¢ € IR be a constant. Then it holds:

d
X, 5= X, De

Example 6.1.16:

In this example, we will see that

X, -5 X 4= X, B X

for some rv X. Let X,, be identically distributed rv’s and let (X, X) have the following joint

distribution:

X
"o 1
X
0 0 3|3
1 3 03
1 1
2 2|1

Obviously, X, 9, X since all have exactly the same cdf, but for any € € (0,1), it is
P(|X,—X|>e)=P(|X,—X|=1)=1 Vn,
so lim P(] X,, — X |> €) # 0. Therefore, X,, A+ X. |
n o0
Theorem 6.1.17:

Let {X,}02, and {Y,,}72, be sequences of rv’s and X be a rv defined on a probability space
(Q, L, P). Then it holds:

Y, -5 X, X — Y |- 0= X,, & X.



Proof:
Similar to the proof of Theorem 6.1.14. See also Rohatgi, page 253, Theorem 14, and Ro-
hatgi/Saleh, page 269, Theorem 14. [

Theorem 6.1.18: Slutsky’s Theorem
Let {X,}02, and {Y,,}72, be sequences of rv’s and X be a rv defined on a probability space
(Q,L, P). Let ¢ € IR be a constant. Then it holds:

() Xp L XY, De=X,+Y, L X +ec.

(i) X, -5 XY, 5 c= XY, -5 cX.
If ¢ =0, then also X,,Y, s 0.

(iil) Xn -5 XY, D e= %0 L Xifc o,

C

Proof:
(i) Y, P, THELIO) Y, —c250
=V, —c=Y+ (Xn—X,) —c=(Xpn4+Yn) — (Xn+¢) 250 (4)
X, L x "V x v L X 1o (B)

Combining (A) and (B), it follows from Theorem 6.1.17:
X, +Y, % X+
(ii) Case ¢ =0:
Ve >0 Vk >0, itis

€

P XY, |>€) = P(XoYol|>e Y, < %) +P(| XaYa |> € Yo > )

< P Xng > €) + P(Y, > %)

< P Xa|> k) +P( Y |> 1)

Since X, 4. X and Y, -2 0, it follows for any fixed £k >0

im P(| XY, |>¢) < P(| X |> k).

n—o0

As k is arbitrary, we can make P(] X |> k) as small as we want by choosing k large.
Therefore, X,,Y, L50.



Case ¢ # O:

Since X, 4 X and Y, -2 ¢, it follows from (ii), case ¢ = 0, that XY, — cX,, =
X, (Y, —¢) 25 0.

— X,)Y,, 2 X,

TRELI x4, ox,

Since cX,, - cX by Theorem 6.1.9 (ii), it follows from Theorem 6.1.17:

X, Y, - X

(iii) Let Z, - 1 and let Y;, = ¢Z,,.

001 _ 1.1
Y., = Z, ¢
Th.6.1.11(v,viii) p
- 1 1

Yo c

With part (ii) above, it follows:

Definition 6.1.19:

Let {X,}22, be a sequence of rv’s such that E(| X,, |") < oo for some r > 0. We say that X,
converges in the 7" mean to a v X (X,, — X) if E(| X |") < oo and

lim E(] X, — X |") =0.

n—oo

|
Example 6.1.20:
Let {X,,}5%, be a sequence of rv’s defined by P(X,, =0) =1— % and P(X,, = 1) = .
Itis E(| X, [") =< V¥r > 0. Therefore, X,, — 0 Vr > 0. ]

Note:
The special cases 7 = 1 and r = 2 are called convergence in absolute mean for r = 1

(Xn EEN X) and convergence in mean square for r = 2 (X,, > X or X, 2, X). |

10



Theorem 6.1.21:
Assume that X,, — X for some r > 0. Then X,, == X.

Proof:

Using Markov’s Inequality (Corollary 3.5.2), it holds for any € > 0:

E( X, —X1)

ET’

> P(| X~ X [2 )2 P(| X~ X [> )

X, = X= lim BE(| X, - X|")=0
n—o0

E(l X,—-X]|"
— lim P(| X, — X |>¢) < lim ElX. = XT)
n—00 n—00 er
— X, 5 X n

Example 6.1.22:
Let {X,,}52, be a sequence of rv’s defined by P(X,, =0) =1— - and P(X,, = n) = = for

some r > 0.

For any € > 0, P(] X,, |> €) = 0 as n — 00; s0 X,, — 0.

For0<s <7 FB(| X, |¥) = 25 = 0asn — o0; 50 X, — 0. But (| X, |") =14 0 as

nr—s

n — 00; 50 X, £ 0. [ |

Theorem 6.1.23:
If X,, — X, then it holds:

(i) lim E(] Xy [") = E(] X ["); and
(i) X, 2 X for 0 < s <.

Proof:

(i) For 0 < r <1, it holds:
(*)
E(| X [1) = E(| Xo=X+X 1) < E((| Xo =X |+ [ X)) < BE(| Xo=X|"+ | X [7)
= E(| X ) - E( X ") < B(| X = X [")
— i B( X, ) — lim B( X ) < lm B( Xy — X [) =0
: r r
— lim B( X, ) S E(X ) (4)

(*) holds due to Bronstein/Semendjajew (1986), page 36 (see Handout)

11



Similarly,
E( XN =E(]X-Xo+Xo|) <E((| Xn = X[+ [ X))
SE( Xy =X [T+ [ X0 )
= E( X)) - E(Xn[") <E(] Xn - X|)
= lim E(| X|") - lim E(] X, ") < lim E(] X, - X|")=0
n—o0 n—oo n—o0
B X )< lim B( X, ) (B)
Combining (A) and (B) gives
Tim B(| X, ") = B( X ")
For r > 1, it follows from Minkowski’s Inequality (Theorem 4.8.3):
1 il L
[E(| X = Xn+ Xo [)]" < [E( X =X [)]F + [E(] Xn )]
1 1L 'NE
= [E(| X [)]7 = [E( Xn [)]" < [E(| X = X5 [)]7
— [E(| X ")) - lim [E(| X, [")]7 < lim [E(| X, ~X [")]* =0 since X,, "+ X

— [BE(| X |")]7 < lim [E(] X, [)]* (C)

 n—oo

Similarly,

S =

[B(| Xo— X + X [N]7 <[B( Xo— X [)]7 +[E( X |")]
— lim [E(] X, [")]7 = lim [E(| X [")]* < lim [E(| X,—X |)]7 = 0 since X, —» X
— Tim [E(| X, [)]7 < [B( X [)]7 (D)

Combining (C) and (D) gives

lim [B(] X, [)]7 = [E( X )7

n—oo

— lim E(| X, |")=E( X |")

00
(ii) For 1 < s < r, it follows from Lyapunov’s Inequality (Theorem 3.5.4):
E(| Xn = X [))* < [B( X, = X [")]7
= E( X, - X |)) < [B(| Xo = X )]
= lim B( X, - X [*) < lim [B(| X, - X "]* =0 since X, — X
= X, > X

An additional proof is required for 0 < s < r < 1.

12



Definition 6.1.24:
Let {X,,}5°; be a sequence of rv’s on (92, L, P). We say that X,, converges almost surely
toarv X (X, % X) or X,, converges with probability 1 to X (X, wed X) or X,

converges strongly to X iff

P{w: Xp(w) = X(w) as n — oo}) = 1.

Note:

An interesting characterization of convergence with probability 1 and convergence in proba-
bility can be found in Parzen (1960) “Modern Probability Theory and Its Applications” on
page 416 (see Handout). |

Example 6.1.25:
Let © = [0,1] and P a uniform distribution on . Let X, (w) = w + w" and X (w) = w.

For w € [0,1), w™ — 0 as n — 00. So Xp(w) = X(w) VYw € [0,1).
However, for w =1, X,,(1) =2# 1= X(1) Vn, i.e., convergence fails at w = 1.

Anyway, since P({w : X, (w) = X(w) asn — o}) = P({w € [0,1)}) = 1, it is X,, = X.
| ]

Theorem 6.1.26:
X, 5 X — X, 5 X.

Proof:
Choose € > 0 and ¢ > 0. Find ng = ng(e, d) such that

P(ﬁ {]Xn—X]§6}>21—5.

n=ng

[e.e]
Since (| {| Xn— X |<e} C{| Xp— X |<e} Vn>ng,itis

n=ng

P({|Xn—X|§e})2P<ﬁ {|Xn—X|§e}>21—5 Vn > ng.

n=no

Therefore, P({| X, — X |< €}) = 1 as n — co. Thus, X,, = X. |

13



Example 6.1.27:
X, 2 X 4= X, &% X

Let © = (0,1] and P a uniform distribution on €.

Define A,, by
A1 = (0, 3], A2 = (3,1]
Ag = (0,31, 40 = (3,345 = (3,31 45 = (1]
A7 = (0,5, As = (5, 4] --

Let X, (w) = 14, (w).
It is P(] X, —0|>¢€) = 0 Ve > 0 since X,, is 0 except on A, and P(A,) | 0. Thus X,, == 0.
But P{w : X;,(w) — 0}) =0 (and not 1) because any w keeps being in some A,, beyond any

no, i.e., X, (w) looks like 0...010...010...010..., so X,, £3 0.
Note that ng in this proof relates to NV in Parzen (1960), page 416. ]

Example 6.1.28:
X, — X &= X, &5 X:

Let X,, be independent rv’s such that P(X,, =0) =1— < and P(X,, =1) = +.

Itis B(| X, —0|)=E( X, |")=E( X,|)=2%—>0asn— 00,50 X, =0 Vr>0 (and
due to Theorem 6.1.21, also X,, -~ 0).

But

ng 1 m—1 m m—+1 no—2. mg—1 m— 1
PX, =0 V¥m<n<ng) = [T (1-2)= )
(X =0 < <ng) = [ (1-3) = (o) I B () (Pt - 2
ASnO%OO,itiSP(Xn:() Vmgngno)_)o vm,SOXn%O' .

Example 6.1.29:
X, 5 X 4= X, — X:

Let © = [0,1] and P a uniform distribution on €.

Let A, = [0, =]

' Inn

Let X, (w) =nlga, (w) and X (w) = 0.

It holds that Vw > 0 dng : lnlno <w= X,(w) =0 VYn >mnp and Plw = 0) = 0. Thus,
X, £ 0.

But E(| X, —0]") =& — 00 Vr>0,s0 X, /A X. m

Inn

14



6.2 Weak Laws of Large Numbers

Theorem 6.2.1: WLLN: Version I
Let {X;}5°; be a sequence of iid rv’s with mean E(X;) = p and variance Var(X;) = 02 < oo.
n

Let X,, = % ZXi' Then it holds
i=1

lim P(| X, —p|>€)=0 Ve>0,

n—oo
L
ie, X, — u.

Proof:
By Markov’s Inequality (Corollary 3.5.2), it holds for all € > 0:

E(X,—w? Var(X, 2
( M)): ar( ):U——>Oasn—>oo

P(\Yn—ufzﬁ)ﬁ

€2 €2 ne2
|
Note:
For iid rv’s with finite variance, X,, is consistent for pu.
A more general way to derive a “WLLN” follows in the next Definition. [ |

Definition 6.2.2:
n
Let {X;}3°, be a sequence of rv’s. Let T, = »_ X;. We say that {X;} obeys the WLLN

with respect to a sequence of norming constants {B;}°,, B; > 0, B; T oo, if there exists a

sequence of centering constants {A4;}?°, such that

B YT, — A,) 25 0.

Theorem 6.2.3:
Let {X;}5° ! be a sequence of pairwise uncorrelated rv’s w1th E(X;) = Hi and Var(X;) = o?

7

i€ IN. IfZa — 00 as n — 00, wecanchooseAn—Z,uZ andBn—Za and get
i=1 =1 =1

15



Proof:
By Markov’s Inequality (Corollary 3.5.2), it holds for all € > 0:

n n n
— 1
P(|EX¢—E;L¢|>EE 0?) < =1 == — 0asn— o0 ]
i=1 i=1 i=1

O D o

i=1 i=1

Note:
To obtain Theorem 6.2.1, we choose A,, = nu and B, = no?. [ ]

Theorem 6.2.4:
n
Let {X;}22, be a sequence of rv’s. Let X, = %ZXZ A necessary and sufficient condition

i=1
for {X;} to obey the WLLN with respect to B,, = n is that

—2
X

FE =] =0
1+X,

as n — oo.
Proof:
Rohatgi, page 258, Theorem 2, and Rohatgi/Saleh, page 275, Theorem 2. [ |

Example 6.2.5:
Let (X1,...,X,) be jointly Normal with E(X;) = 0, E(X?) = 1 for all i, and Cov(X;, X;) = p
if|i—j|=1and Cov(X;, X;)=0if |i—j|> 1.

n
Let T, = Y X;. Then, T, ~ N(0,n + 2(n — 1)p) = N(0,02). It is
P

i=1
X, 12
E —2 = E 2 2
1+X, n+ T3
2 oo g2 _a? x dzx
= (7'2 = — = —
27m/0 n2+x26 oo ’ 4 o’ dy o
2 o0 023/2 2
= / 2 53¢ 2dy
V2rmJo nc+ocy
2 /°° (n+2n—Vply* 22,
p— 6
VerJo n? 4 (n+2(n—1)p)y? Y
— o 2
< n+2(n2 1)p 2 e dy
n 0 V21

=1, since Var of N(0,1) distribution

16



—0 as n — 0o

Note:
We would like to have a WLLN that just depends on means but does not depend on the

existence of finite variances. To approach this, we consider the following:

n
Let {X;}5°, be a sequence of rv’s. Let T, = ZXi‘ We truncate each | X; | at ¢ > 0 and get
i=1

0, otherwise
n n
Let T¢ = Y X7 and m, = Y _ E(X). ]
i=1 i=1
Lemma 6.2.6:

For T,,, T and m,, as defined in the Note above, it holds:

n
P(| T, —my, |>¢€) < P(] Tﬁ—mn]>e)—|—ZP(\ Xi|>¢) Ye>0

i=1
Proof:
It holds for all € > O:
P(|T,—mp|>€) = P(T,—mp|>cand | X;|<c Vie{l,...,n})+

P(| T,, —my |> € and | X; |> c for at least one i € {1,...,n})

*
=

< P(|T5—=my |>€)+ P(| X; |> c for at least one i € {1,...,n})
n
< P(T5—mn|>e)+> P Xi|>0)
i=1
(%) holds since T}t = T,, when | X; |[< ¢ Vie {l,...,n}. ]

Note:
If the X;’s are identically distributed, then

P(| T, —my|>¢€) < P(| T —my |>¢€) +nP(| X1 |>c¢) Ve>0.
If the X;’s are iid, then

E((X¢ 2
P(| T, —my |>€) < % +nP(| X1 |>¢) Ye>0 (x).
Note that P(| X; |> ¢) = P(] X1 |> ¢) Vi € IN if the X;’s are identically distributed and that
E((X8)?) = B((X$)?) Vi€ IN if the X;’s are iid. u

17



Theorem 6.2.7: Khintchine’s WLLN
Let {X;}5°, be a sequence of iid rv’s with finite mean E(X;) = p. Then it holds:

1
Xn=-T, > p
n

Proof:

If we take ¢ = n and replace € by ne in (%) in the Note above, we get

o B((X}))

ne?
Since E(| X1 |) < oo, it is nP(| X1 |> n) — 0 as n — oo by Theorem 3.1.9. From Corollary
o0
3.1.12 we know that E(| X |*) = a/ 2 'P(] X |> 2)dz. Therefore,
0

T —
= Mn +nP(| X1 [> n).

>e> = P(| T, — my |> ne) <

B(XD)) = 2 [ aP( X} > a)da
A n
_ 2/ 2P X{‘\>x)dx—|—2/ 2P| X7 |> 2)dz
0 A

< K+5/ dx
A
K+nd

IN

In (+), A is chosen sufficiently large such that zP(| XJ" |> z) < g Vx > A for an arbitrary
constant 6 > 0 and K > 0 a constant.

Therefore,
n)\2
B(XP) _ K 6
ne2 ~ nez €2
Since § is arbitrary, we can make the right hand side of this last inequality arbitrarily small
for sufficiently large n.
n

> E(X])

7

m —
Since BE(X;) = p Vi, itis — == 4 jias n — . [ |
n n

Note:

Theorem 6.2.7 meets the previously stated goal of not having a finite variance requirement. m
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6.3 Strong Laws of Large Numbers

Definition 6.3.1:

n

Let {X;}2, be a sequence of rv’s. Let T, = ZXi‘ We say that {X;} obeys the SLLN
i=1

with respect to a sequence of norming constants {B;}°,, B; > 0, B; T oo, if there exists a

sequence of centering constants {4,}>°, such that

B, YT, — A,) “50.

Note:

Unless otherwise specified, we will only use the case that B;, = n in this section. [ |

Theorem 6.3.2:
X, 45 X — lim P(sup | Xy — X |[>¢) =0 Ve > 0.
n—oo

m>n
Proof: (see also Rohatgi, page 249, Theorem 11)
WLOG, we can assume that X = 0 since X,, —5 X implies X,, — X 22 0. Thus, we have to

prove:

X, 250 — lim P(sup | X [>¢) =0 VYe>0

m>n
Choose € > 0 and define
An(e) = {sup [ Xy [> €}
m>n
C = {nh_{glo X, =0}

“:>77:
Since X,, % 0, we know that P(C) = 1 and therefore P(C*) = 0.
Let B,(e) = C N Ap(e). Note that By+1(e) C By(€) and for the limit set ﬂ B,(e) = 0. It

n=1

follows that

n—oo

lim P(By(e)) = P([") Bu(e)) = 0.
We also have "
P(Bn(e)) = P(A4,NC)
= 1-P(C°UAS)
= 1—P(C°% —P(AS) + P(C°n AS)
~—— —_——

=0 =0
= P(An)
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— lim P(A4,(¢)) =0

n—oo

“<:77:
Assume that Jim P(A,(e)) =0 Ve > 0 and define D(e) = {nh_)]rgo | X, |> €}

Since D(e) C A, (e) Vn € IN, it follows that P(D(e)) =0 Ve > 0. Also,
c . > 1
C¢={lim X, #0} C kL_Jl{gggo | X > 2}

—1-P(C) < i P(D(5)) =0

a.s.

= X,, —=0

Note:

(i) X, =% 0 implies that Ve > 0 V5 >0 3Ing € IN : P(sup | X,, |[>€) < 9.

n>ng

(ii) Recall that for a given sequence of events {4, }72,

A==t U 4= () O

n=1k=n

is the event that infinitely many of the A, occur. We write P(A) = P(A,, i.0.) where

i.0. stands for “infinitely often”.

(iii) Using the terminology defined in (ii) above, we can rewrite Theorem 6.3.2 as

X, 250 <= P(| X, |>cio)=0 VYe>0.

20



Theorem 6.3.3: Borel-Cantelli Lemma

Let A be defined as in (ii) of the previous Note.

(i) 1°* BC-Lemma:
o
Let {A,}5°; be a sequence of events such that Z P(A,,) < oco. Then P(A) =0.

n=1
(ii) 2" BC-Lemma:

[e.e]
Let {A,}52, be a sequence of independent events such that Z P(A,) = co. Then

n=1

P(A) =1.

Proof:

(i): o
P(A) = P(lm J A
k=n

n—o0

k=n
< lim ) P(Ag)
k=n
[ee] n—1
= lim (Z P(A) =) P(Ak)>
k=1 k=1
“
(*) holds since Z P(A,) < co.
n=1
(ii): We have A° = U ﬂ Aj.. Therefore,
n=1k=n

P(A) = P( lim ) 4%) = Jim P( ) A%
k

=n k=n

If we choose ng > n, it holds that
0 no
() A% C [ 45
k=n k=n
Therefore,

P(()4%) < lim P(ﬁ AS)
k=n

ng—ro0
k=n

no

indep. .
= nélgloolgl(l — P(Ag))
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no
2 (-5 pia)
= 0
— P(A) =1

(4) holds since

j=n j=n

ng ng ng
1—exp (—Zaj) gl—H(l—aj)gz%- for ng >nand 0 <oy <1
j=n

Example 6.3.4:

Independence is necessary for 2"¢ BC-Lemma:
Let © = (0,1) and P a uniform distribution on €.

Let An = I l)(w). Therefore,

= OQ.

S

ZP(An):Z
n=1 n=1

But for any w € 2, A, occurs only for 1,2,..., L%j, where L%j denotes the largest integer
(“floor”) that is < 1. Therefore, P(A) = P(A,, i.0.) = 0. ]

Lemma 6.3.5: Kolmogorov’s Inequality
Let {X;}2°, be a sequence of independent rv’s with common mean 0 and variances 7. Let
n
T, =Y _ X;. Then it holds:
i=1
n
2.0

P T, |>¢) < =L
(max |Tp |2 €) < =5— Ve>0

Proof:

See Rohatgi, page 268, Lemma 2, and Rohatgi/Saleh, page 284, Lemma 1. [ |

Lemma 6.3.6: Kronecker’s Lemma
o0

For any real numbers x,, if Z T, converges to s < oo and B,, T oo, then it holds:

n=1

1 n
B_ZB’ka‘_)O as n — 00
" k=1
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Proof:
See Rohatgi, page 269, Lemma 3, and Rohatgi/Saleh, page 285, Lemma 2. [ |

Theorem 6.3.7: Cauchy Criterion
X, 2% X <= lim P(sup | Xpngm — Xn |<€) =1 Ve > 0.
n—00 m

Proof:
See Rohatgi, page 270, Theorem 5. [ |

Theorem 6.3.8:
If Z Var(X,) < oo, then Z (X, — E(X,,)) converges almost surely.

n=1

Proof:
See Rohatgi, page 272, Theorem 6, and Rohatgi/Saleh, page 286, Theorem 4. [ |

Corollary 6.3.9:
Let {X;}2, be a sequence of independent rv’s. Let {B;}2,, B; > 0,B; 1 0o, be a sequence
n

of norming constants. Let T,, = Z X;.
i=1

If Z V‘” ) ~ oo, then it holds:
Tn - E(Tn) a.s,
B, — 0
Proof:
This Corollary follows directly from Theorem 6.3.8 and Lemma 6.3.6. [ |

Lemma 6.3.10: Equivalence Lemma

n
Let {X;}2, and {X/}°, be sequences of rv’s. Let T,, = ZX and T = ZXZ’
1=1 i

o0

If the series ZP(XZ- # X]) < oo, then the series {X;} and {X/} are tail-equivalent and
i=1

T, and T, are convergence—equivalent, i.e., for B, 1 oo the sequences B%LT" and BLnTT’l

converge on the same event and to the same limit, except for a null set.

Proof:
See Rohatgi, page 266, Lemma 1. [ |
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Lemma 6.3.11:
Let X be a rv with E(] X |) < oo. Then it holds:

Y P(IX|zn)<E(|X|)<14+ ) P(X|>n)
n=1 n=1
Proof:

Continuous case only:

Let X have a pdf f. Then it holds:

E(l X :/ T )dx = / f(x)dz
(1XD=/) Tlz]fl= }: <qﬂ<k+1 f(z)
= Y kPE<|X|<k+1)<B(X|) <Y (k+ )Pk <| X [<k+1)
k=0 k=0
It is
00 o~ k
kP <X |<k+1) = Y > PE<|IXISk+1)
k=0 k=0n=1
= Y S Ph<|X|<k+1)
n=1k=n
= Y P(IX|=n)
n=1
Similarly,
> (k+DPk<| X [<k+1) = }: |Xﬁ>n+§:Pk<L¥Kk+u
k=0 n=1 k=0
= Z (| X|=n)+1

Theorem 6.3.12:
Let {X;}5°, be a sequence of independent rv’s. Then it holds:

o0
X, 250 <= > P(Xn|>€) <oo Ve>0

n=1

Proof:
See Rohatgi, page 265, Theorem 3.
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Theorem 6.3.13: Kolmogorov’s SLLN

n
Let {X;}°, be a sequence of iid rv’s. Let T}, = Z X;. Then it holds:
i=1

T, —
=X, p<oo < E( X|) < oo (and then p = E(X))
n

Proof:

L£:>77:

Suppose that X, =% 1 < co. It is

n n—1
To=) Xi=) Xi+Xy=To1+ Xy
i=1 1=1
N B G N
n n n—1
~ = =
Eﬂi —1 E}y

By Theorem 6.3.12, we have
o X o
Y P(| =2 ]>1) <oo, ie, > P Xp|>n) < oo
n
n=1 n=1
Since the X; are iid (and, say, have the same distribution as X), we can apply Lemma 6.3.11
for X. Now:

ZP(| X |>n)<oo
n=1

o0
:>1—|—ZP(]X]Zn)<oo

n=1
Lemngﬁi.&ll E(‘ X ’) < 0

Th. 6.2%WLLN) 7 i) E(X)
n

Since X, =% pu, it follows by Theorem 6.1.26 that X, — u. Therefore, it must hold that
u = E(X) by Theorem 6.1.11 (ii).

“<:77:
Let E(| X |) < co. Define truncated rv’s:

XL - {Xk, if | Xi |<k

0, otherwise
n

o= )X
k=1

X, -
_n
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Then it holds:

WE

S PX A XY = P( X0 > )

i
I

IA
[M]8

Pl Xi = k)

B
Il
—

IS
hE

P(| X [> k)

i
I

Lemma 6.3.11
< E(| X )

< 00

By Lemma 6.3.10, it follows that T;, and 7T, are convergence—equivalent. Thus, it is sufficient
</ a.s,

to prove that X, — E(X).

We now establish the conditions needed in Corollary 6.3.9. It is

Var(X,) < B((X})%)

= /Oo foX;l(x)dx

= /_n 2? fx; (z)da

S 22 fx(z)dz

L fx()de

= c/n:chX(x)dacWherec :;andcl>02>...>c
"o T ey = 2 e 2

= CZ/ x(z)dx

<|x|<k+1
n—1
< cp Z(k +1)2 fx(x)dx
- k<|z|<k+1
= anlH—l (k<| X |[<k+1)
< ank—i— Pk<|X|<k+1)

PE<|X|<k+1)

== Z %VQT(X,'Z) < z_: Z

n=1
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— q<§3iﬂk;n2(kqxw<k+1+§jlpo<mxk10

n=1 k=1 n=1

[e. 9]

2 . (i(k+1)2P(k§\X\<k+1) <Z%>+2P(O§\X\< 1)) (A)

n=k

[e.e]
) holds since = 7T— ~ 1.65 < 2 and the first two sums can be rearranged as follows:
6
— n

n k k n
1 1[1,2,3,...
2| 1,2 = 2| 2,3,...
311,2,3 3 3,.
It is
=1 1 1 1
nz::kﬁ AR UES R A
< Ly 1 ! -
-k kk+1) (K+1)(E+2)
- +nzk;r1 n—l)
From Bronstein, page 30, # 7, we know that
1 = 1 + ! + ! +...—|—;—|—...
1-2 2.3 3.4 n(n+1)
1 1 1 1 > 1
- 12ta3tzat +(k—1)k+nzk:+1n(n—1)
> 1 1 1 1 1
zn%;lm I T R P R S R gy
N 1
2 23 3-4 (k—1)-k
ottt 1
3 3-4 (k—1)-k
_ 1
4 7 (k=1)-k

7| =
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=1 1 > 1

n=~k n=k+1
_ o1
k2 ok
2
< _
-k

Using this result in (A), we get

=1 , 2 (k+1)2
Yo SVar(X)) < al2) ———PE<|X|<k+1)+2P0<| X [<1)
n*ln k=1 k

= q <2ka(k <X [<k+1)+4Y Pk <| X |<k+1)
k=0 k=1

21
+2)° TPk <| X [<k+1)+2P0 <] X |< 1))
k=1

(B)
< q(E(|X|)+4+2+72)
< o0

To establish (B), we use an inequality from the Proof of Lemma 6.3.11, i.e.,

0 Proof Lemma 6.3.11

SN kPk<| X |<k+1) < > P(|X|=n) < E( X
k=0 n=1

Thus, the conditions needed in Corollary 6.3.9 are met. With B, = n, it follows that

L, 1 s,
T — ZE(T) &5
~T,— —E(T}) “% 0 (C)

Since E(X,) — E(X) as n — oo, it follows by Kronecker’s Lemma (6.3.6) that 1 E(T}) —
E(X). Thus, when we replace 2 E(T},) by E(X) in (C), we get

1

1
—TT/L%E(X) Lemng.&lo
n

~T, &% B(X)
n

since T,, and 7T}, are convergence—equivalent (as defined in Lemma 6.3.10). |
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6.4 Central Limit Theorems

Let {X,,}>2, be a sequence of rv’s with cdf’s {F,,}52 ;. Suppose that the mgf M, (¢) of X,

exists.

Questions: Does M, (t) converge? Does it converge to a mgf M (¢)? If it does converge, does
it hold that X, 4, X for some rv X?

Example 6.4.1:
Let {X,,}>2; be a sequence of rv’s such that P(X,, = —n) = 1. Then the mgf is M, (t) =
E(eX)=e"™. So

0, t>0
lim M,(t)=< 1, t=0
n—o0

oo, t<0

So M,(t) does not converge to a mgf and F,(z) - F(z) =1 Vz. But F(z) isnot acdf. m

Note:
Due to Example 6.4.1, the existence of mgf’s M, (¢) that converge to something is not enough

to conclude convergence in distribution.

Conversely, suppose that X, has mgf M, (t), X has mgf M(t), and X, %5 X. Does it hold
that
M, (t) — M(t)?

Not necessarily! See Rohatgi, page 277, Example 2, and Rohatgi/Saleh, page 289, Example
2, as a counter example. Thus, convergence in distribution of rv’s that all have mgf’s does

not imply the convergence of mgf’s.

However, we can make the following statement in the next Theorem: [ |

Theorem 6.4.2: Continuity Theorem

Let {X,}52, be a sequence of rv’s with cdf’s {F,}°2, and mgf’s {M,,(¢)}22,. Suppose that
M, (t) exists for | t |< ¢y Vn. If there exists a rv X with cdf ' and mgf M (¢) which exists for
| #]< t1 < to such that lim M, (t) = M(t) Vt € [~t1,t], then F, =5 F, ie., X, X, w
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Example 6.4.3:
Let X, ~ Bin(n,%). Recall (e.g., from Theorem 3.3.12 and related Theorems) that for
X ~ Bin(n,p) the mgf is Mx(t) = (1 — p + pe*)"™. Thus,

et — 1)

n

)" B A a5 o 0.

In (%) we use the fact that lim (1+ E)” = ¢”. Recall that e*¢' =1 is the mgf of a rv X where
n—oo

n
X ~ Poisson(\). Thus, we have established the well-known result that the Binomial distribu-

tion approaches the Poisson distribution, given that n — oo in such away that np =X >0. m

Note:
Recall Theorem 3.3.11: Suppose that {X,,}72, is a sequence of rv’s with characteristic fuctions
{®,(t)}>2,. Suppose that

lim ®,(t) = ®(t) Vte (—h,h) for some h > 0,

n—o0

and ®(t) is the characteristic function of a rv X. Then X, 4 X, |

Theorem 6.4.4: Lindeberg—Lévy Central Limit Theorem
Let {X,,}°°, be a sequence of iid rv’s with E(X;) = y and 0 < Var(X;) = 0% < co. Then it
n

holds for X,, = %Z X; that
i=1

\/ﬁ(yn - :u)

g

4z
where Z ~ N(0,1).

Proof:
Let Z ~ N(0,1). According to Theorem 3.3.12 (v), the characteristic function of Z is
B (t) = exp(— 1),

Let ®(t) be the characteristic function of X;. We now determine the characteristic function
®, () of Y2EnZi),

Vn(: ZXi — 1)
i1

g

®,(t) = E|exp|it

VA wi - p)
_ /_:../_o;exp it——=! ’ dFx(z)
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_ exp(_@)/zexp(ﬁfl JAFy, (21) .. /Zexp(% )dFy. (z,)

- (o) ew-20)

Recall from Theorem 3.3.5 that if the k' moment exists, then ®*)(0) = i* B(X*). In partic-
ular, it holds for the given distribution that ®1(0) = iE(X) = iu and ®®?)(0) = ?F(X?) =

i2(u? + 02) = —(u? + 02). Also recall the definition of a Taylor series in MacLaurin’s form:
ro) 10 5 "0 F00)
f(@) = f0) + e + = 2+ 3 A I RS SR
e.g.,
2 3
flx)=¢€" —1+x+x—+%+

Thus, if we develop a Taylor series for CI)(W) around ¢t = 0, we get:

t t 1 t2 3

1
O(——) = @ — " — "
(\/ﬁo) (0) + Vno (0) + 2 (y/no)? (0) + 6 (v/no)? (0) +
i 1 p?+o? ( t 2)
= 1+t — =t
* Vno 2 no? o (\/ﬁa)
Here we make use of the Landau symbol “o”. In general, if we write u(xz) = o(v(z)) for
U(ﬂﬂ)

x — L, this implies lim
z—L U

faster than u(z). We say that u(zx) is of smaller order than v(x) as x — L. Examples are
1
13

symbols “O” and “o0”.

= 0, i.e., u(z) goes to 0 faster than v(z) or v(x) goes to oo

= 0(Z) and 2? = o(2?) for # — co. See Rohatgi, page 6, for more details on the Landau

Similarly, if we develop a Taylor series for exp(— ”ifa) around t = 0, we get:

ity e 5 12 ( t 2)
B el G I e -
exp( \/ﬁa) fa 2 no 7 1O (\/ﬁa)
Combining these results, we get:

n

in 1 op®+o? < t 2> in 1, p? ( t 2)
D,(t) = 1+t ——t 1 —t — 2 —
®) \(1’)/—'_ noe 2  no? o (\/ﬁa) TA/ no 2 no? ol no)
2) ) (@) (B) ©) (D)
i 1o 2 i 2 1 12N+U ( t 2)
= 1 —t ——t t t — =t
~— \/_O' 2 no? + Vno + no? 2 no? o (\/_U)
e WO o o (3)(4) all others
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) 2

- exp(—;) as n — 0o

Thus, lim ®,,(t) = ®(t) Vt. For a proof of (%), see Rohatgi, page 278, Lemma 1. According
to the Note above, it holds that

\/ﬁ(yn — M)

g

Ny

Definition 6.4.5:
Let X1, X5 be iid non—degenerate rv’s with common cdf F'. Let ai,as > 0. We say that F' is

stable if there exist constants A and B (depending on a; and ag) such that
B~ Y(a1 X1 + as Xy — A) also has cdf F. ]

Note:
When generalizing the previous definition to sequences of rv’s, we have the following examples

for stable distributions:

e X; iid Cauchy. Then %ZXZ ~ Cauchy (here B, =n, A, =0).
=1
o X;iid N(0,1). Then = > Xi~ N(0,1) (here B, = \/n, 4, = 0).
=1
|

Definition 6.4.6:

n

Let {X;}?2, be a sequence of iid rv’s with common cdf F. Let T, = ZXZ" F belongs to
i=1

the domain of attraction of a distribution V if there exist norming and centering constants

{Bn}>2 4, B, >0, and {A,}52 such that

P(B;I(TTL - An) < .’E) = FBgl(Tn—An)(IE) — V(.’E) as n — oo

at all continuity points x of V. [ |

Note:
A very general Theorem from Loeéve states that only stable distributions can have domains
of attraction. From the practical point of view, a wide class of distributions F' belong to the

domain of attraction of the Normal distribution. []

32



Theorem 6.4.7: Lindeberg Central Limit Theorem

Let {X;}32, be a sequence of independent non-— degenerate rv’s with cdf’s {F;}32,. Assume

that E(Xy) = px and Var(Xy) = 07 < 0o. Let s2 = Z Oj.-

If the F}, are absolutely continuous with pdf’s f; = F}, assume that it holds for all € > 0 that

lim — Z/ (x — px) 2 Fl(x)dx = 0.

oo Sy k=1 {lo—pr|>esn}

If the X}, are discrete rv’s with support {xy;} and probabilities {py;}, I = 1,2,..., assume that
it holds for all € > 0 that

(B)  lim 5_2 Z S (ww— )’ pr = 0.

k=1 |zg—pr|>esn

The conditions (A) and (B) are called Lindeberg Condition (LC). If either LC holds, then

n
Z Xy — pr)
k=1

Sn

4,z

where Z ~ N(0,1).
Proof:

Similar to the proof of Theorem 6.4.4, we can use characteristic functions again. An alterna-

tive proof is given in Rohatgi, pages 282-288. [ |
Note:
Feller shows that the LC is a necessary condition if 2 -+ — 0 and 52 — 00 as n — 0o. [ |

n

Corollary 6.4.8:

n
Let {X;}2; be a sequence of iid rv’s such that ﬁ ZXi has the same distribution for all n.

i=1
If B(X;) =0 and Var(X;) =1, then X; ~ N(0,1).
Proof:
Let F be the common cdf of ﬁ Z X, for all n (including n = 1). By the CLT,

i=1

lim P(% iXi <z)=d(z),

n—o0

where ®(x) denotes P(Z < z) for Z ~ N(0,1). Also, P(ﬁ ZXi < z) = F(x) for each n.

(2
Therefore, we must have F(z) = ®(x). ]

33



Note:

In general, if X1, Xo,..., are independent rv’s such that there exists a constant A with
P(] X,, |< A) =1 Vn, then the LC is satisfied if s2 — 0o as n — oo. Why??

Suppose that s2 — oo as n — oo. Since the | X}, |’s are uniformly bounded (by A), so are the
rv's (X — E(X%)). Thus, for every € > 0 there exists an N, such that if n > N, then

P(| X — E(Xg) |< €Sn, k=1,...,n)=1

This implies that the LC holds since we would integrate (or sum) over the empty set, i.e., the
set {| & — p |> esp} = 0.

The converse also holds. For a sequence of uniformly bounded independent rv’s, a necessary

and sufficient condition for the CLT to hold is that s2 — 0o as n — oo. [

Example 6.4.9:
Let {X;}3°, be a sequence of independent rv’s such that E(X};) = 0, ag = E(| X, [*T9) < 00
n
for some § > 0, and Z o = o(s3+9),
k=1
Does the LC hold? It is:

s% Z/{ 22 fi.(x)dzx L

2
n p—1 /{lz[>esn} Sh =1

IN®

IN

@> 0 asn— o0

n
> 1. (B) holds since Z o = o(s210).
k=1
Thus, the LC is satisfied and the CLT holds. [ |

(A) holds since for | z > esy, it is 53
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Note:

(i)

(iii)

(iv)

In general, if there exists a § > 0 such that

n
STE(| Xk — e [F0)
=1

573 — 0 as n — oo,
Sn

then the LC holds.

Both the CLT and the WLLN hold for a large class of sequences of rv’s {X;}I~,. If
the {X;}’s are independent uniformly bounded rv’s, i.e., if P(| X,, |[< M) =1 Vn, the
WLLN (as formulated in Theorem 6.2.3) holds. The CLT holds provided that s2 — oo

as n — oQ.

If the rv’s {X;} are iid, then the CLT is a stronger result than the WLLN since the CLT
n

provides an estimate of the probability P(L | Y " X; —nu [> €) ~1— P(| Z |< E\/ﬁ),
; o
=1

where Z ~ N(0,1), and the WLLN follows. However, note that the CLT requires the

existence of a 2" moment while the WLLN does not.

If the {X;} are independent (but not identically distributed) rv’s, the CLT may apply
while the WLLN does not.

See Rohatgi, pages 289-293, and Rohatgi/Saleh, pages 299-303, for additional details
and examples.
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7 Sample Moments

7.1 Random Sampling

(Based on Casella/Berger, Section 5.1 & 5.2)

Definition 7.1.1:
Let Xi,...,X, beiid rv’s with common cdf F. We say that {X1,...,X,} is a (random)

sample of size n from the population distribution F'. The vector of values {z1,...,x,} is

called a realization of the sample. A rv g(Xy,...,X,) which is a Borel-measurable function
of X1, ..., X, and does not depend on any unknown parameter is called a (sample) statistic.
|

Definition 7.1.2:

Let X1,...,X,, be a sample of size n from a population with distribution F. Then
— 12
X==> X,
iz

1 & — 1 " —2
2 2 _ 2
S? = n_lz(XZ—X) = — <ZX —nX )
i=1 1=1
is called the sample variance. [ |
Definition 7.1.3:
Let X1,...,X,, be a sample of size n from a population with distribution F'. The function
A 1 &
Fo(@) = =3 T—soa)(X:)
i=1
is called empirical cumulative distribution function (empirical cdf). ]
Note:
For any fixed = € R, F,,(x) is a rv. [ ]

Theorem 7.1.4:
The rv F,(z) has pmf

P(Faa)=2) = (“) (F@) (1= F@)", je{01,....n},



with E(F,(z)) = F(z) and Var(F,(z)) = Z@0F@)

n

Proof:
It is J(_oo41(Xi) ~ Bin(1, F(z)). Then nF,(z) ~ Bin(n, F(z)).

The results follow immediately. ]

Corollary 7.1.5:
By the WLLN, it follows that

F,(z) 25 F(x).

|

Corollary 7.1.6:

By the CLT, it follows that R

F, F
VilByw) = Fla) a, ,
VF(x)(1 - F(x))

where Z ~ N(0,1). |

Theorem 7.1.7: Glivenko—Cantelli Theorem

E,(z) converges uniformly to F(z), i.e., it holds for all € > 0 that

lim P( su Ey(z) — F(z) |>¢€) = 0.
Jim P(_sup | Fafa) ~ F(2) [> o

|

Definition 7.1.8:

Let X1,..., X, be a sample of size n from a population with distribution F'. We call

1 n
=_ Z XPF
i
the sample moment of order k£ and
1 & 1L
by = — X; — =—
k n ;( i al n ;

the sample central moment of order k. [ |

Note:

It is by = 0 and by = =152, m
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Theorem 7.1.9:
Let Xi,...,X, be a sample of size n from a population with distribution F. Assume that
E(X) =, Var(X) = 0%, and E((X — p)*) = pg exist. Then it holds:

(i) E(a) = B(X) = p

2

(i) Var(a1) = Var(X) = %

(iii) E(bg) = =102

2 2 2
. o4 — 2(pa—2p3) a—3pu
(iv) Var(by) = =52 — == 4 =32

(v) E(S?) = o?

(vi) Var(s?) =t — =53

Proof:
(i)
B(X) =~ 3 B(X) = “u=p
i=1
(ii) . 2 n o2
Var(X) = (%) > Var(X;) = -

E(b) = E (% f:(xi — 7)2>

© p(x2) - %(nE()@) +n(n—1)2)

n—1

—(B(X?) = )
_ n- 102

(*) holds since X; and X; are independent and then, due to Theorem 4.5.3, it holds

See Casella/Berger, page 214, and Rohatgi, page 303-306, for the proof of parts (iv) through

(vi) and results regarding the 3" and 4" moments and covariances. [ |
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7.2 Sample Moments and the Normal Distribution

(Based on Casella/Berger, Section 5.3)

Theorem 7.2.1:

Let Xi,...,X, be iid N(u,0?) rv’s. Then X = %i){i and (X; — X,...,X,, — X) are
independent. =

Proof:
By computing the joint mgf of (X, X; — X, Xy — X,..., X,, — X), we can use Theorem 4.6.3

(iv) to show independence. We will use the following two facts:
(1):

Mg(t) = M (

[ES
—-
=
0

(A) holds by Theorem 4.6.4 (i). (B) follows from Theorem 3.3.12 (vi) since the X;’s are iid.

(2):
Def.4.6.1 [ ~
€J.4.0. -
MXl—Y,Xg—Y,...,Xn—Y(tl’ tQ, v ,tn) = FE exXp <Z tz(Xz — X)>‘|

i=

[y

~ & 'exp (z X - ztﬂ

=1

n

N
= F |exp (Z Xi(t; )] where t = - Zti
i=1

= E_ﬁexp( (ti — 1)) ]

Li=1



o (5 3000 17)

(C) follows from Theorem 4.5.3 since the X;’s are independent. (D) holds since we evaluate
Mx (h) = exp(uh + #) for h =t; —t.

From (1) and (2), it follows:

Def.4.6.1 - - -
My x5yt tn) D2 B [exp(tX + 61(X0 = X) + .+ (X — X))
- B {exp(tYthle X 4 X, — tRY)}
B n n _
= E |exp <Z Xiti — () _ti — t)X)]
L =1 =1
r n
. 4.+t =)D X,
= E exXp Zthz — i=1
i=1 n
[ " 4. Ft,—t
= FE exp <Z Xz(tz - ! - L ))]
L i=1 n
[ ti—nt—+t o1
= E Hexp <sz> , Wwheret=— Zti
Li—1 n [t
n X;[t ti—1
(B) HE[@(p( ilt + n(t; )])]
4 n
=1
L t t;—1
= H MXi < i n( - )>
=1 n
(F) ﬁ ult +n(t; — 1)) N 0?1 it 4 n(t; — D)
= ex —_— _—— n ; —
bl P n 2 n? !
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2 n

n
— o2 —
—  exp % ntny (1) | + 55> (t+n(t ~ D)
=1 =1
————
=0

2 n n
_ g 2 ) 4n2 72
= exp(ut)exp 53 | ™ +2nt;(tz—t)+n ;(tl )
———
=0

o? o2 _
= exp <,ut + %ﬂ) exp <? (t; — t)2>
i=1

WED MeMy, %y x(t o t)

Thus, X and (X; — X,..., X, — X) are independent by Theorem 4.6.3 (iv). (E) follows
from Theorem 4.5.3 since the X;’s are independent. (F') holds since we evaluate My (h) =
exp(ph + #) for h = 7”"(1?%). |
Corollary 7.2.2:

X and S? are independent.

Proof:
This can be seen since S? is a function of the vector (X; — X,..., X, — X), and (X1 —
X,..., X, — X) is independent of X, as previously shown in Theorem 7.2.1. We can use

Theorem 4.2.7 to formally complete this proof. [ |

Corollary 7.2.3:

(n—1)8? 2
T2 T Xn-r

Proof:

Recall the following facts:
o If Z~ N(0,1) then Z2 ~ x3.

n
o IfYy,...,Y, ~ iid x3, then Y _Y; ~ x2.
=1

e For x2, the mgf is M(t) = (1 — Qt)fn/2'

o If X; ~ N(u,0?), then X4 ~ N(0,1) and (X’U;Q“)Q ~ X3

"X - p)? < _
Therefore, » % ~x2 and & wE g Xt X2 (%)
=17



Now consider

Therefore,

s K n®

w
We have an expression of the form: W =U +V

Since U and V are functions of X and S?, we know by Corollary 7.2.2 that they are independent

and also that their mgf’s factor by Theorem 4.6.3 (iv). Now we can write:

Mw(t) = Muy(t)My(t)
e My(t) = %V;((f))

(0 (1—2t)"/
(1 —2t)—1/2

(1—2t)~ (=172

Note that this is the mgf of x2_; by the uniqueness of mgf’s. Thus, V = (”_0712)52 ~x2_ ;. =

Corollary 7.2.4:

Proof:

Recall the following facts:

e If Z~ N(0,1), Y ~x2 and Z,Y independent, then —Z_ ~ t,,.

\/g

o 7| = @ ~ N(0,1), Y,_1= (";712)52 ~ X%fl, and Z1,Y,,_1 are independent.

Therefore,
— (X—p) (X—p)
VX —p) _ofn ol 4, .
S S/v/n 2(p— Yn_1 neL
e =
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Corollary 7.2.5:

Let (X1,...,X;) ~iid N(u1,0%) and (Y1,...,Y,) ~iid N(us,03). Let X;,Y; be independent
Vi, 5.

Then it holds:

Y—?—(ul—ug) ) m-4+n—2
VI =183/ + [(n — 1)83/03] | o/m + o3/

In particular, if o1 = o9, then:

~ tm+n72

X -V — (1 — po) ¢mMm+n—m
. ~ tm+n72
S3

\(m—1)8F+(n—1) m+n

Proof:

Homework. []

Corollary 7.2.6:

Let (X1,...,X;) ~iid N(u1,0%) and (Ya,...,Y,) ~ iid N(us,03). Let X;,Y; be independent
Vi, j.

Then it holds:

2/ .2
Si/o1 ~F
S%/O'% m—1n—1

In particular, if o1 = o9, then:

St
S_% ~ Fm—l,n—l
Proof:
Recall that, if Y1 ~ x2, and Y3 ~ x2, then
Y1 /m
F= ~ Fon.
Y2/’]’L m,n

—1)s? —1)82
(m 2) 1 NX%@—I and 02 — (n 02) 2 NX%

7 2

Now, C1 = _1. Therefore,

Y, o (Mm-S
Sit/oi  oZm-1)  Ci/(m—1)

~

S2/03 (’321)55 T Cy/n—1)  mbeh
O’2 n—

If 01 = 09, then
St
S3

~ L'm—1n-1-
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8 The Theory of Point Estimation

(Based on Casella/Berger, Chapters 6 & 7)

8.1 The Problem of Point Estimation

Let X be a rv defined on a probability space (£, L, P). Suppose that the cdf F' of X depends
on some set of parameters and that the functional form of F' is known except for a finite

number of these parameters.

Definition 8.1.1:
The set of admissible values of 0 is called the parameter space O. If Fy is the cdf of X

when 0 is the parameter, the set {Fy : 6 € O} is the family of cdf’s. Likewise, we speak of
the family of pdf’s if X is continuous, and the family of pmf’s if X is discrete. [ |

Example 8.1.2:
X ~ Bin(n,p), p unknown. Then # =pand © ={p:0<p < 1}.

X ~ N(u,0?), (u,0%) unknown. Then 6 = (1, 0?) and © = {(u,0?) : —00 < pp < 00,02 > 0}.
| |

Definition 8.1.3:
Let X be a sample from Fy, § € © C IR. Let a statistic 7'(X) map IR" to ©. We call T'(X)

an estimator of § and T'(z) for a realization z of X an (point) estimate of 6. In practice,

the term estimate is used for both. [ ]

Example 8.1.4:
Let X1,...,X, beiid Bin(1,p), p unknown. Estimates of p include:
_ 1 X1+ X
Ti(X) =X, To(X) = X1, T(X) = 5. Tu(X) = =

Obviously, not all estimates are equally good. [ |
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8.2 Properties of Estimates

Definition 8.2.1:
Let {X;}5°, be a sequence of iid rv’s with cdf Fy, 6 € ©. A sequence of point estimates
To(X1,...,X,) =T, is called

e (weakly) consistent for 6 if T, %=+ 0 as n — oo V0 € ©
e strongly consistent for 6 if 7, =% 0 as n — oo V0 € ©

e consistent in the r* mean for 0 if T, — 0 as n — oo V0 € ©

Example 8.2.2:

n

Let {X;}2; be a sequence of iid Bin(1,p) rv’s. Let X, = %ZXZ Since E(X;) = p, it
i=1

follows by the WLLN that X,, Ly p e, consistency, and by the SLLN that X,, =% p, i.e,

strong consistency.

However, a consistent estimate may not be unique. We may even have infinite many consistent

estimates, e.g.,
n
> Xita
i=1

T—Fb i)p Vﬁnitea,bGR.

Theorem 8.2.3:
If T,, is a sequence of estimates such that E(T,,) — 6 and Var(T,) — 0 as n — oo, then T}, is

consistent for 6.

Proof:

P(T—0p>e € ZIZ0)

E[(Tn — E(Tn)) + (E(Ty) — 0))°]
2

Var(T,) + 2E(Tn — E(T,))(E(T,) — 0)] + (E(T,) — 6)*
€2

Var(T,) + (E(T,) — 0)?
€2

—5 0 asn— o
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(A) holds due to Corollary 3.5.2 (Markov’s Inequality). (B) holds since Var(T,) — 0 as
n — oo and E(T,) — 6 as n — oo. |

Definition 8.2.4:

Let G be a group of Borel-measurable functions of IR" onto itself which is closed under com-

position and inverse. A family of distributions {Fy : 6 € ©} is invariant under G if for
each g € G and for all § € O, there exists a unique §' = g(6) such that the distribution of

g(X) is Py whenever the distribution of X is Py. We call g the induced function on 6 since
Py(g(X) € A) = Py)(X € A). i

Example 8.2.5:
Let (X1,...,X,) be iid N(u,o?) with pdf

1 1 & )
flzy,... mn) = Wexp <_ﬁ2($i — ) ) :
=1
The group of linear transformations G has elements
g(z1,...,xy) = (ax1 + b,...,azy +b), a>0, —oc0<b< 0.

The pdf of g(X) is

/ (xlv"'vxn):me}q) <—Wz:1(fci —a,u—b)2>, z; =ax; +b,i=1,...,n.
1=

So{f : —0o < u< oo, 2> 0} is invariant under this group G, with g(u, 0?) = (au+b,a’0?),
where —oco < ap + b < 0o and a?0? > 0. [

Definition 8.2.6:

Let G be a group of transformations that leaves {Fp : 6 € ©} invariant. An estimate T is

invariant under G if

T(9(X1),. ... 9(Xn)) = T(X1,...,X,) Yg€G.
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Definition 8.2.7:

An estimate T is:

e location invariant if 7'(X; +a,..., X, +a) =T(X1,...,X,), a€ R
e scale invariant if T'(cXy,...,cX,) =T(X1,...,X,), c€ R— {0}

e permutation invariant if 7'(X;,,..., X;,) = T(X1,...,X,) Vpermutations (iy,...,,)

of1,....,n

|
Example 8.2.8:
Let Fy ~ N(u,0?).
S? is location invariant.
X and S? are both permutation invariant.
Neither X nor S? is scale invariant. [ |

Note:

Different sources make different use of the term invariant. Mood, Graybill & Boes (1974)
for example define location invariant as T(X1 + a,..., X, +a) = T(X1,...,X,) + a (page
332) and scale invariant as T'(cX1,...,cX,) = I'(X1,...,Xy) (page 336). According to their

definition, X is location invariant and scale invariant. [ |
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8.3 Sufficient Statistics

(Based on Casella/Berger, Section 6.2)

Definition 8.3.1:

Let X = (X1,...,X,) be a sample from {Fy, : 6 € © C R*}. A statistic T = T(X) is
sufficient for 6 (or for the family of distributions {Fy : 6 € ©}) iff the conditional dis-
tribution of X given 7' = ¢ does not depend on 6 (except possibly on a null set A where
Py(T € A) =0 V0). |

Note:

(i) The sample X is always sufficient but this is not particularly interesting and usually is

excluded from further considerations.

(ii) Idea: Once we have “reduced” from X to T'(X), we have captured all the information
in X about 6.

(iii) Usually, there are several sufficient statistics for a given family of distributions.

Example 8.3.2:
Let X = (X1,...,X,) beiid Bin(1,p) rv’s. To estimate p, can we ignore the order and simply

count the number of “successes”?

n
Let T(X) => X;. It is
=1

P(Xlz.’El,...,Xn:xn,T:t)
P(T =t)

n
PXi=a1,.. Xpn=a,| > Xi=1) =
=1

PXy=x1,..., Xy = x5) - -
_ P(T =1 : ;xl—t

0, otherwise

pt(l _p)n—t , zn:xz =1
i=1

0, otherwise
1 n
7 Yom=t
— =1
t
0, otherwise
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n
This does not depend on p. Thus, T' = Z X is sufficient for p.
i=1

Example 8.3.3:

n
Let X = (X4,...,X,) beiid Poisson()). Is T' = ZXi sufficient for \? It is
i=1

P(Xlz.’El,...,Xn:xn,T:t)

P(Xlle,,Xn:xn’T:t) =

P(T =1)
ﬁ 67)\)\9:1'
. x;! n
i=1 L
e
= efn)\(n)\)t ’ Zz::lxl
t!
0, otherwise
e—n)\)\z T
n
=t
= e—nA(nA)t ’ 12::1 Li
t!
0, otherwise

— L Y=t
= ntH{L‘Z‘! =1
=1

0, otherwise

n
This does not depend on A. Thus, T = ZXi is sufficient for A.
i=1

Example 8.3.4:
Let X7, X9 be iid Poisson()). Is T' = X7 + 2X, sufficient for A7 It is

P(Xl =0,X9=1,X1 +2X3 = 2)
P(Xl +2X9 = 2)
P(X;=0,X, = 1)
P(X; +2X, = 2)
P(X;=0,X5 = 1)
P(Xl =0,X9 = 1)—|—P(X1 =2, X5 :0)
e Me M)
e Me A\ + (67;>\2)€_>‘
1
1+ 3

P(X1=0,Xo=1| X, +2X,=2)

i
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i.e., this is a counter—example. This expression still depends on A. Thus, T'= X; + 2X5 is

not sufficient for . ]

Note:
Definition 8.3.1 can be difficult to check. In addition, it requires a candidate statistic. We
need something constructive that helps in finding sufficient statistics without having to check

Definition 8.3.1. The next Theorem helps in finding such statistics. [ |

Theorem 8.3.5: Factorization Criterion
Let Xi,...,X, be rv’s with pdf (or pmf) f(x1,...,z, | 6), 6 € ©. Then T'(Xy,...,X,) is

sufficient for 6 iff we can write

flxy,...,xn | 0) = h(z1, ... xn) g(T(21,...,2,) | 6),

where h does not depend on 6 and g does not depend on x4, ..., z, except as a function of 7'

Proof:

Discrete case only.

“:77:
Suppose T'(X) is sufficient for . Let
g(t10) = P(T(X)=1)
hMz) = PX =z | T(X)=1)

Then it holds:

flz | 0) = h(X=z)

= g(t|0)h(z)
(*) holds since X = z implies that T'(X) = T'(z) = t.

L£<:77 .
Suppose the factorization holds. For fixed tg, it is

Py(T(X) =ty) = > P(X=12)



= Y. ha)y(T(2)]6)
{z : T(z)=to}
= gt|0) > hi) (4)
{z : T(z)=to}
If Py(T(X) = top) > 0, it holds:
_ _ _ P(X=2,T(X)=1t)
Py(X = z) : _
_ PQ(T(X) — to)’ if T(i) =t
0, otherwise
g(to [ 0)h(z) . if T(x) =t
@ ) 9(to]0) h(z) -
{z : T(z)=to}
0, otherwise
h(z) .
, ifT(x)=t
_ > hl) 1) =t
N {z : T(x)=to}
0, otherwise

This last expression does not depend on 6. Thus, T'(X) is sufficient for 6.

Note:

(i) In the Theorem above, § and T may be vectors.

(ii) If T is sufficient for #, then also any 1-to—1 mapping of 7" is sufficient for §. However,

this does not hold for arbitrary functions of T

Example 8.3.6:
Let X1,...,X, beiid Bin(1,p). It is

P(Xy=z1,....,X, =z, | D) :pzxi(l

—p)n L,

Thus, h(z1,...,2,) =1 and g(X a5 | p) = p2=i(1 — p)"~ 2%,

n
Hence, T' = Z X is sufficient for p.
i=1
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Example 8.3.7:
Let X1,...,X, beiid Poisson(\). It is
N o= ANT e—nA)\E T

PXi=z1,..., Xpn=an | \) = =

Thus, h(z1,...,2,) = ﬁ and g(>-x; | \) = eI T,

n
Hence, T = Z X is sufficient for A. [ |
i=1

Example 8.3.8:
Let X1,..., X, beiid N(u,0?) where p € IR and o2 > 0 are both unknown. It is

1 i — )2 1 2 ; 2
f(xla---axn’MaUQ):meXp (-E(x ) )—( )neXp (_Ea; +MZ2$ —w>

202 2mo 20 o

n n
Hence, T = (> X;, ZX?) is sufficient for (u,o?). |
=1 =1

Example 8.3.9:
Let Xy,..., X, beiid U(6,0 + 1) where —oco < 0 < co. It is

1, 0<z;<0+1 Vie{l,...;n
f(xl,...,:rn\ﬁ) = . { }
0, otherwise
= [ Z0.00)(@i) I—co041)(xi)
i=1
= 1(9,00)(min(z;)) {00 41)(max(x;))
Hence, T' = (X (1), X(»,)) is sufficient for 6. ]

Definition 8.3.10:
Let {fp(x) : 6 € O} be a family of pdf’s (or pmf’s). We say the family is complete if

Eo(g(X)) =0 Vo e O

implies that
Py(g(X)=0)=1 VoecO.

We say a statistic 7'(X) is complete if the family of distributions of 7" is complete. [ ]
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Example 8.3.11:

n

Let X1,...,X, beiid Bin(1,p). We have seen in Example 8.3.6 that T = ZXZ' is sufficient
i=1

for p. Is it also complete?

We know that T ~ Bin(n,p). Thus,

n

Ey(g(T)) =Y _g(t) <T;)pt(1 —p)"'=0 VYpe(0,1)

t=0

implies that

(=2 > 00t (?) (72,)' =0 ¥pe (0.1) Ve

=0
However, t:ZO g(t) (?) (f%p)t is a polynomial in £ which is only equal to 0 for all p € (0,1)

if all of its coefficients are 0.

Therefore, g(t) =0 for t =0,1,...,n. Hence, T is complete. [ ]

Example 8.3.12:

Let Xi,...,X, be iid N(0,6%). We know from Example 8.3.8 that 7' = (D X;,> X7) is

i=1 i=1
sufficient for 6. Is it also complete?
n
We know that »  X; ~ N(nf,n6%). Therefore,
i=1
n
32y 2 .292 _ 2
E((ZXZ) ) = nfS+n’0=n(n+1)0
=1 Var E2
n
EQ_X?) = n(0*+6%) =2n0°
i—1 ——
n(Var+E?2)
It follows that . .
E (2(2 X)?—(n+1) ZXZ?) =0 V.
i=1 i=1
n
But g(z1,...,z,) = 2(2 z)? — (n+1) fo is not identically to 0.
i=1 i=1
Therefore, T' is not complete. [ |

Note:
Recall from Section 5.2 what it means if we say the family of distributions {fy : 6 € ©} is a

one-parameter (or k—parameter) exponential family. [
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Theorem 8.3.13:

Let {fs : 0 € ©} be a k-parameter exponential family. Let 71,..., Ty be statistics. Then the
family of distributions of (77(X),...,Tk(X)) is also a k—parameter exponential family given
by

9(t) —eXp<Zth ()+5*()>

for suitable S*(t).
Proof:

The proof follows from our Theorems regarding the transformation of rv’s. |

Theorem 8.3.14:

Let {fy : 6 € O} be a k—parameter exponential family with £ < n and let T1,...,T} be
statistics as in Theorem 8.3.13. Suppose that the range of Q = (Q1, ..., Q) contains an open
set in IR*. Then T = (Ty(X),...,Tk(X)) is a complete sufficient statistic.

Proof:

Discrete case and k = 1 only.

Write Q(0) = 6 and let (a,b) C ©.
It follows from the Factorization Criterion (Theorem 8.3.5) that 7' is sufficient for 6. Thus,

we only have to show that T is complete, i.e., that

Ey(9(T(X)) = Y gt)Py(T(X)=t)
4 Zg Yexp(6t + D(0) + S*(t)) =0 V0 (B)

implies g(t) =0 Vt. Note that in (A) we make use of a result established in Theorem 8.3.13.

We now define functions g™ and g~ as:

{ g(t), if g(t) >0

0, otherwise

_ —g(t), ifg(t) <0
(1) = 9(t), it () -
0, otherwise

It is g(t) = gt (t) — g~ (t) where both functions, g* and ¢g~, are non—negative functions. Using
* and ¢, it turns out that (B) is equivalent to

Zg )exp(6t + S™(¢ Zg Jexp(0t + S*(t)) V8 (C)
where the term exp(D(6)) in (A) drops out as a constant on both sides.
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If we fix 0y € (a,b) and define

g™ (t) exp(fot + S*(t)) p () = =L (t) eXp(90t+S*( )
Zg+ ) exp (6ot + S*(t)) Z t) exp(fot + S*(t))’

t t

pr(t) =

it is obvious that p™(¢) > 0 Vt and p~(¢t) > 0 Vt and by construction Zp*(t) =1 and
¢
Zp* (t) = 1. Hence, p™ and p~ are both pmf’s.

From (C), it follows for the mgf’s M and M~ of pT and p~ that
M+(5) — Zeét +
Ze& *(t) exp(fot + S*(t))

Zg ) exp(Oot + S*(t))

Zg Yexp((6p + 0)t + S*(t))

Zg ) exp(fot + S*(t))

Y9~ () exp((fo + )t + S*(1))

Zg‘( ) exp(bot + S*(t))

Z e g™ (t) exp (Aot 4+ S*(t))
Zg (t) exp(Oot + S*(t))
= > ()

= M™(8) Y5 € (a—00,b—0p).

<0 >0

By the uniqueness of mgf’s it follows that p™(¢) = p~(¢t) Vt.
= gt (t) =g (t) Vt
= g(t) =0 Vt

=— T is complete [ |
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Definition 8.3.15:

Let X = (X1,...,X,) be asample from {Fy : § € © C R*} and let T = T'(X) be a sufficient
statistic for §. T = T'(X) is called a minimal sufficient statistic for @ if, for any other
sufficient statistic 7" = T"(X), T'(z) is a function of T"(x). |

Note:

(i) A minimal sufficient statistic achieves the greatest possible data reduction for a sufficient

statistic.

(ii) If T is minimal sufficient for 0, then also any 1-to—1 mapping of 7" is minimal sufficient

for #. However, this does not hold for arbitrary functions of T'.

Definition 8.3.16:
Let X = (X1,...,X,) be a sample from {Fy : 6§ € © C IR¥}. A statistic T = T'(X) is called

ancillary if its distribution does not depend on the parameter 6. [ |

Example 8.3.17:
Let X1,...,X, be iid U(#,0 + 1) where —co < 6 < oo. As shown in Example 8.3.9,
T = (X(1), X(n)) is sufficient for ¢. Define

Use the result from Stat 6710, Homework Assignment 5, Question (viii) (a) to obtain
fRu(r 10) = fr,(r) = n(n — 1)r" (1 = r)I(g1)(r)-

This means that R,, ~ Beta(n — 1,2). Moreover, R,, does not depend on 6 and, therefore,

R, is ancillary. n

Theorem 8.3.18: Basu’s Theorem
Let X = (X1,...,X,) be a sample from {Fy : § € © C IRF}. If T = T(X) is a complete and

minimal sufficient statistic, then T is independent of any ancillary statistic. [ |

Theorem 8.3.19:

Let X = (X1,...,X,) be asample from {Fy : 6 € © C IRF}. If any minimal sufficient statis-

tic T = T(X) exists for 0, then any complete statistic is also a minimal sufficient statistic.
|
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Note:

(i)

(i)

(iif)

(iv)

Due to the last Theorem, Basu’s Theorem often only is stated in terms of a complete

sufficient statistic (which automatically is also a minimal sufficient statistic).

As already shown in Corollary 7.2.2, X and S? are independent when sampling from a
N(u,0?) population. As outlined in Casella/Berger, page 289, we could also use Basu’s

Theorem to obtain the same result.

The converse of Basu’s Theorem is false, i.e., if T'(X) is independent of any ancillary
statistic, it does not necessarily follow that 7'(X) is a complete, minimal sufficient statis-

tic.

n n

As seen in Examples 8.3.8 and 8.3.12, T' = (Z Xi, ZX?) is sufficient for 6 but it is not
i=1 =1

complete when X1, ..., X, are iid N(6,62). However, it can be shown that T is minimal

sufficient. So, there may be distributions where a minimal sufficient statistic exists but

a complete statistic does not exist.

As with invariance, there exist several different definitions of ancillarity within the lit-

erature — the one defined in this chapter being the most commonly used.
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8.4 Unbiased Estimation

(Based on Casella/Berger, Section 7.3)

Definition 8.4.1:

Let {Fy : 0 € ©}, © C IR, be a nonempty set of cdf’s. A Borel-measurable function 7" from
IR™ to © is called unbiased for § (or an unbiased estimate for 6) if

Eo(T) =6 Y6 € 0.

Any function d(6) for which an unbiased estimate 1" exists is called an estimable function.
If T is biased,
b(0,T) = Eg(T) — 0

is called the bias of T'. []

Example 8.4.2:
If the k' population moment exists, the k' sample moment is an unbiased estimate. If

Var(X) = o2, the sample variance S? is an unbiased estimate of o2.

However, note that for X1,..., X, iid N(u,0?), S is not an unbiased estimate of o:
—1)8? -1
0= D5 2 = Gamma(" L 2)
o
_1 2 00 n—1 1 —z
. F (n 2)5 _ / xn21 e’?
g o VTR
V2I(3) e x2le2
= n—1 / 0 dx
I(*57) Jo 22T(3)
¢ V2(5)
L")
R
= E(S) = — 2
(5) =1
n_q _=
(¥) holds since £2 (en )2 is the pdf of a Gamma(3,2) distribution and thus the integral is 1.
221 (=
2

So S is biased for o and

b(J,S)—U( nilfr(‘%)_l)'
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Note:
If T is unbiased for 6, g(T') is not necessarily unbiased for g(#) (unless g is a linear function).
|

Example 8.4.3:
Unbiased estimates may not exist (see Rohatgi, page 351, Example 2) or they me be absurd

as in the following case:

Let X ~ Poisson(\) and let d(\) = e=2*. Consider T(X) = (—1)X as an estimate. It is

o0

B(T(X) = Y (-1
z=0 :

s
=0

= e e

= o2

= d())

Hence T is unbiased for d(\) but since T" alternates between -1 and 1 while d(\) > 0, T is not

a good estimate. [ |

Note:
If there exist 2 unbiased estimates T and 75 of 6, then any estimate of the form o771+ (1—a)T5

for 0 < a < 1 will also be an unbiased estimate of #. Which one should we choose? []

Definition 8.4.4:

The mean square error of an estimate 1" of 0 is defined as

MSE(@0,T) = E4((T - 0)?)

= Vare(T) + (b(0,T))>.
Let {T;}2, be a sequence of estimates of 6. If
lim MSE(6,T;) =0 V0 € O,
1—00

then {T;} is called a mean—squared—error consistent (M\SE—consistent) sequence of es-
timates of 6. [ ]
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Note:

(i) If we allow all estimates and compare their MSE, generally it will depend on 6 which

estimate is better. For example 6 =17 is perfect if § = 17, but it is lousy otherwise.
(ii) If we restrict ourselves to the class of unbiased estimates, then M SE(0,T) = Vary(T).

(iii) MSE—consistency means that both the bias and the variance of T; approach 0 as i — co.

Definition 8.4.5:

Let 6y € © and let U(f) be the class of all unbiased estimates T of 6 such that Ey,(T?) < oo.
Then Ty € U(fp) is called a locally minimum variance unbiased estimate (LM VUE)
at (90 if

Egy(To — 60)%) < Eg, (T — 60)*) VT € U(by).

Definition 8.4.6:
Let U be the class of all unbiased estimates T of § € © such that Ey(T?) < co V0 € ©. Then

Ty € U is called a uniformly minimum variance unbiased estimate (UMVUE) of 0 if

Eo((Ty — 0)*) < Eg((T — 6)*) Voec© VT el.
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An Excursion into Logic 11

In our first “Excursion into Logic” in Stat 6710 Mathematical Statistics I, we have established

the following results:

A = B is equivalent to =B = —A is equivalent to —A V B:

A|B| A=B|-A| -B| -B=>-A| AVB
1|1 1 0 0 1 1
110 0 0 1 0 0
011 1 1 0 1 1
01]0 1 1 1 1 1

When dealing with formal proofs, there exists one more technique to show A = B. Equiva-
lently, we can show (AA—B) = 0, a technique called Proof by Contradiction. This means,
assuming that A and =B hold, we show that this implies 0, i.e., something that is always

false, i.e., a contradiction. And here is the corresponding truth table:

A|B|A=B | -B| AN-B | (AAN-B)=0
11 1 0 0 1
110 0 1 1 0
011 1 0 0 1
010 1 1 0 1
Note:
We make use of this proof technique in the Proof of the next Theorem. [
Example:
Let A: z=5and B: z?=25. Obviously A = B.
But we can also prove this in the following way:
A: z=5and -B: 22+#25
— 22 =25 A2 £25
This is impossible, i.e., a contradiction. Thus, A = B. [ |
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Theorem 8.4.7:
Let U be the class of all unbiased estimates T of § € © with Ey(T?) < oo V6, and suppose
that U is non—-empty. Let Uy be the set of all unbiased estimates of 0, i.e.,

Up={v : Ey(v) =0,Es(*) < oo Vb€ O}.
Then Ty € U is UMVUE iff

E@(VT()) =0 VO e O VYvel,.

Proof:

Note that Fy(vTy) always exists. This follows from the Cauchy—Schwarz—Inequality (Theorem
4.5.7 (ii)):

(Eo(WTy))? < By(v?) By(T3) < 0
because Fp(v?) < oo and Ey(T§) < co. Therefore, also Ep(vTp) < 0o.

“:>:’7
We suppose that Ty € U is UMVUE and that Ey,(191p) # 0 for some 6y € © and some
vy € Up.

It holds
EQ(TO + )\1/0) = E@(To) =60 VA€ IR V0 € 6.

Therefore, Ty + Avg € U VA € IR.

Also, Ey,(v3) > 0 (since otherwise, Py, (vo = 0) = 1 and then Eg,(voTp) = 0).

Now let
5= Ey, (Tovo)
=
E90(VO)
Then,
Ego((T0+)\V0)2) = E@O(Tg+2)\T0V0+)\2l/g)
Ey (T 2 Ey (T, 2
_ Eeo(ToQ)—2( 6o ( 01/20)) (o ( 01/20))
EGO(VO) EGO(VO)
Ey,(Tovp))?
— E T2 _ ( 0
W) T )
< EGO(TO2)7

and therefore,
Varg,(To + A\vg) < Varg,(Tp).

This means, Tj is not UMVUE, i.e., a contradiction!
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“<::77
Let Eg(vTp) = 0 for some Ty € U for all § € © and all v € U,.

We choose T € U, then also Ty — T € Uy and
EQ(T()(TO — T)) =0 V0 €O,

ie.,

Ey(T2) = Eo(ToT) Y6 € O.
It follows from the Cauchy—Schwarz—Inequality (Theorem 4.5.7 (ii)) that
1 1
Eo(T§) = Eo(ToT) < (Eg(T5))% (Ep(T?))>.

This implies

(Eo(T3))? < (Eg(T?))?
and

Varg(To) < Varg(T),

where T is an arbitrary unbiased estimate of . Thus, Ty is UMVUE. [ |

Theorem 8.4.8:
Let U be the non—empty class of unbiased estimates of § € O as defined in Theorem 8.4.7.
Then there exists at most one UMVUE T € U for 6.

Proof:
Suppose Ty, 17 € U are both UMVUE.

Then T7 — Ty € Uy, VCL?“@(T()) = VCL?“@(Tl), and Eg(To(Tl — To)) =0 VheO

= Ey(T3) = Ey(ToTy)
= Covy(Ty,Th) = Eg(ToT1) — Eo(To) Eg(T1)

= Eo(T§) — (Eg(T0))?

= Vare(Tp)

=Vare(T1) V0 € ©
= pron =1 V€O
— Py(aTy+ 0Ty =0)=1 for some a,b V€ O
= 0 = Ep(Ty) = Eo(—2T1) = Eo(T1) V9 €O
= -2=1

:>P9(T0:T1):1 Vo € © |

63



Theorem 8.4.9:

(i) Ifan UMVUE T exists for a real function d(f), then AT is the UMVUE for A\d(f), A € IR.

(ii) If UMVUE’s T} and T exist for real functions d; (#) and da(6), respectively, then 77 +T5
is the UMVUE for d;(6) + d2(6).

Proof:

Homework. []

Theorem 8.4.10:

If a sample consists of n independent observations X1, ..., X, from the same distribution, the

UMVUE, if it exists, is permutation invariant.

Proof:

Homework. m

Theorem 8.4.11: Rao—Blackwell

Let {Fy : 6 € ©} be a family of cdf’s, and let h be any statistic in U, where U is the non—
empty class of all unbiased estimates of 6 with Eg(h?) < oo. Let T be a sufficient statistic for
{Fy : 0 € ©}. Then the conditional expectation Ey(h | T') is independent of # and it is an
unbiased estimate of . Additionally,

Ey((E(h | T) = 6)%) < Eg((h—0)) Y0 €O

with equality iff h = E(h | T).

Proof:
By Theorem 4.7.3, E9(E(h | T)) = Eg(h) = 6.

Since X | T does not depend on # due to sufficiency, neither does E(h | T') depend on 6.

Thus, we only have to show that
Eo((E(h | T))?) < Eg(h®) = Eg(B(h* | T)).
Thus, we only have to show that
(E(h | T))? < E(W|T).
But the Cauchy—Schwarz—Inequality (Theorem 4.5.7 (ii)) gives us

(E(h | T)* < E(h* | T)EQ|T) = E(h* | T).
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Equality holds iff
Eg((E(h | T))?) = Eg(h*) = Eg(E(h* | T))
= Ey(E(l* |T) — (E(h | T))?) =0
> Eg(Var(h |T)) =0
= Ey(E(h—E(h|T))*[T)) =0
E((h—EMh|T)*|T)=0
& h is a function of T and h = E(h | T).

For the proof of the last step, see Rohatgi, page 170-171, Theorem 2, Corollary, and Proof of
the Corollary. ™

Theorem 8.4.12: Lehmann—Scheffée

If T is a complete sufficient statistic and if there exists an unbiased estimate h of 6, then
E(h | T) is the (unique) UMVUE.

Proof:

Suppose that hy,he € U. Then Eg(E(hy | T)) = Eg(E(he | T)) = 0 by Theorem 8.4.11.

Therefore,
Eg(E(h1 |T)—E(he | T)) =0 V6l € O.
Since T is complete, E(hy | T) = E(hg | T).

Therefore, E(h | T') must be the same for all h € U and E(h | T') improves all h € U. There-
fore, E(h | T') is UMVUE by Theorem 8.4.11. |

Note:
We can use Theorem 8.4.12 to find the UMVUE in two ways if we have a complete sufficient
statistic 1"

(i) If we can find an unbiased estimate h(T'), it will be the UMVUE since E(h(T) | T) =
h(T).

(ii) If we have any unbiased estimate h and if we can calculate E(h | T'), then E(h | T)
will be the UMVUE. The process of determining the UMVUE this way often is called

Rao—Blackwellization.

(iii) Even if a complete sufficient statistic does not exist, the UMVUE may still exist (see
Rohatgi, page 357358, Example 10).
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Example 8.4.13:

n

Let X1,...,X, beiid Bin(1,p). Then T = ZXZ' is a complete sufficient statistic as seen in
i=1

Examples 8.3.6 and 8.3.11.

Since F(X;) = p, X is an unbiased estimate of p. However, due to part (i) of the Note above,
since X7 is not a function of T, X is not the UMVUE.

We can use part (ii) of the Note above to construct the UMVUE. It is
T
P(Xl_x\T)_{ "

n=T

— EB(X;|T)=L=X

n

— X is the UMVUE for p

If we are interested in the UMVUE for d(p) = p(1 — p) = p — p? = Var(X), we can find it in

the following way:

E(T) = np
ET* = E(> X7+ Y XX,
i=1 =1 j=lj#i
= np+n(n—1)p?
. E ( nT ) _ o np
n(n —1) n—1
E T° I »?
n(n—1) n—1
> nT — T? . np p —p2
n(n —1) n—1 n-1
_ (n—Dp
n—1
= p—p’
= d(p)
2
Thus, due to part (i) of the Note above, % is the UMVUE for d(p) = p(1 — p). ]
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8.5 Lower Bounds for the Variance of an Estimate

(Based on Casella/Berger, Section 7.3)

Theorem 8.5.1: Cramér—Rao Lower Bound (CRLB)
Let © be an open interval of IR. Let {fy : 6 € ©} be a family of pdf’s or pmf’s. Assume
that the set {z : fg(z) = 0} is independent of 6.

Let ¢ (6) be defined on O and let it be differentiable for all # € ©. Let T be an unbiased
estimate of 1(0) such that Ep(T?) < oo V6 € ©. Suppose that

(i) 8fg—ém—) is defined for all 6 € ©,

% </f0(&)dz> = / afgé@d& =0 Voeco

(i) for a pdf fy

or for a pmf fy

(iii) for a pdf fy

or for a pmf fy

Let x : © — IR be any measurable function. Then it holds

2
WO < 000 - x0P) B (P oo

Further, for any 6y € ©, either ¢/(6y) = 0 and equality holds in (A) for § = 6, or we have

(¢'(60))*
Ey, ((Blogajg)(i))Q)

Eg,(T(X) = x(60))*) = (B).

Finally, if equality holds in (B), then there exists a real number K () # 0 such that

Olog fo(X
7(x) ~ x(t) = K(0) ZEIE) e
6=0¢
with probability 1, provided that 7" is not a constant. [ |
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Note:

(i) Conditions (i), (ii), and (iii) are called regularity conditions. Conditions under which
they hold can be found in Rohatgi, page 11-13, Parts 12 and 13.

(ii) The right hand side of inequality (B) is called Cramér-Rao Lower Bound of 6, or, in
symbols CRLB(6).

; 2
(iii) The expression Fy ((dlogaifé’@)) ) is called the Fisher Information in X.

Proof:

From (ii), we get

Ey <%1ogfe(x>) -/ <%10gfe(z)> fol)dz

-/ <%f9(z)> @fe@)dz

(o)

— B (x(O) g5l fo(X)) = 0

From (iii), we get

By (10055108 0(X)) = [ (T 5108 foa)) Sowie

- [ (rogiw) @fe@dz
[ (T@g ) de

D 2 ([rhwis)

0
= %E(T(X))

— 5 ((T00) - xO) g5 08 o)) = (0)



—~
<
—
>

~—
~—

[\

Il

(5 (70~ x0) 10 1)) )

—

2 B (@) —x0)7) B <(% log fe@)) 2) :

i.e., (A) holds. (x) follows from the Cauchy—Schwarz-Inequality (Theorem 4.5.7 (ii)).
If ¢/'(6p) # 0, then the left-hand side of (A) is > 0. Therefore, the right-hand side is > 0.

Thus,
2
Ea, <(%1og fe@)) ) >0,

and (B) follows directly from (A).
If ¢/ (0y) = 0, but equality does not hold in (A), then

Ey, ((%mg fa@))Q) >0,

and (B) follows directly from (A) again.

Finally, if equality holds in (B), then ¢/(6y) # 0 (because T is not constant). Thus,
MSE(x(6p), T(X)) > 0. The Cauchy—Schwarz-Inequality (Theorem 4.5.7 (iii)) gives equality
iff there exist constants (o, ) € IR? — {(0,0)} such that
=0 =1
6=09

This implies K(0y) = —g and (C) holds. Since T is not a constant, it also holds that
K ((90) 7& 0. |

P <a(T(1) —x(60)) + 5 <% log fo(X)

Example 8.5.2:
If we take x(0) = 1(0), we get from (B)

(v'(9))?
Ey ((mogaJ;e(&)y)

If we have ¢(0) = 0, the inequality (%) above reduces to

Varg(T(X)) > (Eg <(alogaif;9@) )) .

Finally, if X = (X;,...,X,,) iid with identical fp(x), the inequality (*) reduces to

Varg(T(X)) > (+).

(v'(0))?
Varg(T(X)) > Ey ((%Z(Xl)y)'
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Example 8.5.3:
Let X1,...,X, beiid Bin(1,p). Let X ~ Bin(n,p), p€ © = (0,1) C IR. Let

wlp) = B(T(X)) = Y T(x) (Z)pm — )y

¥ (p) is differentiable with respect to p under the summation sign since it is a finite polynomial
in p.
n
Since X =Y X; with fy(z1) = p™ (1 —p)'=*, 1 € {0,1}
i=1
= log fp(x1) = milogp+ (1 —z1)log(l—p)

0 r1 l—x1 x1(1—p)—p(l—a1) T1— P
= — o T = — — = =
dp 8 fp(®1) p 1-p p(1—p) p(1—p)

P 2  Var(Xy) 1
= Lk, <(a—p10gfp(X1)> ) - p2(1 —]?1)2 B p(1—p)

So, if ¥(p) = x(p) = p and if T is unbiased for p, then

1 1—
Vary(T(X)) > —— = 21=7)
" p(T=p) "
Since Var(X) = @, X attains the CRLB. Therefore, X is the UMVUE. ]
Example 8.5.4:
Let X ~U(0,0), 0 € © = (0,00) C IR.
1
folz) = Glop(@)
= log fo(z) = —logb
1

Thus, the CRLB is £.

We know that "THX (n) 18 the UMVUE since it is a function of a complete sufficient statistic

X(n) (see Homework) and E(X(,)) = 7570. It is

1 2 2
var(”*‘;xmo._——ﬁ——-<g— 777
n nn+2) n
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How is this possible? Quite simple, since one of the required conditions for Theorem 8.5.1
does not hold. The support of X depends on 6. [ |

Theorem 8.5.5: Chapman, Robbins, Kiefer Inequality (CRK Inequality)
Let © C R. Let {fy : 6 € O} be a family of pdf’s or pmf’s. Let 1)(0) be defined on O. Let
T be an unbiased estimate of ¥(6) such that Ey(T?) < oo V0 € ©.

If 8 # 9, 6 and ¥ € O, assume that fy(r) and fy(x) are different. Also assume that there
exists such a ¥ € © such that 6 # ¥ and

S(0) ={z: foz) > 0} D S() ={z: fo(z) > 0}.
Then it holds that

_ 2
Varg(T(X)) > sup WA VO g
{9 : SW)CS(0), v} Varg(fﬁg )>)

Proof:

Since T is unbiased, it follows
Ey(T(X)) = $:(9) ¥ € 6.
For ¥ # 6 and S(¥) C S(0), it follows

[ PO iy () BT () = 000) - 000)
S(6) Jo(z)

folx) = folx) , o
= o fo@) fo(z)dz E@<

and

fo(X)
Jo(X) 1> ‘

Therefore

Coun (T(X), f;;%; ~1) = w(0) - 0(6).

It follows by the Cauchy—Schwarz-Inequality (Theorem 4.5.7 (ii)) that

W) -v@F = (Con (T@),fﬁ@—l)f

Jo(X)
X
< Var(T (fﬂ( ) )
9
= Vareg(T ( (X >
Jo(X)
Thus,
(W) —¥(9))°
Varg(T(X)) 2 ~———— 753
Vary (fe(X))
Finally, we take the supremum of the right-hand side with respect to {¢ : S(¢) C S(6),
¥ # 0}, which completes the proof. [ |
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Note:

(i) The CRK inequality holds without the previous regularity conditions.

(ii) An alternative form of the CRK inequality is:
Let 6,60 + 9, 0 # 0, be distinct with S(6 + ) C S(0). Let ¢(0) = 6. Define

1 X)\2
J:J(0,5)Z5—2<<%(X_))> —1>.

Then the CRK inequality reads as

1

Varg(T(X)) > ————
o ugf Ey(J)

v

with the infimum taken over ¢ # 0 such that S(6 +J) C S(6).

(iii) The CRK inequality works for discrete ©, the CRLB does not work in such cases.

Example 8.5.6:

Let X ~ U(0,0), 6 > 0. The required conditions for the CRLB are not met. Recall from

Example 8.5.4 that 5 X,y is UMVUE with Var(%2 X)) = 7% < & = CRLB.

Let (0) = 6. If ¥ < 0, then S(J) C S(0). It is

a((5R)) =[G 5m-3
(

Jo X)) 961
E = ——dr =1
’ (fe(X) o 00"
—_ 02 A 02
= Varg(T(X)) > sup (U(; 9) = sup (96 -9)) *) o
(0:0<v<0} g—1  {9:0<v<6} 4

See Homework for a proof of (x).

Now, assume that n = 1. Thus, ”T‘HX (n) = 2X. Since X is complete and sufficient and 2.X is
unbiased for 0, so T'(X) = 2X is the UMVUE. It is

62 62 62

Varg(2X) = 4Vary(X) = 45 =3 >
Since the CRK lower bound is not achieved by the UMVUE, it is not achieved by any unbiased
estimate of 6. [

72



Definition 8.5.7:
Let T1, Ty be unbiased estimates of § with Ey(T?) < oo and Eyp(T§) < co VO € ©. We define
the efficiency of T relative to T by

Varg(Ty)
T, T5) = ———=
eff9( 1, 2) VCL?”Q(TQ)
and say that T3 is more efficient than Ty if ef fo(T1,Ts) < 1. [ |

Definition 8.5.8:
Assume the regularity conditions of Theorem 8.5.1 are satisfied by a family of cdf’s
{Fy : 0 € O}, © C IR. An unbiased estimate T for 6 is most efficient for the family

{Fy} if »
Varg(T) = <E9 ((7310%];9(1)) )) .

Definition 8.5.9:
Let T be the most efficient estimate for the family of cdf’s {Fp : 6 € ©}, © C IR. Then the

efficiency of any unbiased 17 of 6 is defined as

Varg(Ty)

ef fo(T1) = ef fo(T1,T) = Varg(T) "

Definition 8.5.10:
T) is asymptotically (most) efficient if 7} is asymptotically unbiased, i.e., li_>m Ey(Th) =0,
n o0

and nlggo ef fo(T1) = 1, where n is the sample size.

Theorem 8.5.11:

A necessary and sufficient condition for an estimate T of 6 to be most efficient is that T is

sufficient and

1 0log fo(x)

T(z) — 0) = 225108

w(o) " @ ) 06

where K(0) is defined as in Theorem 8.5.1 and the regularity conditions for Theorem 8.5.1

hold.

Voeo (x),

Proof:
L£:>:’7
Theorem 8.5.1 says that if 7" is most efficient, then () holds.

Assume that © = IR. We define

0o 0o
C(60) = /_ . ﬁd@, V() = /_ N %d@, and A(z) = lim_log fo(z) — c(a).

73



Integrating (x) with respect to 6 gives

b 1 % 6 % dlog fyla)

—> T(2)C(00) — ¥(00) = log fo(z)®s + cl()
= T(2)C(00) —¥(0o) = log fo,(z) — lim log fo(z) + c(z)
= T(2)C(0) —¥(0o) = log fo,(z) — Az)

Therefore,
Joo(z) = exp(T'(z)C(0o) — 1(6o) + Az))

which belongs to an exponential family. Thus, T is sufficient.

« 2
<

From (%), we get

2
(52 ) - gt

Additionally, it holds
B ((T(x) - 6)

as shown in the Proof of Theorem 8.5.1.

dlog fo(X)\
) =

Using () in the line above, we get

2
K(0)E, ((ngg@)) ) ~1,

ie.,
-1
m%mmy
K@#)=[FE —_— .
o= (= (22
Therefore,
-1
o1 X)\?
Varg(T(X)) = | By <%(—)> ,
00

i.e., T is most efficient for 6. [ |
Note:
Instead of saying “a necessary and sufficient condition for an estimate T of 6 to be most
efficient ...” in the previous Theorem, we could say that “an estimate T of 0 is most efficient
iff ...7, 1.e., “necessary and sufficient” means the same as “iff’.

A is necessary for B means: B = A (because ~A = —B)
A is sufficient for B means: A = B [

74



8.6 The Method of Moments

(Based on Casella/Berger, Section 7.2.1)

Definition 8.6.1:
Let X1,..., X, beiid with pdf (or pmf) fp, 8 € ©. We assume that first kK moments my, ..., my

of fy exist. If  can be written as

0 = h(my,...,mg),

where h : IRF — IR is a Borel-measurable function, the method of moments estimate

(mom) of 0 is

. 1 1 1 &
0mom:T(Xl,...,Xn):h(—ZXZ-,—ZXf,...,—ZXf).
nu nu= nu

Note:

(i) The Definition above can also be used to estimate joint moments. For example, we use
n
%ZXiYi to estimate E(XY).
i=1
n .
(i) Since E(+ ZXZJ) = mj, method of moment estimates are unbiased for the popula-

i=1
tion moments. The WLLN and the CLT say that these estimates are consistent and

asymptotically Normal as well.

(iii) If 0 is not a linear function of the population moments, Opmom will, in general, not be

unbiased. However, it will be consistent and (usually) asymptotically Normal.
(iv) Method of moments estimates do not exist if the related moments do not exist.

(v) Method of moments estimates may not be unique. If there exist multiple choices for the

mom, one usually takes the estimate involving the lowest—order sample moment.

(vi) Alternative method of moment estimates can be obtained from central moments (rather

than from raw moments) or by using moments other than the first £ moments.
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Example 8.6.2:
Let X1,..., X, beiid N(u,o?).

Since p = myq, it i8S flmom = X.

This is an unbiased, consistent and asymptotically Normal estimate.

n
. o 9 el e A . 1 2 =2
Since o = \/mg —mf{, it I8 Omom = , | 5 g X7 —-X".
=1

This is a consistent, asymptotically Normal estimate. However, it is not unbiased. [ |

Example 8.6.3:
Let Xy,..., X, be iid Poisson(\).

We know that E(X;) = Var(X1) =\
n
Thus, X and %Z(XZ — X)? are possible choices for the mom of A. Due to part (v) of the

i=1
Note above, one uses \pom = X. [ ]

76



8.7 Maximum Likelihood Estimation

(Based on Casella/Berger, Section 7.2.2)

Definition 8.7.1:
Let (X1,...,X,) be an n—rv with pdf (or pmf) fy(z1,...,2,), 0 € ©. We call the function

L(O;x1,...,2n) = fo(x1,...,2p)

of 6 the likelihood function. []

Note:

(i) Often 6 is a vector of parameters.

(ii) If (Xq,...,X,) are iid with pdf (or pmf) fyp(x), then L(0;z1,...,z,) = H fo(xs).

i=1
|
Definition 8.7.2:
A maximum likelihood estimate (MLE) is a non—constant estimate 0arr such that
L(éML;xl, coyXp) =sup L(O;xy, ..., zp).
0cO
|

Note:
It is often convenient to work with log L when determining the maximum likelihood estimate.

Since the log is monotone, the maximum is the same. [ |

Example 8.7.3:
Let X1,..., X, beiid N(u,0?), where 1 and o2 are unknown.

Lo, . my) = ——— exp —iM
o"(2m)2 pt 202
n 2

n n x; —
— log L(p, 0% 21, ..., 2,) = —EIOgJQ - 510g(27r) - ; %

The MLE must satisfy

dlog L 1 &
P = Y- =0 ()
dlogL n 1 &, 9
do2 202 * 204 Zz::l(xz w7 =0 (B)



These are the two likelihood equations. From equation (A) we get jip;, = X. Substituting
n

this for u into equation (B) and solving for o2, we get 63,; = % Z(XZ —X)?. Note that 63,
i=1

is biased for o2.

Formally, we still have to verify that we found the maximum (and not a minimum) and that
there is no parameter 6 at the edge of the parameter space © such that the likelihood function
does not take its absolute maximum which is not detectable by using our approach for local

extrema. [ |

Example 8.7.4:
Let X1,...,X, beiid U6 — 5,0+ 3).

1, f0—3<z;<0+3 Vi=1,...,n
L(O;zq,...,2p,) =
0, otherwise
Example 8.7.4
X(1) Xm)— 1/2 X+ 1/2 X(n)
0-1/2 0 0+1/2

Therefore, any 6(X) such that max(X) — 1< 6(X) < min(X) + 1 is an MLE. Obviously, the

MLE is not unique. u

Example 8.7.5:
Let X ~ Bin(1,p), p€ [4,3].

. D, ife=1
L(piz) =p*(1—p) " =
1—p, ifz=0

This is maximized by
, fr=1 9p 4
, ifx=0 4

3>
I
——

NN [OV)
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It is
B5) = Sp+i0-p)=3p+7
MSE,B) = Byl p))
= B )

= iEp((2X + 1 —4p)?)

16
1
= 1—6Ep(4X2—|—2-2X—2-8pX—2-4p+1—|—16p2)
1
= 541 -p) +p?) +4p — 16p> — 8p + 1 + 16p?)
1
- 16
So p is biased with MSE,(p) = %. If we compare this with p = % regardless of the data, we
have 1 1 1 1 13
MSE, (=)=E,((=—p)3) =(=—-p)?2?<— V -2
o(5) = B3 -0 = (- pP < o e (]
Thus, in this example the MLE is worse than the trivial estimate when comparing their MSE’s.

Theorem 8.7.6:
Let T be a sufficient statistic for fy(z), 0 € ©. If a unique MLE of 6 exists, it is a function
of T.

Proof:

Since T is sufficient, we can write

fo(z) = h(z)ge(T(z))

due to the Factorization Criterion (Theorem 8.3.5). Maximizing the likelihood function with
respect to € takes h(z) as a constant and therefore is equivalent to maximizing gg(z) with

respect to 6. But gg(x) involves z only through 7. [
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Note:

(i) MLE’s may not be unique (however they frequently are).
(ii) MLE’s are not necessarily unbiased.
(iii) MLE’s may not exist.
(iv) If a unique MLE exists, it is a function of a sufficient statistic.

(v) Often (but not always), the MLE will be a sufficient statistic itself.

Theorem 8.7.7:

Suppose the regularity conditions of Theorem 8.5.1 hold and 6 belongs to an open interval in

IR. If an estimate 6 of 0 attains the CRLB, it is the unique MLE.

Proof:
If 6 attains the CRLB, it follows by Theorem 8.5.1 that
dlog fo(X) 1

= K(Q)(é(g)—e) w.p. 1.

Thus, 6 satisfies the likelihood equations.

We define A(0) = ﬁ. Then it follows

9 log fo(X)
002

The Proof of Theorem 8.5.11 gives us

A(0) = By ((mogai@@@f) > 0.

= A'(0)(

D>
—
s

|

s
SN—

|

o
—

s
N—

So
9% log fo(X)

502 =—A(f) <0,

0=0
i.e., log fy(X) has a maximum in 6. Thus, 6 is the MLE.

Note:

The previous Theorem does not imply that every MLE is most efficient.
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Theorem 8.7.8:
Let {fs : 6 € ©} be a family of pdf’s (or pmf’s) with © C IR*, k> 1. Let h: © — A be a
mapping of © onto A C IRP, 1< p < k. If § is an MLE of 6, then h() is an MLE of h(f).

Proof:
For each § € A, we define
©;={0 : 6 €0O,h(0) =6}

and

M(d;z) = eseué) L(6; ),
5

the likelihood function induced by h.
Let f be an MLE and a member of ©;, where 6 = h(f). Tt holds

M(6;z) = sup L(6;2) > L(; ),

06@5
but also
M (d;z) < sup M(8;z) = sup (Sup L(9;£)> = sup L(0; ) = L(6; z).

sEA seA \9cO; 9O

Therefore,
M (8;z) = L(0; z) = sup M (6; z).
dEA

Thus, § = h(f) is an MLE. ]

Example 8.7.9:
Let Xy,..., X, beiid Bin(1,p). Let h(p) = p(1 — p).

Since the MLE of p is p = X, the MLE of h(p) is h(p) = X (1 — X). ]

Theorem 8.7.10:
Consider the following conditions a pdf fy can fulfill:

(i) alg%f", 82;;%]”87 83(%(;%f8 exist for all § € © for all x. Also,

> 0fo(x) , o (Ologfo(X)\ _

o [ O fo(z)
(ii) /_oo 502 dr =0 V0 € 0.

0o 52
(i) —o0 < / 810gf‘)ff@)fg(:):)d:): <0 Vheo.
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(iv) There exists a function H(x) such that for all § € ©:

9% log fo(x)
063

< H(x) and /_o:o H(z)fp(x)dz = M(0) < 0.

(v) There exists a function g(6) that is positive and twice differentiable for every § € © and
there exists a function H(x) such that for all § € ©:

s dlog fo(x)
902 {9(6)780 ]

< H(x) and /_o:o H(x)fp(x)dz = M(0) < 0.

In case that multiple of these conditions are fulfilled, we can make the following statements:

(i) (Cramér) Conditions (i), (iii), and (iv) imply that, with probability approaching 1, as

n — oo, the likelihood equation has a consistent solution.

(i) (Cramér) Conditions (i), (ii), (iii), and (iv) imply that a consistent solution 6, of the

likelihood equation is asymptotically Normal, i.e.,

@(én—e)im

o
olog f(x)\2\)
where Z ~ N(0,1) and o2 = (E(, ((%H) )> .

(iii) (Kulldorf) Conditions (i), (iii), and (v) imply that, with probability approaching 1, as

n — oo, the likelihood equation has a consistent solution.

(iv) (Kulldorf) Conditions (i), (ii), (iii), and (v) imply that a consistent solution 6, of the

likelihood equation is asymptotically Normal.

Note:

In case of a pmf fy, we can define similar conditions as in Theorem 8.7.10. [ |
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8.8 Decision Theory — Bayes and Minimax Estimation

(Based on Casella/Berger, Section 7.2.3 & 7.3.4)
Let {fs : 6 € ©} be a family of pdf’s (or pmf’s). Let Xi,..., X, be a sample from fy. Let

A be the set of possible actions (or decisions) that are open to the statistician in a given

situation , e.g.,
A = {reject Hy, do not reject Hy} (Hypothesis testing, see Chapter 9)
A = artefact found is of {Greek, Roman} origin (Classification)

A = O (Estimation)

Definition 8.8.1:
A decision function d is a statistic, i.e., a Borel-measurable function, that maps IR"™ into
A. If X = z is observed, the statistician takes action d(z) € A. []

Note:
For the remainder of this Section, we are restricting ourselves to A = O, i.e., we are facing

the problem of estimation. [ |

Definition 8.8.2:

A non—negative function L that maps © x A into IR is called a loss function. The value

L(0,a) is the loss incurred to the statistician if he/she takes action a when 6 is the true pa-

rameter value. []

Definition 8.8.3:
Let D be a class of decision functions that map IR" into A. Let L be a loss function on © x A.
The function R that maps © x D into IR is defined as

R(9,d) = Eg(L(0,d(X)))

and is called the risk function of d at 0. []

Example 8.8.4:
Let A=0© C IR. Let L(A,a) = (6 — a)?. Then it holds that
R(0,d) = Eg(L(6,d(X))) = Eg((6 — d(X))*) = Ep((6 — 0)*).

Note that this is just the MSE. If 0 is unbiased, this would just be Var(6). [ ]
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Note:
The basic problem of decision theory is that we would like to find a decision function d € D

such that R(6,d) is minimized for all # € ©. Unfortunately, this is usually not possible.  m

Definition 8.8.5:
The minimax principle is to choose the decision function d* € D such that

max R(0,d*) <max R(0,d) Vd € D.
0co 0O

Note:
If the problem of interest is an estimation problem, we call a d* that satisifies the condition

in Definition 8.8.5 a minimax estimate of 6. []

Example 8.8.6:
Let X ~ Bin(1,p), p€©={3,1} =4

We consider the following loss function:

NN L ]
IN[SCITN RN RN B -

The set of decision functions consists of the following four functions:

M) =7 )=
bO) =7 b=
dBO) =2, ds1) =
L) =2 am=>

First, we evaluate the loss function for these four decision functions:

L(,di(0)) = L(;,7)=0
L) = L(37) =0
LE40) = LG =5
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LE.h() = LE7) =5
L(3.ds(0) = L(7,7)=0
LG.db(1) = L(3,2)=2
LE.hO0) = LG ) =5
LEe0) = LG5 =0
L(7ds(0) = L(3,5) =2
L(3ds(1) = L(57)=0
LE () = L33 =0
LEa) = LG =5
LG di0) = L(3,2)=2
L d() = L35 =2
LEd0) = L3 =0
LEa) = LG5 =0

Then, the risk function
R(p,di(X)) = Ep(L(p, di(X))) = L(p, di(0)) - F,(X = 0) + L(p, di(1)) - Bp(X = 1)

takes the following values:

. _ 1. 1 _ 3. 3
1| 3.0+%.0=0 | 2.54+3.5= 5
3 1 _ 1 1 3 5 5
20 3 0+3-2=35 | ;1 5+3-0=74 1
3 1 _ 3 1 3 __ 15 15
31 3°2+3:0=5 | 7:0+3:5=7 T
4] 3.241.2=2 | L.043.0= 2
Hence,

5

i R(p,d;) = .

e ey TP ) = g

Thus, ds is the minimax estimate.
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Note:
Minimax estimation does not require any unusual assumptions. However, it tends to be very

conservative. [ ]

Definition 8.8.7:
Suppose we consider # to be a rv with pdf 7(f) on ©. We call 7 the a priori distribution

(or prior distribution). ]

Note:
f(z | 0) is the conditional density of z given a fixed §. The joint density of z and 6 is

f@,0) =7(0)f(z|0),
the marginal density of zx is
o(a) = [ £(z,0)d0.

and the a posteriori distribution (or posterior distribution), which gives the distribution

of 0 after sampling, has pdf (or pmf)

9(z)
|
Definition 8.8.8:
The Bayes risk of a decision function d is defined as
R(m,d) = Ex(R(0,d)),
where 7 is the a priori distribution. [ |

Note:

If 0 is a continuous rv and X is of continuous type, then
R(m,d) = Er(R(0,d))
- / R(8,d) 7(6) b
— [ Ea(L0.d(X)) (6) a8
_ /</L(9,d@)) f@]6) dg) (6) d
= [ [L0.dw) s |0) w(6) da db
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= [ [p6.dw) fa.6) do s
= [o@ ([ o.awne |2 ) ac

Similar expressions can be written if # and/or X are discrete. ]

Definition 8.8.9:

A decision function d* is called a Bayes rule if d* minimizes the Bayes risk, i.e., if

R(m,d") = ;él%R(ﬂ,d).

Theorem 8.8.10:
Let A=0 C IR. Let L(6,d(z)) = (0 — d(z))?. In this case, a Bayes rule is

d(z) = E(0 | X = z).

Proof:
Minimizing
R(r.d) = [ gta) ([0~ )6 | ) db) dz,
where g is the marginal pdf of X and h is the conditional pdf of 8 given z, is the same as
minimizing
J© d@)n | 2) .

However, this is minimized when d(z) = E(f | X = z) as shown in Stat 6710, Homework 3,

Question (ii), for the unconditional case. ]

Note:

Under the conditions of Theorem 8.8.10, d(z) = E(0 | X = z) is called the Bayes estimate.
|

Example 8.8.11:
Let X ~ Bin(n,p). Let L(p,d(x)) = (p — d(x))?.

Let m(p) =1 Vpe (0,1), i.e., m ~ U(0,1), be the a priori distribution of p.
Then it holds:
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ol = L0
.oy
1
0
—p)n-e

1
/p nacdp
0

Ep|z) = /Olph<p| 2)dp

1
/Opp )" "dp
= 1
1
/Op:tJrl n xdp

1
/p nxdp
0

B(
- 5

r+2,n—x+1)
r+1l,n—x+1)

Fz+2)I’(n—2+1
FNz+2+n—z+1

Fz+1)I'(n—2+1
MNz+1l+n—z+1

)
_ )
)
)
z+1
n+2

Thus, by Theorem 8.8.10, the Bayes rule is

X+1
n+2°

ﬁBayes =d* (X) =
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The Bayes risk of d*(X) is

R(m,d*(X)) =

&

=(R(p, d"(X)))

m(p)R(p,d* (X))dp

Il
S~

1 7(p)Ep(L(p,d*(X)))dp

1

Il
S—

(P)Ep((p — d*(X))*)dp

[

! X +1 X+1
= E 2T V2 9 2>d

Il
S~
3

+ 2

- ﬁ /01 Ey ((X +1)% = 2p(n +2)(X +1) + p*(n + 2)2) dp

1 1
0

- ﬁ/ol(np(l—p)—l—(np)2—|—2np+1—2p(n+2)(np+1)+p2(n+2)2) dp

1 1
- m/o (np — np? +n’p® + 2np + 1 — 20°p? — 2np — 4np® — 4p +
p?n? + dnp? + 4p%) dp

1 1
- 7)2/0 (1—4p+np—np2+4p2) dp

(n+2
- #/I(H( —4)p+ (4 —n)p?) d
(422 ) no AP n)p”) dp
_ 1 n—4 5 4—n 4 1
B (')2—1—2)2(])+ 2p+ 3p)0
_ 1 (1+n—4+4—n)
 (n+2)? 2 3
_ 1 6+3n—12+8—-2n
- (n+2)7? 6
1 n42
T (n+2)? 6
B 1
- 6(n+2)
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Now we compare the Bayes rule d*(X) with the MLE pr, = % This estimate has Bayes risk

X
R(m, —
n

) = [ B - p

11
= [ B = np))ap

n

which is, as expected, larger than the Bayes risk of d*(X). [

Theorem 8.8.12:
Let {fs : 0 € O} be a family of pdf’s (or pmf’s). Suppose that an estimate d* of 0 is a

Bayes estimate corresponding to some prior distribution 7 on ©. If the risk function R(6,d*)

is constant on O, then d* is a minimax estimate of 9.

Proof:

Homework. m

Definition 8.8.13:
Let F' denote the class of pdf’s (or pmf’s) fyp(x). A class II of prior distributions is a conju-

gate family for F' if the posterior distribution is in the class Il for all f € F, all priors in II,
and all z € X. [

Note:
The beta family is conjugate for the binomial family. Thus, if we start with a beta prior, we

will end up with a beta posterior. (See Homework.) ]
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9 Hypothesis Testing

9.1 Fundamental Notions

(Based on Casella/Berger, Section 8.1 & 8.3)

We assume that X = (Xi,...,X,) is a random sample from a population distribution
Fy, # € ©® C IR*, where the functional form of Fy is known, except for the parameter 6.

We also assume that © contains at least two points.

Definition 9.1.1:

A parametric hypothesis is an assumption about the unknown parameter 6.

The null hypothesis is of the form
Hy: 006y CO.
The alternative hypothesis is of the form

H : (96@1:@—@0.

Definition 9.1.2:
If ©g (or ©1) contains only one point, we say that Hy and Oy (or H; and ©1) are simple. In

this case, the distribution of X is completely specified under the null (or alternative) hypoth-

esis.

If ©y (or ©1) contains more than one point, we say that Hy and ©¢ (or H; and O;) are

composite. [ |

Example 9.1.3:
Let X1,...,X, be iid Bin(1,p). Examples for hypotheses are p = % (simple), p > % (com-
posite), p # i (composite), etc. [

Note:

The problem of testing a hypothesis can be described as follows: Given a sample point z, find

a decision rule that will lead to a decision to accept or reject the null hypothesis. This means,

we partition the space IR"™ into two disjoint sets C' and C¢ such that, if z € C, we reject

Hy: 0 € Oy (and we accept Hy). Otherwise, if z € C¢, we accept Hy that X ~ Fp, 6 € ©y.
|
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Definition 9.1.4:
Let X ~ Fy, 6 € O. Let C be a subset of IR" such that, if x € C, then Hj is rejected (with
probability 1), i.e.,

C={xz € R" : Hyis rejected for this z}.

The set C' is called the critical region. [

Definition 9.1.5:

If we reject Hy when it is true, we call this a Type I error. If we fail to reject Hy when it

is false, we call this a Type II error. Usually, Hy and H; are chosen such that the Type I

error is considered more serious. []

Example 9.1.6:

We first consider a non—statistical example, in this case a jury trial. Our hypotheses are that
the defendant is innocent or guilty. Our possible decisions are guilty or not guilty. Since it is
considered worse to punish the innocent than to let the guilty go free, we make innocence the

null hypothesis. Thus, we have

Truth k

ruth (unknown) Innocent (Hy) Guilty (Hy)

Decision (known)
Not Guilty (Ho) Correct Type I Error

Guilty (Hi) Type I Error Correct

The jury tries to make a decision “beyond a reasonable doubt”, i.e., it tries to make the

probability of a Type I error small. [

Definition 9.1.7:
If C is the critical region, then Py(C), 6 € Oy, is a probability of Type I error, and
Py(C°), 0 € ©1, is a probability of Type II error. [

Note:

We would like both error probabilities to be 0, but this is usually not possible. We usually
settle for fixing the probability of Type I error to be small, e.g., 0.05 or 0.01, and minimizing
the Type II error. [ |
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Definition 9.1.8:
Every Borel-measurable mapping ¢ of IR" — [0,1] is called a test function. ¢(z) is the

probability of rejecting Hy when z is observed.

If ¢ is the indicator function of a subset C' C IR", ¢ is called a nonrandomized test and C

is the critical region of this test function.

Otherwise, if ¢ is not an indicator function of a subset C' C IR", ¢ is called a randomized
test. [ |

Definition 9.1.9:
Let ¢ be a test function of the hypothesis Hy : 0 € O against the alternative Hy : 6 € O1.

We say that ¢ has a level of significance of a (or ¢ is a level-a—test or ¢ is of size «) if

Ey(6(X)) = Py(reject Hy) < a VO € O.

In short, we say that ¢ is a test for the problem («, ©¢, ©1). [

Definition 9.1.10:
Let ¢ be a test for the problem («, ©g,01). For every 6 € ©, we define

By(0) = Ey(¢(X)) = Py(reject Ho).

We call 84(0) the power function of ¢. For any 6 € O1, $4(0) is called the power of ¢

against the alternative 6. [

Definition 9.1.11:
Let @, be the class of all tests for («,©9,01). A test ¢g € @, is called a most powerful
(MP) test against an alternative 0 € O if

Bgo(0) > By(8) Vo € Dy,.

Definition 9.1.12:
Let ®, be the class of all tests for (o, 09,01). A test ¢y € P, is called a uniformly most
powerful (UMP) test if

Boo(0) > By(0) Vo € B, VO € O.
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Example 9.1.13:
Let X3,..., X, beiid N(:uv 1)7 pEB= {MOaMl}v Mo < 1.

Let Ho : Xz ~ N(,U,(],l) VS. H1 : Xz ~ N(Hlal)

Intuitively, reject Hy when X is too large, i.e., if X > k for some k.
Under Hy it holds that X ~ N (o, 2).

For a given o, we can solve the following equation for k:

X — o - k — po
1/vn = 1/yn

PHO(Y>k):P< ) P(Z > zy) = «

Here, 7\%— Z ~ N(0,1) and z, is defined in such a way that P(Z > z,) = «, i.e., z, is

the upper - quantlle of the N(0,1) distribution. It follows that 7\% = 2z, and therefore,

Thus, we obtain the nonrandomized test

1, fZ>pg+ =
¢(£)={ °T

0, otherwise

¢ has power

Bolim) = P (X > o+ )

NG
= P(f/\/ﬁl ( O_Ml)\/ﬁ"i'za)
= P(Z>za—vn(m — o))

>0

>

The probability of a Type II error is

P(Type IT error) = 1 — By(u1).
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Example 9.1.14:
Let X ~ Bin(6,p), p€ © = (0,1).

Ho: p=3, Hi:p#3.

Desired level of significance: a = 0.05.

Reasonable plan: Since Ep: 1
2

(X) = 3, reject Hy when | X — 3 |> ¢ for some constant c. But
how should we select c?

x |c=|z—3]| Pp:%(X:x) Pp:%(\X—?)]Zc)
0,6 3 0.015625 0.03125
1,5 2 0.093750 0.21875
2,4 1 0.234375 0.68750

3 0 0.312500 1.00000

Thus, there is no nonrandomized test with a = 0.05.

What can we do instead? — Three possibilities:

(i) Reject if | X — 3 |= 3, i.e., use a nonrandomized test of size av = 0.03125.
(ii) Reject if | X — 3 |> 2, i.e., use a nonrandomized test of size a = 0.21875.
(iii) Reject if | X — 3 |= 3, do not reject if | X — 3 |< 1, and reject with probability
.05 —0.0312
0.05 — 0.03125 _ 0.1 if | X — 3 |=2. Thus, we obtain the randomized test
2-0.093750
1, if x=0,6
plz) =4 0.1, ifz=1,5
0, ifzr=234

This test has size

o = B,y (0(X)
= 1-0.015625-2+0.1-0.093750 - 2+ 0 - (0.234375 - 2 4 0.3125)
= 0.05

as intended. The power of ¢ can be calculated for any p # % and it is

Bs(p) = Py(X =0o0r X =6) +0.1- P,(X =1 or X =5)
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9.2 The Neyman—Pearson Lemma

(Based on Casella/Berger, Section 8.3.2)

Let {fg : 6 € ©® ={6p,0,}} be a family of possible distributions of X. fy represents the pdf
(or pmf) of X. For convenience, we write fo(z) = fg,(z) and fi(z) = fp, (x).

Theorem 9.2.1: Neyman—Pearson Lemma (NP Lemma)
Suppose we wish to test Hy: X ~ fo(z) vs. Hy : X ~ fi(z), where f; is the pdf (or pmf) of
X under H;, i = 0,1, where both, Hy and H;, are simple.

(i) Any test of the form

1, if fi(z) > kfo(z)
o(z) = § (@), if filz)=kfolz) (%)
0, if fi(z) <kfo(z)
for some k > 0 and 0 < y(z) < 1, is most powerful of its significance level for testing
H() VS. Hl.
If k = oo, the test
1, if fo(z) =0
say=] b 0 (+4)
07 if fO(&) >0

is most powerful of size (or significance level) 0 for testing Hy vs. Hj.

(ii) Given 0 < « < 1, there exists a test of the form (%) or (xx) with v(z) = v (ie., a
constant) such that
Ey, (qb(l)) = o

Proof:

We prove the continuous case only.

@):
Let ¢ be a test satisfying (x). Let ¢* be any other test with size Ep,(¢* (X)) < Ep,(¢(X)).

It holds that

6@ - ¢ @)h@ - ko = ([ (6@ - @)h@ - kol)dz)

" </fl<kf0(¢@> —¢"@)(fil2) - ka(&))dz>

since

[, (60~ 6 @) () ~ Bz =0
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It is

/ (p(z) — ¢ (2))(f1(z) — kfo(x))dz = / (1—9¢*(2)) (fi(z) — kfo(z))dz >0
fi>kfo

fi>kfo

>0 >0
and
[ 6@ -6 @) - ko@z= [ (0" @) (@) - bo)ds 0.
fi<kfo fi<kfo >0 p
Therefore,

0 < /(¢(£)—¢*(£))(f1(£)—kfo(&))dz

= Ep (9(X)) = Ep, (¢7(X)) = k(Ep, (¢(X)) — Ey (67(X)))-

Since Eg, (¢(X)) = Ep,(¢*(X)), it holds that

Bp(01) — By (01) = k(Ep, (¢(X)) — Eg, (67(X))) = 0,

i.e., ¢ is most powerful.

If k = oo, any test ¢* of size 0 must be 0 on the set {z | fo(z) > 0}. Therefore,

Bu(00) = By (01) = B, (90) = By (0 () = [ (1= ¢ (@) iade 2 0
i.e., ¢ is most powerful of size 0.

(ii):

If a =0, then use (xx). Otherwise, assume that 0 < a <1 and y(z) = . It is
Eg (9(X)) = Py (f1(X) > kfo(X)) + 7P (f1(X) = kfo(X))

= 1Py, (f1(X) < kfo(X)) + 7P (f1(X) = kfo(X))

o Ji(X) fX)
= 1= h <f0(&) Jo(X) k> '

Note that the last step is valid since Py, (fo(X) =0) = 0.

§k> +’YP90<

Therefore, given 0 < o < 1, we want to find k£ and 7 such that Ey (¢(X)) = «, i.e.,

(A48 21) o (8 1) -1

Note that j%%g is a rv and, therefore, Py, (;;%g < k) is a cdf.

If there exists a kg such that

Py (fl@ <k)=1-a



we choose v = 0 and k = kg.

Otherwise, if there exists no such kg, then there exists a ki such that

f1(X) f1(X)
Foy (fo@) <h)<1-a<h, (fo@) k). ()

i.e., the cdf has a jump at kq. In this case, we choose k = k; and

_ Py, (fl(& < k1) -(1-a)

fo(X)
A
Po, (£ = k)

Theorem 9.2.1

F(x)
P(fL/f0 <= K1)t eesessessecceccces ’
1-alpha
P(LAO < K1) feessessessscssnans )
k1 X

Let us verify that these values for k; and v meet the necessary conditions:

Obviously,
[1(X)
P, (fl(i) < k1> R (fé(ﬁ) < ’“1) - (1= O‘)P9 (fl(X) _ kl) C1_a
"\ fo(X) ~ Py, jﬁégg = kl) * \ fo(X)
Also, since

it follows that v > 0 and since
P (B <k)-(-a) © P (£ < ki) = Py (£ < )

fo(X)
X _ = AX)
Py, (fé(ﬁ) - ’“1) Poo (fé(&) = k1
AX)
T (fé(&) — kl)
- AX) _
Py, (fé(&) - kl)

it follows that v < 1. Overall, 0 <~ < 1 as required.
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Theorem 9.2.2:
If a sufficient statistic T' exists for the family {fy : 6 € © = {6y,0:1}}, then the Neyman—

Pearson most powerful test is a function of T.

Proof:

Homework m

Example 9.2.3:
We want to test Hy : X ~ N(0,1) vs. H; : X ~ Cauchy(1,0), based on a single observation.

It is L )
Ao imm _ [Tew(d)
fo(.’E) \/%_ﬂ exp(—%) T 1+ 2

The MP test is

2
o [2exp(%)
bz) =1 it 2 > b
0, otherwise

where k is determined such that Ep,(¢(X)) = a.

If @« < 0.113, we reject Hy if | = [> zg, where zg s the upper § quantile of a N(0,1)

distribution.

If o > 0.113, we reject Hy if | x |[> ky or if | x |< kg, where k1 > 0, ko > 0, such that

k? k2
exp(3)  exp(3) and L | exp(—x—Q)dx -«
14 k? 14 k3 ke V21 2 2
Example 9.2.3a Example 9.2.3b
i i S
3 H
< " alpha/2 = 0.113/2 alpha/2 = 0.113/2
R g

0.2

0.8

0.1

T
k1 -k2 k2 k1 1585

2 1585 -1 0 1 1585 2 2 -1585 1 0 1 >
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Why is a = 0.113 so interesting?

For x =0, it is

filz) _ )2
Fo(@) = \/; 0.7979.

Similarly, for x ~ —1.585 and = ~ 1.585, it is

file) 2 exp(LEHEE
fo(.’E) - \/7

More importantly, Pg,(] X |> 1.585) = 0.113.

N _ h(0)
1+ (£1.585)2 07979 ~ fo(0)’
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9.3 Monotone Likelihood Ratios

(Based on Casella/Berger, Section 8.3.2)

Suppose we want to test Hy : 0 < 0y vs. Hy : 6 > 0 for a family of pdf’s {fp : 0 € © C IR}.
In general, it is not possible to find a UMP test. However, there exist conditions under which
UMP tests exist.

Definition 9.3.1:
Let {fp : 0 € © C IR} be a family of pdf’s (pmf’s) on a one-dimensional parameter space.
We say the family {fs} has a monotone likelihood ratio (MLR) in statistic 7'(X) if for

01 < 03, whenever fy, and fy, are distinct, the ratio ;ZQ %g is a nondecreasing function of 7'(x)
Ne

for the set of values z for which at least one of fy, and fp, is > 0. [

Note:
We can also define families of densities with nonincreasing MLR in 7T'(X), but such families

can be treated by symmetry. [ |

Example 9.3.2:
Let X1,...,X, ~U]|0,60], 6 > 0. Then the joint pdf is

Loo0<a,, <0 1
fo(z) = { g ") = Q—nf[o,e](%)),

otherwise

where T(n) = Tmaz = Zlinrllaxn ;.
=1,...,

Let (92 > 01, then

02

fo,() 01\" 0,0, (T (n))
fo,(z) ( )

Tio.01) (2 ()
It is
1[0792}(36(”)) B { 1, Z(n) € [0, 64]
Iog(xey) | oo, T(p) € (01,02]
since for x(, € [0, 61], it holds that z(,) € [0, 62].
But for z,) € (01,62], it is 1|9 9,)(z(n)) = 0.

= as T'(X) = X(;) increases, the density ratio goes from (Z—;)” to oo.

== % is a nondecreasing function of T'(X) = X,
1

== the family of U0, 0] distributions has a MLR in T'(X) = X, |

101



Theorem 9.3.3:
The one-parameter exponential family fp(z) = exp(Q(0)T(z) + D(0) + S(z)), where Q(0) is
nondecreasing, has a MLR in T'(X).

Proof:

Homework. m

Example 9.3.4:
Let X = (Xy,---,X,,) be a random sample from the Poisson family with parameter A > 0.
Then the joint pdf is

fialz) = H (e_A)\xi—'> — e M\ T H — = exp (—n)\ + sz ~log(\) — Zlog(wﬂ)) ,
i=1 Li: i=1 Vi i=1 i=1
which belongs to the one—parameter exponential family.

Since Q(A) = log(\) is a nondecreasing function of A, it follows by Theorem 9.3.3 that the
Poisson family with parameter A > 0 has a MLR in T'(X) = ZXi'
i=1

We can verify this result by Definition 9.3.1:

Do) )\QEM L (&)Zw o121
Al .

Y A T, . .
If A2 > A1, then 32 > 1 and (A—f) is a nondecreasing function of > x;.

n

Therefore, f) has a MLR in T'(X) = ZXi‘ ]
i=1

Theorem 9.3.5:
Let X ~ fy, 6 € © C IR, where the family {fg} has a MLR in T'(X).

For testing Hy : 0 < 6y vs. Hy : 0 > 6y, 0y € O, any test of the form

1, if T'(z) > to
ple) =19 v, ifT(x)=t0 (%)
0, if T(z) <ty

has a nondecreasing power function and is UMP of its size Ep,(¢(X)) = a, if the size is not 0.

Also, for every 0 < o < 1 and every 0y € ©, there exists a ¢ty and a v (—oo < tg < o0,
0 <~ < 1), such that the test of form (x) is the UMP size « test of Hy vs. Hj.
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Proof:

“:>77:
Let 61 < 63, 61,02 € © and suppose Ey, (¢(X)) > 0, i.e., the size is > 0. Since fp has a MLR
nT, ;ZQ % is a nondecreasing function of 7T'. Therefore, any test of form (x) is equivalent to
(2
a test for (@)
.o fo,(z
1, if fe?(&) >k
B o foo(Z)
plz) =4 7, if f9?@) =k (%)
. fo, ()
0, if fe?(&) <k

which by the Neyman—Pearson Lemma (Theorem 9.2.1) is MP of size « for testing Hy : 0 = 64
vs. Hy: 0 =0,.

Let @, be the class of tests of size a, and let ¢, € @, be the trivial test ¢;(z) = o Va. Then
¢ has size and power . The power of the MP test ¢ of form (x) must be at least « as the

MP test ¢ cannot have power less than the trivial test ¢y, i.e,

Ep,(6(X)) = Ep, (¢1(X)) = o = Ep, (¢(X)).

Thus, for 65 > 64,
Eg, (6(X)) = Ep, (6(X)),

i.e., the power function of the test ¢ of form (%) is a nondecreasing function of 6.

Now let 01 = 6y and 03 > 0y. We know that a test ¢ of form (x) is MP for Hy : 0 = 0y vs.
Hj : 6 =6y > 0y, provided that its size a = Ey,(¢(X)) is > 0.

Notice that the test ¢ of form (%) does not depend on 6. It only depends on ty and ~.
Therefore, the test ¢ of form (%) is MP for all 6, € ©;. Thus, this test is UMP for simple
Hy : 6 = 6y vs. composite Hy : 6 > 0y with size Ep,(¢(X)) = .

Since ¢ is UMP for a class ®” of tests (¢” € ®”) satisfying
Epy (¢" (X)) < ag,
¢ must also be UMP for the more restrictive class ®” of tests (¢ € @) satisfying
Ey(¢"(X)) < ap VO < bp.
But since the power function of ¢ is nondecreasing, it holds for ¢ that

E@(QZ)(X)) < Eﬁo (@Z)(X)) = Q) Vo < (90.

Thus, ¢ is the UMP size ag test of Hy: 0 < 6y vs. Hy: 0 > 0y if ag > 0.
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“<:77 .
Use the Neyman-—Pearson Lemma (Theorem 9.2.1). |

Note:
By interchanging inequalities throughout Theorem 9.3.5 and its proof, we see that this The-
orem also provides a solution of the dual problem H{,: > 6y vs. Hj : 0 < 6. [ ]

Theorem: 9.3.6
For the one—parameter exponential family, there exists a UMP two-sided test of Hy : 6 < 60
or 6 > 6y, (where 01 < 03) vs. Hy : 01 < 0 < 0 of the form

1, ifer<T(z)<e
o) =9q v, IT(x)=c¢, i=1,2
0, ifT(z)<c, orifT(z) > co

Note:
UMP tests for Hy : 01 < 0 < 03 and Hy : § = 6y do not exist for one-parameter exponential

families. u
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9.4 Unbiased and Invariant Tests

(Based on Rohatgi, Section 9.5, Rohatgi/Saleh, Section 9.5 & Casella/Berger,
Section 8.3.2)

If we look at all size « tests in the class ®,, there exists no UMP test for many hypotheses.

Can we find UMP tests if we reduce ®, by reasonable restrictions?

Definition 9.4.1:
A size a test ¢ of Hy: 6 € ©g vs Hy : 6 € ©1 is unbiased if

Ey(6(X)) > a Vo € 0.

|
Note:
This condition means that 84(0) < o V8 € ©g and B4(0) > o V8 € ©1. In other words, the
power of this test is never less than «. [ |

Definition 9.4.2:
Let U, be the class of all unbiased size « tests of Hy vs Hy. If there exists a test ¢ € U,
that has maximal power for all § € ©1, we call  a UMP unbiased (UMPU) size « test. =

Note:

It holds that U, € ®,. A UMP test ¢, € ®, will have B4, > a V6O € O; since we must
compare all tests ¢, with the trivial test ¢(z) = a. Thus, if a UMP test exists in @, it is
also a UMPU test in U,. [ ]

Example 9.4.3:

Let X1,..., X, beiid N(u,0?), where 0® > 0 is known. Consider Hy : p = po vs Hy : pu # pio.
From the Neyman—Pearson Lemma, we know that for u; > pg, the MP test is of the form

1, if X > Mo + %ZQ

0, otherwise

1, if7<,uo—%za

0, otherwise

If a test is UMP, it must have the same rejection region as ¢; and ¢5. However, these 2

rejection regions are different (actually, their intersection is empty). Thus, there exists no

105



UMP test.

We next state a helpful Theorem and then continue with this example and see how we can
find a UMPU test. [ |

Theorem 9.4.4:
Let c1,...,c, € IR be constants and fi(x),. .., fn+1(z) be real-valued functions. Let C be the
class of functions ¢(z) satisfying 0 < ¢(z) < 1 and

| @iz = Vi=1,....n
If ¢x € C satisfies

L if fua(z >Zk filz
¢*(z) =
0, if fry1(z Zk fi(z

for some constants k1,...,k, € IR, then ¢* maximizes / d(x) frt1(z)dz among all ¢ € C.

Proof:
Let ¢*(z) be as above. Let ¢(z) be any other function in C. Since 0 < ¢(z) <1 Vz, it is

(6" (z) — dlz) (fn+1 Zk file )zo V.

This holds since if ¢*(z) = 1, the left factor is > 0 and the right factor is > 0. If ¢*(x) = 0,
the left factor is < 0 and the right factor is < 0.

Therefore,

0 < [@-@ (fn+1 Zkfz )
= [o@hn@ide - [ o)t 2k</¢ 2 filz d:c—/qb )file)dz

=Ci—Ci—=

Thus,
[ ¢ @@z [ 6@ @iz

Note:
(i) If fn41 is a pdf, then ¢* maximizes the power.

(ii) The Theorem above is the Neyman-Pearson Lemma if n = 1, fi = fy,, f2 = fo,, and

Cc1 = Q.
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Example 9.4.3: (continued)
So far, we have seen that there exists no UMP test for Hy: p = po vs Hy : p # po.

We will show that
1, if X < po— %Za/g or if X > pg + %ZQ/Q
¢3(z) =
0, otherwise
is a UMPU size o test.
Due to Theorem 9.2.2, we only have to consider functions of sufficient statistics T'(X) = X.

2
Let 72 = —.
n

To be unbiased and of size «, a test ¢ must have

M) / (1) fro (£)dt = a, and

@) 5 [ oo, = [ o0 (5500

H=po

We want to maximize /gf)(t)fu(t)dt, i # o such that conditions (i) and (ii) hold.

We choose an arbitrary p; # po and let

We now consider how the conditions on ¢* in Theorem 9.4.4 can be met:

f3(t) > kifi(t) + kafa(t)
1

1 1

T o @—m)?) > o exp(- g5 (@ = w)) +

o e(— @ i)

1 1 1
— exp(—2—T2(f —11)?) > K exp(—ﬁ(ﬁ — 110)%) + k2 exp(—ﬁ(f — 110))(

= eplpn(@ o)~ @ mP) > kit

_ . 2
exp(fc(ﬂl :U‘O) . H1 IU’O)

dt =0, i.e., we have a minimum at pyg.

T — o

T

2

)



Note that the left hand side of this inequality is increasing in T if 1 > pp and decreasing in
T if 1 < po. Either way, we can choose k1 and ko such that the linear function in T crosses
the exponential function in T at the two points
o L0
= o — —F=2 = —Z/2-
1225 2 \/ﬁ a/2s 1229 Ko \/ﬁ /2

Obviously, ¢3 satisfies (i). We still need to check that ¢3 satisfies (ii) and that By, (x) has a

minimum at pg but omit this part from our proof here.

¢3 is of the form ¢* in Theorem 9.4.4 and therefore ¢3 is UMP in C. But the trivial test
¢(z) = o also satisfies (i) and (ii) above. Therefore, Sy, (1) > « VY # p9. This means that

¢3 is unbiased.

Overall, ¢3 is a UMPU test of size a. [

Definition 9.4.5:

A test ¢ is said to be a—similar on a subset ©* of O if

By(0) = Eg(¢p(X)) = a VO € OF.

A test ¢ is said to be similar on ©* C O if it is a—similar on ©* for some a, 0 <a<1. =

Note:

The trivial test ¢(z) = « is a—similar on every 0* C O. ]

Theorem 9.4.6:
Let ¢ be an unbiased test of size o for Hy : 6 € ©g vs Hy : 6 € Oy such that 3,(0) is a
continuous function in . Then ¢ is a-similar on the boundary A = ©9 N O, where O and

O are the closures of O and ©1, respectively.

Proof:

Let & € A. There exist sequences {6,} and {6,,} whith 6, € ©¢ and 6/, € ©; such that
lim 6, =6 and lim 6/, = 6.

n—oo n—oo

By continuity, £4(6,) — B4(6) and B4(0],) — B4(0).

Since By(0n) < a implies (4(0) < o and since B4(0),) > « implies 55(6) > « it must hold
that B4(0) = a VO € A. |
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Definition 9.4.7:
A test ¢ that is UMP among all o-similar tests on the boundary A = ©g N O is called a
UMP o—similar test. [

Theorem 9.4.8:
Suppose B4(0) is continuous in @ for all tests ¢ of Hy: 6 € ©g vs Hy : § € ©1. If a size «
test of Hy vs Hy is UMP a—similar, then it is UMP unbiased.

Proof:
Let ¢g be UMP a-similar and of size a. This means that Eg(¢(X)) < a V6 € O.

Since the trivial test ¢(z) = a is asimilar, it must hold for ¢¢ that 84,(0) > o VO € ©; since
¢o is UMP a—similiar. This implies that ¢q is unbiased.

Since 4(0) is continuous in 0, we see from Theorem 9.4.6 that the class of unbiased tests is

a subclass of the class of a—similar tests. Since ¢g is UMP in the larger class, it is also UMP

in the subclass. Thus, ¢¢ is UMPU. [ |
Note:
The continuity of the power function S4(#) cannot always be checked easily. [

Example 9.4.9:
Let Xy,..., X, ~ N(u,1).

Let Hy: p<0vs Hy: pu>0.

n
Since the family of densities has a MLR in Z X;, we could use Theorem 9.3.5 to find a UMP
i=1
test. However, we want to illustate the use of Theorem 9.4.8 here.

It is A = {0} and the power function
_ LY o (15 2

of any test ¢ is continuous in p. Thus, due to Theorem 9.4.6, any unbiased size « test of H

is a—similar on A.
We need a UMP test of Hy: p=0vs Hy: pu>0.

By the NP Lemma, a MP test of Hj : =0 vs H : p= 1, where 3 > 0 is given by
2 N2
1, if exp (Z;z _ 2(3%2 1) ) > kK

0, otherwise

o(z) =
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or equivalently, by Theorem 9.2.2,

1, f7=N"X;>k
(z) = ;

0, otherwise

Since under Hy, T ~ N(0,n), k is determined by o = P,—o(T > k) = P(
k= \/nz,.
¢ is independent of py for every py > 0. So ¢ is UMP a-similar for H) vs. Hj.

Finally, ¢ is of size «, since for p < 0, it holds that
Eu(gb(l)) = PM(T > \/ﬁza)

(S )

< P(Z > z,)
= «

(%) holds since =2 ~ N(0,1) for p < 0 and zq — /> 2z, for p < 0.

Jn
Thus all the requirements are met for Theorem 9.4.8, i.e., B, is continuous and ¢ is UMP
a—similar and of size a, and thus ¢ is UMPU. [ |

Note:

Rohatgi, page 428-430, lists Theorems (without proofs), stating that for Normal data, one—
and two-tailed t-tests, one— and two-tailed y?tests, two-sample t-tests, and F-tests are all
UMPU. [

Note:

Recall from Definition 8.2.4 that a class of distributions is invariant under a group G of trans-
formations, if for each g € G and for each # € © there exists a unique ¢’ € © such that if
X ~ Py, then Q(X)NPQ/ |

Definition 9.4.10:

A group G of transformations on X leaves a hypothesis testing problem invariant if G
leaves both {Py : 6 € ©¢} and {Fp : 6§ € O} invariant, ie., if y = g(z) ~ hy(y), then
{fo(z) : 0 € ©p} = {ho(y) : 0 € Og} and {fe(z): 0 € ©1} = {hg(y) : 6 € O1}. ]
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Note:

We want two types of invariance for our tests:

Measurement Invariance: If y = g(z) is a 1-to-1 mapping, the decision based on y should
be the same as the decision based on z. If ¢(z) is the test based on z and ¢*(y) is the
test based on y, then it must hold that ¢(z) = ¢*(g(z)) = ¢*(y).

Formal Invariance: If two tests have the same structure, i.e, the same O, the same pdf’s (or
pmf’s), and the same hypotheses, then we should use the same test in both problems.
So, if the transformed problem in terms of y has the same formal structure as that of

the problem in terms of z, we must have that ¢*(y) = ¢(z) = ¢*(g(z)).

We can combine these two requirements in the following definition: [ |

Definition 9.4.11:

An invariant test with respect to a group G of tansformations is any test ¢ such that

P(z) = d(g(z)) Yz VYgedq.

Example 9.4.12:
Let X ~ Bin(n,p). Let Hy: p= % vs. Hy: p# %

Let G = {g1,92}, where g1(z) =n — x and go(x) = x.

If ¢ is invariant, then ¢(z) = ¢(n — x). Is the test problem invariant? For go, the answer is

obvious.

For g1, we get:
91(X)=n— X ~ Bin(n,1 —p)

Ho: p=5:{fp(@):p =13} = {hp(o1(2)) : p = 3} = Bin(n, 5)
By p# b () i # 3} = (pln@) :p# 5)

:Bin(n,p#%) :Bin(n,p7ﬁ%)

So all the requirements in Definition 9.4.10 are met. If, for example, n = 10, the test
1, ifx=0,1,2,8,9,10
¢(x) =
0, otherwise

is invariant under G. For example, ¢(4) = 0 = ¢(10 — 4) = ¢(6), and, in general,
o(z) = ¢(10 —x) Vo €{0,1,...,9,10}. |
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Example 9.4.13:
Let X1,...,X, ~ N(u,0?) where both p and 0 > 0 are unknown. It is X ~ N(u, %) and
”0—_2182 ~x2_; and X and S? independent.

Let Hy: pw<0vs. H : pu>0.
Let G be the group of scale changes:
G={9:(@89),c> 0 gu(7,52) = (7, 2s2)}

The problem is invariant because, when g.(T, s?) = (¢, c?s?), then

(i) ¢X and ¢2S? are independent.

(i) X ~ N(cp, €2) € {N(n, T)}.

n

sy el 202 2
(iii) 3c°S% ~ xa_1-

So, this is the same family of distributions and Definition 9.4.10 holds because p < 0 implies
that cu <0 (for ¢ > 0).

An invariant test satisfies ¢(%, s2) = ¢(cT, ?s?), ¢ > 0,5%> > 0,7 € IR.

» 8]

Let ¢ = 1. Then ¢(Z,s%) = ¢(Z,1) so invariant tests depend on (Z, s*) only through

If % f—;, then there exists no ¢ > 0 such that (Fa,s3) = (cT1,c?s?). So invariance places

no restrictions on ¢ for different % = f—; Thus, invariant tests are exactly those that depend

only on %, which are equivalent to tests that are based only on t = s/i\/ﬁ Since this mapping
is 1-to—1, the invariant test will use T' = % ~ t,_1 if g = 0. Note that this test does not

depend on the nuisance parameter ¢2. Invariance often produces such results. [ |

Definition 9.4.14:

Let G be a group of transformations on the space of X. We say a statistic 7'(z) is maximal

invariant under G if

(i) T is invariant, i.e., T'(z) = T(g(z)) Vg € G, and

(ii) T is maximal, i.e., T(z;) = T'(zy) implies that z; = g(z4) for some g € G.
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Example 9.4.15:
Let x = (x1,...,zy,) and ge(z) = (1 + ¢, ..., zy + C).

Consider T'(z) = (zy, — T1,Tn — T2y« , Ty — Tp—1)-

It is T(gc(z)) = (vp — 1,2 — X2y ..., Ty — Tp—1) = T'(z), so T is invariant.
If T(z) =T(2), then ,, —x; =), — 2} Vi=1,2,...,n—1.

This implies that @; — 2, =2, — 2}, =c¢ Vi=1,2,...,n — 1.

Thus, g.(2') = (2} +¢,...,z), +¢) =z.

Therefore, T' is maximal invariant. [ |

Definition 9.4.16:
Let I, be the class of all invariant tests of size v of Hy : 8 € ©g vs. Hy : 0 € O1. If there
exists a UMP member in I, it is called the UMP invariant test of Hy vs H;. [ |

Theorem 9.4.17:

Let T'(z) be maximal invariant with respect to G. A test ¢ is invariant under G iff ¢ is a

function of T.

Proof:

="

Let ¢ be invariant under G. If T'(z;) = T'(z5), then there exists a g € G such that z; = g(z5).
Thus, it follows from invariance that ¢(z1) = ¢(g(x2)) = ¢(z5). Since ¢ is the same whenever
T(z;) = T(z5), ¢ must be a function of T

“<:77:
Let ¢ be a function of T', i.e., ¢(x) = h(T'(z)). It follows that

(*) holds since T is invariant.

This means that ¢ is invariant. [ |
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Example 9.4.18:
Consider the test problem

Hy: X~ folx1 —0,...,20p—0) vs. H: X ~ fi(x1 —0,...,2, — 0),
where 0 € IR.
Let G be the group of transformations with
gc(i) - (CCl +Cu"'7'rn +C)7

where ¢ € IR and n > 2.

As shown in Example 9.4.15, a maximal invariant statistic is 7'(X) = (X1 — Xp, ..., Xpn—1 —
X,) = (T1,...,Ty—1). Due to Theorem 9.4.17, an invariant test ¢ depends on X only through
T.

Since the transformation

Ty X - X,
Z Tnfl anl - Xn
A X,

is 1-to—1, there exists inverses X,, = Z and X; =T, + X,, =T, + 72 Vi =1,...,n—1.
Applying Theorem 4.3.5 and integrating out the last component Z (= X,,) gives us the joint
pdfOfT = (Tl,... Tn 1)

Thus, under H;,i = 0,1, the joint pdf of T" is given by / filti+z,to+ 2, tn_1+ 2,2)dz

which is independent of §. The problem is thus reduced to testing a simple hypothesm against
a simple alternative. By the NP Lemma (Theorem 9.2.1), the MP test is

1, if i) >c

Pt t) = { 0, ifAE) <c

00
/ fl(t1+z,t2+z,...,tn_1—i—Z,Z)dZ
—00

where t = (t1,...,tp—1) and A(t) = Z==25 .
/ fo(t1+z,t2+z,...,tn_1—i—Z,Z)dZ
—0o0

In the homework assignment, we use this result to construct a UMP invariant test of

Hy: X ~N(0,1) vs. H: X ~ Cauchy(1,0),

1 1
where a Cauchy(1,0) distribution has pdf f(z;0) = ———————, where § € IR. ]
71+ (x—0)2
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10 More on Hypothesis Testing

10.1 Likelihood Ratio Tests

(Based on Casella/Berger, Section 8.2.1)

Definition 10.1.1:
The likelihood ratio test statistic for

Hyp: 6€0Opvs. HH: 0€©; =0 -0

is
sup fo(z)
_ 0€©g

AT
€O

The likelihood ratio test (LRT) is the test function

d(z) = Tjo,e)(Az)),

for some constant ¢ € [0, 1], where ¢ is usually chosen in such a way to make ¢ a test of size
Q. |

Note:

(i) We have to select ¢ such that 0 < ¢ < 1 since 0 < A\(z) < 1.

(ii) LRT’s are strongly related to MLE’s. If @ is the unrestricted MLE of # over © and 6 is

the MLE of 6 over Oy, then \(z) = —J;?;(%)

Example 10.1.2:
Let Xy,..., X, be a sample from N(u,1). We want to construct a LRT for

Ho: p=povs. Hy: p# po.
It is fig = po and g = X. Thus,

)2 exp(—1 x; — 2 n
_ (2 ) p( 22( i MO) ) :eXp(—g(f—,uO)2)~

M) = o P exp(= L 5 (e = 7))

The LRT rejects Hy if A(z) < ¢, or equivalently, | T — uo [> 1/ —210%. This means, the LRT
rejects Hy : = po if T is too far from ug. [
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Theorem 10.1.3:
If T(X) is sufficient for # and A*(¢) and A\(z) are LRT statistics based on T" and X respectively,
then

M(T(z)) = Mz) vz,
i.e., the LRT can be expressed as a function of every sufficient statistic for 6.
Proof:

Since T is sufficient, it follows from Theorem 8.3.5 that its pdf (or pmf) factorizes as fy(z) =
go(T)h(z). Therefore we get:

sup fo(x)
[ASSH

sup fp(z)
9co

AMz) =

sup gg(T)h(z)
[ASSH

sup go(T)h(z)
0cO

sup go(T')
[ASCH

sup go(T')
0cO

= N (T()

Thus, our simplified expression for A(z) indeed only depends on a sufficient statistic 7. [ |

Theorem 10.1.4:

If for a given «a, 0 < a < 1, and for a simple hypothesis Hy and a simple alternative H; a

non-randomized test based on the NP Lemma and a LRT exist, then these tests are equivalent.
Proof:
See Homework. m
Note:
Usually, LRT’s perform well since they are often UMP or UMPU size « tests. However, this
does not always hold. Rohatgi, Example 4, page 440-441, cites an example where the LRT is

not unbiased and it is even worse than the trivial test ¢(z) = a. [

Theorem 10.1.5:
Under some regularity conditions on fy(z), the rv —2log A\(X) under Hy has asymptotically

a chi—squared distribution with v degrees of freedom, where v equals the difference between

the number of independent parameters in © and Oy, i.e.,

—2log A(X) 4, X2 under H,.
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Note:
The regularity conditions required for Theorem 10.1.5 are basically the same as for Theorem
8.7.10. Under “independent” parameters we understand parameters that are unspecified, i.e.,

free to vary. [ |

Example 10.1.6:
Let X1,..., X, ~ N(u,0?) where p € IR and 0% > 0 are both unknown.

Let Hy: p=po vs. Hy: p# po.
We have 0 = (u,0%), © = {(u,0?) : p € R,0? >0} and Og = {(uu0,0?%) : % > 0}.

ItlS@o—Ho%Z andH— ,%Z , — T)
i=1 i=1
Now, the LR test statistic A(z) can be determined:
i (x
Ao - 2
fo(z)

2 (@i—po)? )
L ﬂeXp< 2, 3 (i)’

z;—7%)2

N

MI;%

()% z@w
_ ( > ( —7)? >%
(@i — po)?

B S xi—nxT 2
A\ X2 = 2u0 Y. xi + npd — nT? + nT?

Note that this is a decreasing function of
HX) = V(X - m) V(X — ) (+)
\/ 1 (X - X)?
(%) holds due to Corollary 7.2.4.

So we reject Hy if t(z) is large. Now,



— =
Under Hy, M ~ N(0,1) and 2()272)() ~ x2_; and both are independent according
to Theorem 7.2.1.

Therefore, under Hy,

Thus, the mgf of —2log \(X)) under Hj is
Mn(t) = Em,(exp(—2tlog A(X)))

= Fpy,(exp(ntlog(l + %)))

= FEp,(exp(log(1 + %)nt))

o L(3) 1 f\E f\™
. (T — 1) (i) () @
Note that P .
_ 3 1 e
fl,n—l(f)_r(%)r(%)(n_l)% f(l—l_n—l) I[O,oo)(f)

is the pdf of a F} 1 distribution.

-1
Let y = (14 7£7) " then 17 = 152 and df = —5Ldy,

Thus,
_ L(%) © 1 foN"E
Ml = F(”T‘I)F(%)(n—l)%/o \/T(H”—l) v
— F(%) n — % ! 5 nt o -3
T A A
() I'(%) n—1 1
- et )
_ (5 TEFE-anr)
L(*)r(z)  L(5 —nt)
O D(3) T2t - nt) Lol
or(2gh) (g -nt) 2 2n



(%) holds since the integral represents the Beta function (see also Example 8.8.11).

As n — oo, we can apply Stirling’s formula which states that

T(a(n) + 1) ~ (a(n)! ~ VZr(a(n)*™*F exp(—a(n)).

So,
n—1 n— n(l— _ n(1—2t)—2 n(l— _
M)~ YEECE)T exp(o2ph)Vam(HA) T et
V2r(153) T exp(— 152 )v/am(MUTZI=2) S (=202
n—2 1 n(1-2t)—2 1
B (n—2>T(n—2)§(n(1—2t)—3> 2 (n(1—2t)—2)5
- \n-3 2 n(l—2t) —2 2
1 1 1
1 2 1 2 n—2 3
— 14— yn—2 1- - - n(12t)2) (—)
(( Y ) (( T Y n(l—20)—2
—)e% as n—oo Hef% as n—oo H(172t)7% as n—oo
Thus,
1
M, (t) — ——— as n — oc.
(1—2¢t)2

Note that this is the mgf of a x? distribution. Therefore, it follows by the Continuity Theorem
(Theorem 6.4.2) that

—2log A(X) % x3.
Obviously, we could use Theorem 10.1.5 (after checking that the regularity conditions hold)
as well to obtain the same result. Since under Hy 1 parameter (02) is unspecified and under

H; 2 parameters (u, 02) are unspecified, it is v =2 — 1 = 1. ]
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10.2 Parametric Chi—-Squared Tests

(Based on Rohatgi, Section 10.3 & Rohatgi/Saleh, Section 10.3)

Definition 10.2.1: Normal Variance Tests

Let X1,..., X, be a sample from a N(u,o?) distribution where x4 may be known or unknown
and 02 > 0 is unknown. The following table summarizes the y? tests that are typically being
used:

Reject Hy at level « if

Hy Hy © known 4 unknown
2
g
I |o>09 o<oy (i — :u)2 < J(Q]X%;lfa 52 < n—folxngl;lfa
2
g,
IT o <oy o0>o0 Z(xz - :U')2 = U%X%;a 52 2 n—_olxgz—l o
i

II|o=09 oc#00 Y(v;—p)?< ngi;l—aﬂ s? < nTXi—l;l—a/Z

(i) In Definition 10.2.1, o is any fixed positive constant.
(ii) Tests I and II are UMPU if x4 is unknown and UMP if 4 is known.

(iii) In test III, the constants have been chosen in such a way to give equal probability to

each tail. This is the usual approach. However, this may result in a biased test.

(iv) X72’L;1—a is the (lower) « quantile and X%;a is the (upper) 1 — a quantile, i.e., for X ~ x2,
it holds that P(X < X%L;l—a) =aand P(X <x2,) =1—o

(v) We can also use x? tests to test for equality of binomial probabilities as shown in the

next few Theorems.

Theorem 10.2.2:
Let Xy,..., X} be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. Then it holds that

k 2
X; — nipi 4
< 1 (7 ) X%
= \vnipi(1 —pi)

T —

as ny,...,NE — 00.
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Proof:

Homework m

Corollary 10.2.3:
Let Xq,..., X} be as in Theorem 10.2.2 above. We want to test the hypothesis that Hy : p; =

p2 = ... = prp = p, where p is a known constant (vs. the alternative H; that at least one of

the p;’s is different from the other ones). An appoximate level-« test rejects Hy if

2
(e Vo,

i=1 nip(l _p)

Theorem 10.2.4:
Let Xi,..., X} be independent rv’s with X; ~ Bin(n;,p),i = 1,...,k. Then the MLE of p is

k
>
L =1
b= .
>_ni
i=1
Proof:
This can be shown by using the joint likelihood function or by the fact that Y X; ~ Bin(}_ n;, p)
and for X ~ Bin(n,p), the MLE is p = £. [

Theorem 10.2.5:
Let Xi,..., X} be independent rv’s with X; ~ Bin(n;,p;),i = 1,...,k. An approximate

level-« test of Hy: p1 = py = ... = pr = p, where p is unknown (vs. the alternative H; that

at least one of the p;’s is different from the other ones), rejects Hy if

where p = % [ |

Theorem 10.2.6:

k
Let (X1,..., X)) be a multinomial rv with parameters n,p1,pa,...,pr where Zpi =1 and
i=1
& (2
> X; =n. Then it holds that
i=1

k 2
(Xi —npi))® a
Uk = Z # = Xk-1
i=1 i
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as n — oQ.

An approximate level-a test of Hy: p1 = pi,p2 = Db, ..., pr = pj, rejects Hy if

k
Z (z; — np;)Q > 42

! Xk:—l;a‘
i=1 np;

Proof:

Case k = 2 only:
(X1 —np1)? n (X2 — np2)?

U, =
np1 npz
_ (X1 —np1)? N (n— X1 —n(l—p1))?
npi n(l—p1)
1 1
= (X1 —npy)? <— + 7>
(X1 =npy) npr - n(l—p1)
1—p1) +p1)
— (Xy —np)? ((7
(X1 =np1) np1(1 —p1)
(X1 —npr)?
np1(1 —p1)
X, —
By the CLT, i Sl LN N(0,1). Therefore, Uy N X3 |
np1(1 —p1)

Theorem 10.2.7:

Let X4,...,X, be a sample from X. Let Hy : X ~ F, where the functional form of F' is
known completely. We partition the real line into k£ disjoint Borel sets Aj,..., A; and let
P(X € A;) = p;, wherep; >0 Vi=1,... k.

n
Let YV; = #X[sin Aj =Y 1a,(X;), Vi=1,... .,k
=1

Then, (Y71,...,Y%) has multinomial distribution with parameters n, p1,pa, ..., Pk [ |

Theorem 10.2.8:

Let Xi,..., X, be a sample from X. Let Hy: X ~ Fy, where § = (6,...,0,) is unknown.
Let the MLE 6 exist. We partition the real line into k disjoint Borel sets A1,..., A; and let
Py(X € A;) = pi, where p; >0 Vi=1,... k.

Let V; = #X[sin Aj =Y 14,(X;), Vji=1,... .,k
=1
Then it holds that

k A \2
Yi—npi)® a o
Vi = E Zniﬁz — Xk—r—1-
i=1 g
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An approximate level-a test of Hy: X ~ Fjy rejects Hy if
k N np
i 2
> -
— npz Xk—r Lo

2

where r is the number of parameters in 6 that have to be estimated.
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10.3 {—Tests and F—Tests

(Based on Rohatgi, Section 10.4 & 10.5 & Rohatgi/Saleh, Section 10.4 & 10.5)

Definition 10.3.1: One— and Two—Tailed ¢-Tests

Let X1,...,X, be a sample from a N(u,o?) distribution where o2 > 0 may be known or
n n

unknown and g is unknown. Let X = %ZXZ and S% = L Z(XZ - X)?
i=1 ‘

The following table summarizes the z— and t—tests that are typically being used:

Reject Hy at level « if

Hy H, o? known o? unknown

I :US:UO W > o TZMO"F%Z& $>,U()+fn L

IT | p2>po p<po ESHO“"%Zlfa $<H0+\/—n Ll-o

HI\p=po p#po |T—pol> Fzap [T — o= Jrtntia/2

(i) In Definition 10.3.1, po is any fixed constant.
(ii) These tests are based on just one sample and are often called one sample t—tests.

(iii) Tests I and IT are UMP and test III is UMPU if o2 is known. Tests I, II, and III are
UMPU and UMP invariant if o2 is unknown.

(iv) For large n (> 30), we can use z-tables instead of ¢t-tables. Also, for large n we can
drop the Normality assumption due to the CLT. However, for small n, none of these

simplifications is justified.

|
Definition 10.3.2: Two—Sample t-Tests
Let Xi,...,X,, be a sample from a N(u1,0?) distribution where ¢ > 0 may be known or
unknown and g is unknown. Let Y7, ..., Y, be a sample from a N (u2,03) distribution where

03 > 0 may be known or unknown and p» is unknown.

LetYZ%ZXZ- and S? = Z

i=1

n n

Let Y = %ZYZ and S2 = ﬁz
i=1 i=1

(m—1)S2+(n—1)532

2 _
Let S, = mAn—2

The following table summarizes the z— and t—tests that are typically being used:
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Reject Hy at level « if

Hy o, 02,02 known 02,02 unknown, o1 = o9

2 2
I {pi—p2e<6 p—pp>0 T-F>0+z\L+2 T—7 26+ tmin-20aSp\/ = + =
2 2
II | —pe>8 pi—pe<6 T—-TF<6+z1-a\V2+2Z ZT—-F<0+tmin21-aSp\/o + %

2
T | py —p2 =0 p1—p2#9 ’T—@—Mzza/ﬂ/%‘f‘% | T =G =02 tmin-20/25\ m + 5

(i) In Definition 10.3.2, § is any fixed constant.

(ii) All tests are UMPU and UMP invariant.

(iii) If 0? = 03 = 0 (which is unknown), then 52 is an unbiased estimate of 0. We should

check that 0? = 02 with an F-test.

(iv) For large m + n, we can use z—tables instead of t-tables. Also, for large m and large n
we can drop the Normality assumption due to the CLT. However, for small m or small

n, none of these simplifications is justified.

Definition 10.3.3: Paired t-Tests
Let (X1,Y7)...,(X,,Y,) be a sample from a bivariate N(u1, po, 0%, 03, p) distribution where

all 5 parameters are unknown.

Let D; = X; — Y; ~ N(pu1 — pa, 07 + 05 — 2po103).
n n
Let D=1%"D;and S3 = 2> (D; - D)*.
i=1 i=1
The following table summarizes the t—tests that are typically being used:

Hg H; Reject Hy at level « if

I {fpy—p2<d pr—p2>0 325+s\/—‘itn—1;a
IT [ p1—pe>6 pp—pe<d d<d+ + ZEtn-11-a

T —pe =06 p—pe#6  [d=0[> Ftn 1/
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Note:

(i) In Definition 10.3.3, § is any fixed constant.

(ii) These tests are special cases of one-sample tests. All the properties stated in the Note

following Definition 10.3.1 hold.

iii) We could do a test based on Normality assumptions if 02 = 0% + 03 — 2poi09 were
Y 1toy—2p

known, but that is a very unrealistic assumption.

Definition 10.3.4: F—Tests
Let X1,..., X, be asample from a N (u1, 07) distribution where 1y may be known or unknown

., Y, be a sample from a N (us,03) distribution where us may

and o7 is unknown. Let Y7, ..

be known or unknown and o3 is unknown.

Recall that
m . n o
> (X —X)? d(Vi-Y)?
—1 =1
- o2 ~ X?n—la - o2 ~ Xiflv
1 2
and
m
> (X - X)?
i=1
R AT S
Z o353 " et
Y (Y -Y)?
i=1
(n—1)o3

The following table summarizes the F—tests that are typically being used:

Reject Hy at level « if
Hy H; 11, o known 11, o unknown
T 2
2 2 9 2 o D (wi—p) s
I |of <05 of>0; T wiom)® > Frna é > Frn—1n-1a
1 2 2
25 52 g2 g2 mWwimwe)® 2
IT | o1 203 01 <03 IS emme = Frmia & 2 Fn-1m—15a
1 2 2
2 _ 2 2 2 = ) (xi—p) s P 9
IIT'| of =05 of # 03 % 2 Foniag2 2 2 Fmin-ta2 1 57 2 85
%Z(yi_NQ)Q S% . 2 2
o > (@i—p)? = Fnmiajz OF 53 2 Fn1,m-150/2 if 57 < 53
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Note:

(i) Tests I and II are UMPU and UMP invariant if p; and pg are unknown.
(ii) Test III uses equal tails and therefore may not be unbiased.

(iii) If an F—test (at level o) and a t—test (at level ag) are both performed, the combined test
haslevela = 1—(1—ay)(l—ag) = 1—-14+a1+as—ajae = a1 +as—ajas > maz(ag, ag)

(= a1 + ag if both are small).
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10.4 Bayes and Minimax Tests

(Based on Rohatgi, Section 10.6 & Rohatgi/Saleh, Section 10.6)

Hypothesis testing may be conducted in a decision—theoretic framework. Here our action

space A consists of two options: ag = fail to reject Hy and a; = reject Hy.

Usually, we assume no loss for a correct decision. Thus, our loss function looks like:

0, if 0 € O
L(Q, ao) ==

alf), if6c o

b)), if6 €O
L(Q,al) ==
0, if 0 € ©,

We consider the following special cases:

0-1 loss: a(f) =b(0) =1, i.e., all errors are equally bad.

Generalized 0-1 loss: a(f) = cy1, b(6) = ¢y, i.e., all Type I errors are equally bad and all
Type II errors are equally bad and Type I errors are worse than Type II errors or vice

versa.

Then, the risk function can be written as
R(0,d(X)) = L(0,a0)Py(d(X) = ao) + L(0,a1) Py(d(X) = a1)
a(0)Py(d(X) = ag), if0 € O
b(0)Py(d(X) =a1), if6e€ Oy
The minimax rule minimizes

max{a(f) Fy(d(X) = ao), b(0)Fp(d(X) = a1)}-

Theorem 10.4.1:

The minimax rule d for testing

H(): (9:(90VS. H12 9:91

under the generalized 0-1 loss function rejects Hy if

fel(i) >k

feo(i) -
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where k is chosen such that
R(h,d(X)) = R(bo,d(X))
< C[[Pgl (d(i) = ao) = C[Pgo(d(i) = al)

= ¢ Py, (}széi < k) = Py, (f91 (X) k) .

Proof:

Let d* be any other rule.
o If R(Ay,d) < R(0y,d*), then

R(6,d) = R(61,d) < max{R(0o,d*), R(61,d*)}.

So, d* is not minimax.
o If R(6y,d) > R(6p,d*), i.e.,
c1Py,(d = a1) = R(6p,d) > R(6p,d") = c1 Pp,(d* = ay),
then
P(reject Hy | Hy true) = Py, (d = a1) > Py, (d* = ay).
By the NP Lemma, the rule d is MP of its size. Thus,
Py (d=a1)> Pp,(d* =a1) <= Py (d=ag) < Py, (d* = ap)
—  R(01,d) < R(01,d")
= max{R(0y,d), R(01,d)} = R(01,d) < R(01,d") < max{R(0y,d"), R(61,d")} Vd*

—> (d is minimax []

Example 10.4.2:
Let Xy,..., X, beiid N(u,1). Let Hy: p=po vs. Hy: p=p1 > .
o, (z)
oo ()

Therefore, we choose ko such that

As we have seen before, > kq is equivalent to T > ko.
C[[PH1 (7 < kg) = C[PNO(Y > k‘g)

= cu®(Vnlky—m)) = c(l—-2(/nk: - po))),
where ®(z) = P(Z < z) for Z ~ N(0,1).

Given ¢y, crr, 1o, 141, and n, we can solve (numerically) for ks using Normal tables. [ |
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Note:
Now suppose we have a prior distribution 7(6) on ©. Then the Bayes risk of a decision rule

d (under the loss function introduced before) is
R(m d) = Ex(R(6,d(X)))

— / R(8, d)m(6)d0
S

= [ b)) Pd(X) = a)dd+ [ a(0)x(6) Po(d(X) = a0)ad

if 7 is a pdf.

The Bayes risk for a pmf 7 looks similar (see Rohatgi, page 461). [ ]

Theorem 10.4.3:
The Bayes rule for testing Hy : 6 = 6y vs. Hy : 6 = 601 under the prior 7(6y) = m and

m(01) = m =1 — mp and the generalized 0-1 loss function is to reject Hy if

fel(z) S CITo
foo(@) — errm

Proof:
We wish to minimize R(7m,d). We know that

R(r.d) Def. 8.8.8 Er(R(6,d))

Def. 8.8.3

Ex(Ep(L(0,d(X))))
Note
S g l< [ £6.d@) @ | 2)d0) da
margina posterior

Def_47.1 / g(z)Ee(L(0,d(X)) | X =z) da
= Ex(Eg(L(0,d(X)) | X)).

Therefore, it is sufficient to minimize Ey(L(0,d(X)) | X).

The a posteriori distribution of 6 is

m(0) fo(z)
hl e — 0o
S SO
6
7T0f90($) _
= 7T0f00(£) +7Tlf01 (&)7 0 =6
7T1f91 i) - 91

mofoo () + 71 fo,(z)’
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Therefore,

C[h(@o ’ z), if 0 = Ho,d(g) = ai

crrh(01 | z), if0=06,d(z) =ao
Ep(L(0,d(X)) | X=2)=

0, if 0 = Ho,d(g) = qagp

0, if 0 = Hl,d(g) = al

This will be minimized if we reject Hy, i.e., d(z) = a1, when crh(6y | z) < crrh(61 | x)

= crmofo,(z) < crrmifo, ()

fel (&) S CITo

—
foo(x) — errm

Note:

For minimax rules and Bayes rules, the significance level « is no longer predetermined.

Example 10.4.4:
Let X1,...,X, beiid N(u,1). Let Hy: p=po vs. Hy : p=p1 > po. Let ¢f = cqy.

By Theorem 10.4.3, the Bayes rule d rejects Hy if

foo(z) o _mo
foox) — 1—mo
e <_Z(1’i = m)? | S = uo)2> > - 7—T07r0
= exp ((m — o) > wi + M) 2 7 7_T07TO
— (i —po) Y mi+ (HOQ_ i) In(y iowo)

1 1 In(:2
. _in > 2 (3 no)_i_,uo-Hh
n p1 = Ho 2

If mg = %, then we reject Hy if T > Ho + o
2 2
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Note:
We can generalize Theorem 10.4.3 to the case of classifying among & options 64, ..., 0

use the 0—1 loss function

1, ifdX)=0; Vj#i
L(6;,d) = ,
0, ifd(X) =0

then the Bayes rule is to pick 6; if

Tifo,(z) = m;fo,(2) Vi #i.

Example 10.4.5:
Let X1,...,X, beiid N(u,1). Let p1 < pa < ps and let 7 = my = 3.

Choose p = p; if

2 2
75 €xp <_M> > 7; exp <_M>, j#i,7=123.

Similar to Example 10.4.4, these conditions can be transformed as follows:

(i = 1) (s + 115). P£ij=123

Z(pi — pj) > 5

In our particular example, we get the following decision rules:

(i) Choose py if T < MFH2 (and T < £543),

(ii) Choose g if T > “1F#2 and T < %

(ili) Choose pg if T > L2538 (and 7 > L1742,

. If we

Note that in (i) and (iii) the condition in parentheses automatically holds when the other

condition holds.
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If p1 =0, po = 2, and s = 4, we have the decision rules:

Example 10.4.5

H1 H2 M3

(i) Choose up if T < 1.
(ii) Choose pug if 1 <7 < 3.

(iii) Choose g if T > 3.

We do not have to worry how to handle the boundary since the probability that the rv will

realize on any of the two boundary points is 0. [ |
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11 Confidence Estimation

11.1 Fundamental Notions

(Based on Casella/Berger, Section 9.1 & 9.3.2)

Let X be a rv and a, b be fixed positive numbers, a < b. Then

Pla<X <b) = Pla<X and X <)

X

= P(a<Xand?<1)
X

= P(a<XandaT<a)

X
= P(GT <a<X)
The interval I(X) = (%%, X) is an example of a random interval. I(X) contains the value

a with a certain fixed probability.

For example, if X ~ U(0,1),a = 1, and b = 2, then the interval I(X) = (%,X) contains

with probability 3.

Definition 11.1.1:

Let F,0 € © C IR*, be a set of probability distributions of a rv X. A family of subsets
S(z) of ©, where S(z) depends on z but not on 6, is called a family of random sets. In
particular, if § € © C IR and S(z) is an interval (8(x),0(z)) where 6(z) and 6(z) depend on
2 but not on 6, we call S(X) a random interval, with §(X) and §(X) as lower and upper

bounds, respectively. #(X) may be —oc and #(X) may be +oc. ]

Note:
Frequently in inference, we are not interested in estimating a parameter or testing a hypoth-
esis about it. Instead, we are interested in establishing a lower or upper bound (or both) for

one or multiple parameters. [ |

Definition 11.1.2:
A family of subsets S(z) of © C IR* is called a family of confidence sets at confidence

level 1 — o if
Py(S(X)26)>1—a V0eO,

where 0 < a < 1 is usually small.

The quantity
inf Py(S(X)30)=1-0a
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is called the confidence coefficient (i.e., the smallest probability of true coverage is 1 — «).
|

Definition 11.1.3:
For k = 1, we use the following names for some of the confidence sets defined in Definition
11.1.2:

(i) If S(z) = (8(z),0), then f(z) is called a level 1 — a lower confidence bound.
(ii) If S(z) = (—00,0(z)), then §(x) is called a level 1 — o upper confidence bound.

(iii) S(z) = (0(z),0(z)) is called a level 1 — o confidence interval (CI).

Definition 11.1.4:
A family of 1 — « level confidence sets {S(z)} is called uniformly most accurate (UMA)
if

Py(S(X)28) < Py(S'(X)>0) V8,0 €0, 0+,

and for any 1 — « level family of confidence sets S’(X) (i.e., S(z) minimizes the probability

of false (or incorrect) coverage). ]

Theorem 11.1.5:
Let Xi,...,X, ~ Fy, 6 € O, where O is an interval on IR. Let T(X,0) be a function on
IR" x © such that for each 6, T'(X,0) is a statistic, and as a function of 6, T is strictly

monotone (either increasing or decreasing) in § at every value of x € IR".

Let A C IR be the range of T' and let the equation A = T'(z, ) be solvable for 0 for every
A € A and every z € IR".

If the distribution of T'(X, #) is independent of 6, then we can construct a confidence interval

for 6 at any level.

Proof:
Choose a such that 0 < o < 1. Then we can choose A1 («) < A2(«) (which may not necessarily
be unique) such that

Py(M(o) < T(X,0) < Aa(a)) >1—a V0.

Since the distribution of T'(X, 6) is independent of 6, A\;(a) and Aa(«) also do not depend on
0.

If T(X, 0) is increasing in 6, solve the equations A\ («) = T'(X, 0) for §(X) and Ao(a) = T'(X, 0)
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for (X).

If T(X,0) is decreasing in 6, solve the equations \;(a) = T/(X,6) for §(X) and la(a) =
T(X,0) for §(X).

In either case, it holds that

P0(X)<0<0(X)>1—a V6.

Note:

(i) Solvability is guaranteed if T" is continuous and strictly monotone as a function of 6.

(ii) If T is not monotone, we can still use this Theorem to get confidence sets that may not

be confidence intervals.

Example 11.1.6:
Let X1,...,X, ~ N(p,02), where u and 0® > 0 are both unknown. We seek a 1 — « level

confidence interval for p.

Note that by Corollary 7.2.4

X—uNt
S/\/ﬁ n—1

and T'(X, ) is independent of 1 and monotone and decreasing in p.

T(Xv :u) =

We choose A1(«) and Ag(«r) such that
P(M(0) < T(X, 4) < M) =1~

and solve for p which yields

Thus,




is a1 —alevel CI for u. We commonly choose Aa(a) = —A1(a) = t,_1,4/- [ ]

Example 11.1.7:
Let X1,...,X, ~U(0,0).

We know that 6 = max(X;) = Maz, is the MLE for # and sufficient for .

The pdf of Max,, is given by
nynfl

Fay) = =g 1oo) (v)-

Then the rv T, = M4 has the pdf

h(t) = nt" M (g.1)(t),

which is independent of 8. T,, is monotone and decreasing in 6.

We now have to find numbers Aj(«) and A2(«) such that
PAi(a) <T, < X(o) = 1-«

A2
= n/ t"lat = 1-«
A

1

= AN = 1l—«

If we choose As = 1 and A\ = a/™, then (Ma:cn,a_l/”Maxn) is a1 — « level CI for 6. This

holds since

Max,

l—-a = P/
« (/™ < 0

<1)

= Pla”V/m > > 1)

azy

= P(ofl/"Maxn >0 > Mazxy)
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11.2 Shortest—Length Confidence Intervals

(Based on Casella/Berger, Section 9.2.2 & 9.3.1)

In practice, we usually want not only an interval with coverage probability 1 — « for 6, but if

possible the shortest (most precise) such interval.

Definition 11.2.1:
A rv T(X,0) whose distribution is independent of 6 is called a pivot. ]

Note:
The methods we will discuss here can provide the shortest interval based on a given pivot.

They will not guarantee that there is no other pivot with a shorter minimal interval. [ |

Example 11.2.2:
Let X1,..., X, ~ N(u,0?), where 0 > 0 is known. The obvious pivot for y is

_X—up
o/yn
Suppose that (a,b) is an interval such that P(a < Z < b) = 1 — a, where Z ~ N(0,1).

T,(X) ~ N(0,1).

A 1 — « level CI based on this pivot is found by

X —pu — o — o
l—-a=P ——<b])|=P| X -b— X—-—a—=].
« <a<0/\/ﬁ<> < \/ﬁ<u< a\/ﬁ>
The length of the interval is L = (b — a)%.

To minimize L, we must choose a and b such that b — a is minimal while

12
O(b) — P(a TTdr=1-a,

1 b
]

21 Ja
where ®(z) = P(Z < z). We use the notation ¢(z) = ®'(z) to denote the pdf of ®(2).

To find a minimum, we can differentiate these expressions with respect to a. However, b is

not a constant but is an implicit function of a. Formally, we could write d s((la). However, this

is usually shortened to %.

Here we get

d db d
(@) — B(a)) = $(b) 7 — b(a) = (1 ) =0
and dL o db o ¢(a)

—__Qﬁ_l%:_ﬁ“ﬂﬁ_ly



The minimum occurs when ¢(a) = ¢(b) which happens when a = b or a = —b. If we select
a = b, then ®(b) — ®(a) = ®(a) — ®(a) = 0 # 1 — . Thus, we must have that b = —a = 2z, 5.
Thus, the shortest CI based on T, is

o

S — g
(X — za/2ﬁ7X + Za/2%)'

Definition 11.2.3:

A pdf f(x) is unimodal iff there exists a z* such that f(z) is nondecreasing for z < z* and

f(z) is nonincreasing for x > x*. |

Theorem 11.2.4:
Let f(z) be a unimodal pdf. If the interval [a, b] satisfies

(iii) a < z* < b, where * is a mode of f(x),

then the interval [a,b] is the shortest of all intervals which satisfy condition (i).

Proof: ,

Let [/, b'] be any interval with &’ —a’ < b—a. We will show that this implies ’ flz)dr < 1—q,
i.e., a contradiction. “

We assume that o’ < a. The case a < @’ is similar.

e Suppose that b/ < a. Then o’ <V <a < z*.
Theorem 11.2.4a
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It follows

[ i@ < j@-a) sy <et= 1@ < 10)
< fla)(t' —d) V' <a<a®= fV) < fla)
< fla)(b—a) |t —a' <b—aand f(a) >0
< /abf(:c)d:c |f(x) > f(a) fora <z <b
= l-a by (i)

e Suppose b’ > a. We can immediately exclude that ' > b since then b’ —a’ > b — a, i.e.,
b — a’ wouldn’t be of shorter length than b — a. Thus, we have to consider the case that
a <a<d <b.

Theorem 11.2.4b

a'a xX* b b

It holds that
b’ b a b
f(z)dz = / f(z)dx —|—/ flz)dr — | f(z)dx
a’ a a’ 4

Note that /ilf(:):)d:): < f(a)(a —a’) and /b/bf(:):)d:): > f(b)(b — V). Therefore, we get

a b
[ t@de = [ f@de < f@a=a) = 10)6-V)
= f@)(a—d)~(b-V)) since f(a) = f(b)
= f@( —d) - (- a)
< 0

Thus,
b/
/ flz)der <1—a.
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Note:
Example 11.2.2 is a special case of Theorem 11.2.4. However, Theorem 11.2.4 is not immedi-
ately applicable in the following example since the length of that interval is proportional to

12 (and not to b — a). ]

Example 11.2.5:
Let X1,..., X, ~ N(u,0?), where i is known. The obvious pivot for o2 is

2
~ Xn-

So

We wish to minimize _
L=(=-= X; —p)?
G- DX )
b
such that / fa(t)dt =1 — , where f,(t) is the pdf of a x2 distribution.

We get

and

dL db 1 1 fu(a
e = () T = (4 ) S

We obtain a minimum if a®f,,(a) = b*f,,(b).

Note that in practice equal tails Xi; )2 and X%;lf /2 A€ used, which do not result in shortest—
length CI’s. The reason for this selection is simple: When these tests were developed, com-
puters did not exist that could solve these equations numerically. People in general had to
rely on tabulated values. Manually solving the equation above for each case obviously wasn’t

a feasible solution. []
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Example 11.2.6:
Let Xi,...,X, ~ U(0,0). Let Max, = maxX; = X(,. Since T,, = % has pdf
nt”_lf(oyl)(t) which does not depend on 6, T, can be selected as a our pivot. The den-

sity of T, is strictly increasing for n > 2, so we cannot find constants a and b as in Example
11.2.5.

If Pla<T,<b)=1—aq,then P(M¢n < g < M) — 1 _ ¢

We wish to minimize 11
L=M - — =
azy( - b)
b
such that / nt" ldt =" —a"=1-a.

a

We get
da da b1
bn—l_ n_l—:[) _— =
" R b~ an1
and
dL 1da 1 | antt —prtl

Thus, L does not have a local minimum. However, since Cé—% < 0, L is strictly decreasing

as a function of b. It is minimized when b = 1, i.e., when b is as large as possible. The

corresponding a is selected as a = a/™.

The shortest 1 — « level CI based on T, is (Max,, a‘l/”Ma:cn). [ |
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11.3 Confidence Intervals and Hypothesis Tests

(Based on Casella/Berger, Section 9.2)

Example 11.3.1:
Let X1,...,X, ~ N(u,0?%), where 02 > 0 is known. In Example 11.2.2 we have shown that

the interval

g
(X — Ra)2T = )

X—I_ZQ/Q\/—

\/_
isa 1 — « level CI for pu.
Suppose we define a test ¢ of Hy : p = puo vs. H1 : p # po that rejects Hy iff pg does not

fall in this interval. Then,

P

o (Type Ierror) = P, (Reject Hy when Hj is true )

= o ([7‘ o X“a/?f} 5”“’)

= 1—PHO<{Y ZQ/Q\/—X+ZO[/2\/—:|9HO>

J— g
= 1_PM0 (X_ a/2\/—<MOandMO<X‘|‘3a/2\/—)

= PM0< — Zaj2 = >H001“M0>X+Za/2\/—>
o
= P}LO X - Ho = Za/QT or X — po < — a/Q%

>

n

X — po
= Py <| o | =z Za/2> =,
v

— Ho
= ]DMO < o > ZQ/Q or o < _za/2>
NG

i.e., ¢ has size a. So a test based on the shortest 1 — a level CI obtained in Example 11.2.2
is equivalent to the UMPU test I11 of size « introduced in Definition 10.3.1 (when o is known).

Conversely, if ¢(z, 110) is a family of size v tests of Hy : p = po, theset {uo | ¢(z, o) fails to reject Ho}

is a level 1 — a confidence set for ppg. [
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Theorem 11.3.2:
Denote Hy(6y) for Hy : 6 = 6y, and Hy(6y) for the alternative. Let A(6p), 0 € ©, denote the

acceptance region of a level-« test of Hy(6y). For each possible observation z, define

S(z)=1{6 : z € A®6),0 cO).

Then S(x) is a family of 1 — « level confidence sets for 6.

If, moreover, A(6y) is UMP for (o, Ho(6p), H1(00)), then S(z) minimizes Py(S(X) > 0')
V6 € Hy(0') among all 1 — « level families of confidence sets, i.e., S(z) is UMA.

Proof:
It holds that S(z) > 0 iff z € A(). Therefore,

PQ(S(X) = (9) = Pg(& € A(@)) >1-—a.

Let S*(X) be any other family of 1 — « level confidence sets. Define A*(0) = {z : S*(z) > 0}.
Then,
Pg(& € A*(G)) = PQ(S*(X) = 9) >1-—a.

Since A(fp) is UMP, it holds that
Pg(& S A*(eo)) > Pg(& € A(Qo)) Vo € Hl(eo)
This implies that

PQ(S*(X) = 90) > PQ(X € A(Qo)) = PQ(S(X) > (90) Vo € H1(90)

Example 11.3.3:

Let X be a rv that belongs to a one—parameter exponential family with pdf

fo(z) = exp(Q(O)T (x) + S'(x) + D(0)),
where Q(0) is non—decreasing.

We consider a test Hy : 0 = 60y vs. Hy : 6 < 6y. By Theorem 9.3.3, the family {fy}
has a MLR in T'(X). It follows by the Note after Theorem 9.3.5 that the acceptance region
of a UMP size « test of Hy has the form A(6y) = {z : T(x) > c(fp)} and this test has a

non—increasing power function.

Now consider a similar test H) : 6 =61 vs. H] : 6 < 6;. The acceptance region of a UMP
size « test of H also has the form A(61) = {z : T(x) > ¢(61)}.

Thus, for 61 > 6y,

By (T(X) < ¢(fo)) = oo = Fp, (T(X) < e(b1)) < Fyo (T(X) < ¢(61))
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(since for a UMP test, it holds that power > size). Therefore, we can choose ¢(f) as non—

decreasing.

A level 1 — « CI for 6 is then
S(x)={0 : x€ A(0)} = (—o0,¢ (T(x))),

where ¢ (T (x)) = Sl;p{@ 2 c(f) <T(x)}. |

Example 11.3.4:
Let X ~ Exp(0) with fp(x) = %(37%1(0700)(90), which belongs to a one—parameter exponential

family. Then Q(f) = —3 is non-decreasing and T(z) = z.
We want to test Hy : 8 =0y vs. Hy : 0 < 8.
The acceptance region of a UMP size « test of Hy has the form A(6y) = {x : = > ¢(by)},

where
(o) c0o) 1 _= _c(8g)
a:/ fgo(x)dx:/ —e Podr=1—¢ % .
0 0 to

Thus, o)
()

_ 1
e o =l-a = c(@o)zeolog(m)

Therefore, the UMA family of 1 — « level confidence sets is of the form

S(x) = {0 : z€ A0)}

8

Il
—
D
D
AN
—

log(125)
X
= (o0, —Z |,
< log(ﬁ)] »
Note:

Just as we frequently restrict the class of tests (when UMP tests don’t exist), we can make

the same sorts of restrictions on CI’s. [ ]

Definition 11.3.5:

A family S(z) of confidence sets for parameter 6 is said to be unbiased at level 1 — « if

Py(S(X)260)>1—aand Py(S(X)30)<1—a V0,000, 0+£0.

If S(z) is unbiased and minimizes Py(S(X) > 6’) among all unbiased CI’s at level 1 — « it is
called uniformly most accurate unbiased (UMAU). |
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Theorem 11.3.6:
Let A(6p) be the acceptance region of a UMPU size « test of Hy : 6 =6y vs. Hy : 0 # 6y
(for all 6p). Then S(z) ={0 : z € A(#)} is a UMAU family of confidence sets at level 1 — a.

Proof:
Since A(6) is unbiased, it holds that

Py(S(X)20)=P(XecAl)<1l—a V0,00c0,0+0"
Thus, S is unbiased.
Let S*(z) be any other unbiased family of level 1 — « confidence sets, where
A*(0) ={z : S*(z) > 0}.

It holds that
Py X € A*(0") = Py(S*(X)20)<1—q.

Therefore, A*(0) is the acceptance region of an unbiased size « test. Thus,

PBy(S"(X)20) = Pp(X €A (D))

—
IVx

Py(X € A(0"))

PQ(S(X) > 0/)

(%) holds since A(#) is the acceptance region of a UMPU test. |

Theorem 11.3.7:
Let © be an interval on IR and fy be the pdf of X. Let S(X) be a family of 1 — « level CI’s,
where S(X) = (8(X),0(X)), 8 and @ increasing functions of X, and 0(X) — §(X) is a finite

Iv.

Then it holds that

By(0(X) ~00X) = [0) ~ 0@ o)z = [ P(S(X)30) i’ w0 <.

Proof:

_ 7
It holds that § — 0 = / d6'. Thus, for all 6 € ©,
[

E@X) -0X)) = [ 0@ -0w)f@di

()
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eR"
,_/H

() /
_ /IR /Q Ly Jol@de | do
€R™

1

_ / By (X elo\0).0'(0)]) o

R
= [ Py(S(X)>0)do
R

_ / Py(S(X) > 0') d¢’
0'#0

Note:
Theorem 11.3.7 says that the expected length of the CI is the probability that S(X) includes

the false 0’, averaged over all false values of ¢'. [ ]

Corollary 11.3.8:
If S(X) is UMAU, then Ey(f(X) — §(X)) is minimized among all unbiased families of CI’s.

Proof:

In Theorem 11.3.7 we have shown that

Ey(0(X) - 0(X)) = o Pp(S(X)>¢) dy.

Since a UMAU CI minimizes this probability for all ', the entire integral is minimized. [ |

Example 11.3.9:
Let X1,..., X, ~ N(u,02), where o > 0 is known.

By Example 11.2.2, (X — za/Qﬁ,Y + za/Qﬁ) is the shortest 1 — « level CI for p.

By Example 9.4.3, the equivalent test is UMPU. So by Theorem 11.3.6 this interval is UMAU
and by Corollary 11.3.8 it has shortest expected length as well. [ |

Example 11.3.10:
Let X1,..., X, ~ N(u,0?), where  and 02 > 0 are both unknown.

Note that ( )52
n—1
T(X,0%) = T =T m 2,
Thus,
-1 2 -1 2 -1 2
Ponm<@ZDY ) lilh s pl (2D DY
o2 Ao A1
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We now define P(v) as

P, <(n—1)52 o (n—1)52> _ p, <(n—1)52 - 0_/2 - (n—1)52>

7 Ao A\ 7 Aoo2 o2 Ao?
T T,
= p(==Z -9
()\2 7S >\1)
A 1 Ao
p— P —_— —_— —_—
(Ta <3 Ta)

= PMy<T, < \y)
= P(v),
where v = ‘;—/22
If our test is unbiased, then it follows from Definition 11.3.5 that
P(l)=1—aand P(y)<l—a Vy#1.

This implies that we can find Aj, A2 such that P(1) = 1—a« is a (local) maximum and therefore

d e
- (@ / jng(fv)dfC)
y= 1

= (fr,(A27) - A2 — fr,(A\17) - AL +0) [4=1
= Xfr,(A2) — Mfr, (M)

0,

dpP(y)
dy

=1

where fr is the pdf that relates to T, i.e., a the pdf of a x2_; distribution. (x) follows from
Leibniz’s Rule (Theorem 3.2.4). We can solve for Aj, A2 numerically. Then,

(n—1)8% (n—1)5?
A2 ’ A1

is an unbiased 1 — « level CI for o2.

Rohatgi, Theorem 4(b), page 428-429, states that the related test is UMPU. Therefore, by
Theorem 11.3.6 and Corollary 11.3.8, our CI is UMAU with shortest expected length among

all unbiased intervals.

Note that this CI is different from the equal-tail CI based on Definition 10.2.1, III, and from
the shortest-length CI obtained in Example 11.2.5. [
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11.4 Bayes Confidence Intervals

(Based on Casella/Berger, Section 9.2.4)
Definition 11.4.1:

Given a posterior distribution h(6 | z), a level 1 — a credible set (Bayesian confidence

set) is any set A such that

P(9€A|g):/4h(0|g)d9:1—a.

|
Note:
If A is an interval, we speak of a Bayesian confidence interval. [ |
Example 11.4.2:
Let X ~ Bin(n,p) and 7(p) ~ U(0,1).
In Example 8.8.11, we have shown that
pr(l—p""
hp|x) = 1 I(0,1)(p)
/ p*(1—p)" “dp
0
= Blx+1ln—x+1)7"p"(1—p)" Lo (p)
I'(n+2) . _
1—p)" "I
etz P L =P o)
=plx ~ Beta(xr+1,n—xz+1),
where B(a,b) = % is the beta function evaluated for a and b and Beta(x +1,n —x + 1)

represents a Beta distribution with parameters x + 1 and n — = + 1.

Using the observed value for  and tables for incomplete beta integrals or a numerical ap-
proach, we can find Ay and Az such that P, (A <p < A2) =1—a. So (A1, \2) is a credible

interval for p. [ |

Note:

(i) The definitions and interpretations of credible intervals and confidence intervals are quite

different. Therefore, very different intervals may result.

(ii) We can often use Theorem 11.2.4 to find the shortest credible interval (if the precondi-
tions hold).
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Example 11.4.3:

Let X1,...,X, be iid N(u,1) and 7w(u) ~ N(0,1). We want to construct a Bayesian level
1 —«a CI for pu.

By Definition 8.8.7, the posterior distribution of u given z is

m(p)f(z | p)

h(p|z) = o(D)

1 1 o n?z> 1
- - AN 2 T ) e :
(2m) eXp( 2¥x1+2(n+1) Tl

/oo L ( 1 1 < nT )2>d
———exp| g (M — 0
oo /27“#1 21/(n+1) n+1

=1 since pdf of a N(;2%, 1) distribution

(n+1)"z . 12”:962+ n?z?
2nE P\ T2 &M T om )

=1
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Therefore,

n+1 1~ o _oon o, 1, 1N, n?z>
= exp(—agb’ci—kunm—iu —§u +§;xi—7

1 n+1/( 4 2 . 2 n’7?
= e — - - -
V2m P 2 R Lt n+12(n+1)
1 ( 11 ( nT >2>
= ——exp|—5——(p1— :

nT 1
NN .
wlz (n+1’n+1)

Therefore, a Bayesian level 1 — a CI for p is

( N Fa2 N, fa2 )

ie.,

, +
n+1 vn+1l n+1 vn+1

The shortest (“classical”) level 1 — a CI for u (treating 0% = 1 as fixed) is

~ Ra/2 <, Ra/2
_reE o, fefe
( A ﬁ)

as seen in Example 11.2.2.

Thus, the Bayesian CI is slightly shorter than the classical CI since we use additional infor-

mation in constructing the Bayesian CI. [ |
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12 Nonparametric Inference

12.1 Nonparametric Estimation

Definition 12.1.1:

A statistical method which does not rely on assumptions about the distributional form of a

rv (except, perhaps, that it is absolutely continuous, or purely discrete) is called a nonpara-

metric or distribution—free method. []

Note:

Unless otherwise specified, we make the following assumptions for the remainder of this chap-
ter: Let Xi,...,X, beild ~ F, where F' is unknown. Let P be the class of all possible
distributions of X. [

Definition 12.1.2:
A statistic T'(X) is sufficient for a family of distributions P if the conditional distibution of
X given T =t is the same for all F' € P. [

Example 12.1.3:
Let X1,...,X,, be absolutely continuous. Let T = (X(l), . ,X(n)) be the order statistics.

It holds that
flz|T=t=

so T is sufficient for the family of absolutely continuous distributions on IR. [

1
57

Definition 12.1.4:
A family of distributions P is complete if the only unbiased estimate of 0 is the 0 itself, i.e.,

Ep(h(X)) =0 YFeP — h(z)=0 Va.

Definition 12.1.5:

A statistic T(X) is complete in relation to P if the class of induced distributions of T is

complete. [ |

Theorem 12.1.6:
The order statistic (X (1) X (n)) is a complete sufficient statistic, provided that Xi,..., X,

are of either (pure) discrete of (pure) continuous type. ]
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Definition 12.1.7:
A parameter g(F') is called estimable if it has an unbiased estimate, i.e., if there exists a
T(X) such that

Ep(T(X)) =g(F) VF € P.

Example 12.1.8:
Let P be the class of distributions for which second moments exist. Then X is unbiased for
w(F) = [xdF(x). Thus, pu(F) is estimable. |

Definition 12.1.9:

The degree m of an estimable parameter g(F') is the smallest sample size for which an unbi-

ased estimate exists for all F' € P.

An unbiased estimate based on a sample of size m is called a kernel. [ |

Lemma 12.1.10:

There exists a symmetric kernel for every estimable parameter.

Proof:
Let T(X1,...,X,,) be a kernel of g(F'). Define
1
To(X1,eo Xm) = — > T(Xi,,..., X))
"all permutations of{1,...,m}
where the summation is over all m! permutations of {1,...,m}.
Clearly T is symmetric and E(Ty) = g(F). [ ]

Example 12.1.11:

(i) E(X1) = u(F), so u(F) has degree 1 with kernel Xj.

(ii) E(I(c,00)(X1)) = Pr(X > ¢), where c is a known constant. So g(F') = Pr(X > c) has
degree 1 with kernel /(. )(X1).

(iii) There exists no T'(X) such that E(T(X;)) = 02(F) = [(z — p(F))?dF (z).
But E(T(X1,X2)) = BE(X? — X1Xs) = 0?(F). So o*(F) has degree 2 with kernel
X12 — X1 X5. Note that X22 — X9 X7 is another kernel.

(iv) A symmetric kernel for o2(F) is
1
To(X1, X2) = S ((X] = X1 Xp) + (X5 — X1.X3)) = 5 (X1 — Xp)*,

1
2
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Definition 12.1.12:
Let g(F') be an estimable parameter of degree m. Let X1, ..., X,, be a sample of size n,n > m.
Given a kernel T'(X;,,...,X;,,) of g(F'), we define a U—statistic by

1
UXy,...,X,) = mZTS(XZ-N...,XZ-m),

where T is defined as in Lemma 12.1.10 and the summation ¢ is over all (7?1) combina-
tions of m integers (i1,...,0y) from {1,---,n}. U(Xy,...,X,) is symmetric in the X;’s and
Er(U(X)) = g(F) for all F. |

Example 12.1.13:
For estimating p(F') with degree m of u(F) = 1:

Symmetric kernel:

U-statistic:

For estimating o?(F) with degree m of o%(F) = 2:

Symmetric kernel:
To(Xiy, Xiy) = =(Xi, — X3,)?, in,i2=1,...,n,i1 # i

U-statistic:

1 1
Ug2 (X) = m i(Xll - Xi2)2

2/ §1<is
11

= M (X3, — X3,)°
2/ T iy #in
(n — 2)! 211

= nl Z ( ir T Xi2)2

i17in
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1
= Ty 2 2 (Kh 20 Xy + X)

i1 iatin
1 n n n n
= a1 |7V Sox2 203" X)) X)) +2) X+
nn =1 =1 =1 i1
n
(n—1) Z XZ-Q2
io—=1
1 n n n n
= T | YoOX2 DX 2D X))t +2) X+
nn =1 ii=1 =1 i—1
n n
ny Xi- > X
i9=1 i9=1
1 r n n
- Y X2 (> X2
n(n—1) I ; t ; !

i 2
n 1

Theorem 12.1.14:

Let P be the class of all absolutely continuous or all purely discrete distribution functions on

IR. Any estimable function g(F'), F € P, has a unique estimate that is unbiased and sym-

metric in the observations and has uniformly minimum variance among all unbiased estimates.

Proof:
Let X1,...,X, ~ F € P, with T(X1, ..., X,) an unbiased estimate of g(F).

We define
T’i :T’z(XlaaXn) = T(Xil,Xi2,...,Xin), 1= 1,2,...,n!,

over all possible permutations of {1,...,n}.

n! n!
Let T= 4> Tiand T =) T,
=1 =1
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Then

and

Var(T)

IN

Ly >] ~ ol

L =1

LSS an| - e

i i=1j=1

S STy — g(F)?
i=1j=1

(ZT) (ZT) g(F)P
i=1 j=1

i n! 2

(zn) ()2

L =1

Equality holds iff T; =T} Vi,j =1,...,n!

Corollary 12.1.15:

If T(Xy,...
unique UMVUE.

= T is symmetric in (X7,...

,Xp)and T =T

— by Rohatgi, Problem 4, page 538, T" is a function of order statistics

=—> by Rohatgi, Theorem 1, page 535, T" is a complete sufficient statistic

= by Note (i) following Theorem 8.4.12, T" is UMVUE ]

, Xp) is unbiased for g(F'), F' € P, the corresponding U-statistic is an essentially
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Definition 12.1.16:
Suppose we have independent samples X1,..., X;m ~ F €P, Y1,...,.Y, <G e P (G may or

may not equal F.) Let g(F, G) be an estimable function with unbiased estimator 7'( X7y, ..., Xk, Yi,..

Define

TS(Xla“‘ana Yla"'v l ]{J'l'ZZT R ’Lka }/}17"'7}/31)
Px Py

(where Py and Py are permutations of X and Y') and

U(Xv ( ZZT (FRRRRE Zk? }/jlv"wyvjl)

CX Cy
(where Cx and Cy are combinations of X and Y').

U is a called a generalized U—statistic. [ |

Example 12.1.17:
Let Xq,...,X,, and Y7,...,Y, be independent random samples from F' and G, respectively,
with F, G € P. We wish to estimate

9(F,G) = Pra(X <Y).

Let us define

Yl o, Xi>Y;

for each pair X;, Y;,i=1,2,...,m,j=1,2,...,n.
m n

Then Z Zi; is the number of X’s <Y}, and Z Z;; is the number of Y'’s > Xj.
i=1 j=1

E(I(X; <Y))) = g(F,G) = Pra(X <),

and degrees k and [ are = 1, so we use

U(K,X) = (1 ZZT BRI Zk’ le""’le)

CX Cy

m—1)!
= ( )( ZZ ' 'ZZ 117 . 'lk7 }/‘vjl""’}/jl)

m!n!
Cx Cy Px Py

1 m n

= —> Y IX<Y)).

mn G2 i=1

This Mann—Whitney estimator (or Wilcoxin 2—Sample estimator) is unbiased and

symmetric in the X’s and Y’s. It follows by Corollary 12.1.15 that it has minimum variance.
|
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12.2 Single-Sample Hypothesis Tests

Let X1,..., X, be asample from a distribution F'. The problem of fit is to test the hypoth-
esis that the sample Xi,..., X, is from some specified distribution against the alternative
that it is from some other distribution, i.e., Hy : F' = Fyy vs. Hy : F(x) # Fy(x) for some x.

Definition 12.2.1:
Let Xq,..., X, ud F', and let the corresponding empirical cdf be

* 1 -
Fy, (x) = n Z I(—oo,ac] (Xy).
i=1
The statistic
Dy = sup | Fyj(x) — F(z) |
T
is called the two—sided Kolmogorov—Smirnov statistic (K—S statistic).

The one—sided K-S statistics are

Dy =suplF;(z) = F(x)] and Dy =sup[F(z) - Fy(x)).

n

Theorem 12.2.2:

For any continuous distribution F, the K-S statistics D,,, D,;, D;} are distribution free.

Proof:
Let X(1),...,X(n) be the order statistics of Xi,..., Xy, i.e., Xq) < X(g) < ... < X(,), and
define X(g) = —oo and X, 1) = +00.
Then, .

* ? .

Fn(x) = 5 for X(z) <z < X(i-i—l)v 1=0,...,n.

Therefore,

Df = max{  swp L F@))

0<i<n X <a<Xgiyn n
i

pry - - i f F
pax (o —[, nf P}

(%) {
9 max (£~ F(X()}

0<i<n ' n
= max { max {l—F(X(i))}, 0}

1<i<n n

(*) holds since F' is nondecreasing in [X(;), X(;41))-
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Note that D, is a function of F(X(;)). In order to make some inference about D, the dis-
tribution of F(X(;)) must be known. We know from the Probability Integral Transformation
(see Rohatgi, page 203, Theorem 1) that for a rv X with continuous cdf Fl, it holds that
Fx(X)~U(0,1).

Thus, F(X(;) is the i" order statistic of a sample from U(0, 1), independent from F. There-
fore, the distribution of D, is independent of F.

Similarly, the distribution of

D, = max { max {F(X(i))—i_l}, 0}

n 1<i<n n

is independent of F'.

Since
D, = sup | Fj(x) — F(z) |= max {D;,D; },
X

the distribution of D,, is also independent of F'. [ |

Theorem 12.2.3:

If F' is continuous, then

0, ifv<0
1 V—f—% V—i—in V+2";1
P(Dy<v+5-) = /1 . /3 ’ /_ flw)du, if0<p < 2L
Y YTV 2n Y
1, if v > 21
n
where
n, f0<uy<us<...<u,<1
fw) = flur,... up) = . "
0, otherwise
is the joint pdf of an order statistic of a sample of size n from U(0, 1). [
Note:

As Gibbons & Chakraborti (1992), page 108-109, point out, this result must be interpreted

carefully. Consider the case n = 2.

For 0 <v < %, it holds that

1 vii v+3
P(D2§V+_):/ 2! du2 dul.
4 1, 3_,

4 O<u;<ug<l ” 4

Note that the integration limits overlap if

v

+
= s =

|

N

!
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When 0 < v < i, it automatically holds that 0 < u; < ug < 1. Thus, for 0 < v < i, it holds
that

1 vty vt
P(D2 <v+ —) = / / 2! du2 du1
4 1oy Jioy

VJF% I/+§
= 2!/ <U2|3 4>du1
1y 1V

4

I/+%
_ 2{% % duy

Z*V

1

= 2 (2)wfi !
4
= 2! (2v)?

For 4 71Sv< 4, the region of integration is as follows:

Note to Theorem 12.2.3

u2
1
Area 1 Area 2
3/4-nu
0 3/4-nu 1/4 + nu 1 u
Thus, for % <v< %, it holds that
1 v+i vi
PDy;<v+-) = / 2! dug duq
4 1y 3_y

O<ui<ug<l 4

V—f—i 1 %—V 1
3_y Uuq 0 %71/
v41
[/ 1 u2|u1 du1 —l—/ U2|1%_V) dul‘|
Q,,, 3
l/ 1—U1 du1+/ (1—Z+V)dU1]
0

160



[ 2 V+i 3_y
= 2 u1—ﬂ +<ﬂ+vu1>4
2 /|, 4 0
L v
[ 1. (v+1)? 3. (—v+3)? (—v+3) 3
— 9 I 4 (. hd 4 o e
(V+4) 5 ( V+4)+ 5 1 + v( 1/+4)
2'+1 v2oou L 3+V2 3,,9 v, 3 5.3
= vVt —— — — — —+Vv——-—+ v+ ———+——v v
2 4 32 4 2 4 32 4 16 4
3 1
— 9|24 Zy, =
LTS
1
= 2243y -2
v+ sv 3
Combining these results gives
0, ifvr <0
1 2! (2v)2, ifo<v<i
P(Dy<v+-)= !
4 22430 -1 ifl<y<B
1, ifv >3
| |
Theorem 12.2.4:
Let F' be a continuous cdf. Then it holds Vz > 0:
. z ; .
nh_)ngoP(Dngﬁ): —1—22 ) exp(—2i222).
| |

Theorem 12.2.5:
Let F be a continuous cdf. Then it holds:

if 2<0

P(D} < z2)=P(D;, < 2) // // Ydu, if0<z<1

where f(u) is defined in Theorem 12.2.3.

Note:

ifz>1

It should be obvious that the statistics D;" and D, have the same distribution because of

Symimetry.
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Theorem 12.2.6:
Let F' be a continuous cdf. Then it holds Vz > 0:

lim P(D; < =)= lim P(D, <

n— 00 % n— 00 — %) = LQ(Z) =1- eXp(—QZQ)

Corollary 12.2.7:
Let V,, = 4n(D;})2. Then it holds V,, % x2, i.e., this transformation of D; has an asymptotic

X3 distribution.

Proof:
Let x > 0. Then it follows:

lim P(V,<2) "= lim P(V, <427
n o

n—o0

= lim P(4n(D;5)? < 42?)

n=oo

- I PWAD <2
Thl22.6 4 exp(—2z2)
e exp(—z/2)

Thus, lim P(V, <) =1-exp(—x/2) for x > 0. Note that this is the cdf of a x3 distribu-

tion. [ ]

Definition 12.2.8:
Let Dy, be the smallest value such that P(D,, > D) < «a. Likewise, let Df{;a be the
smallest value such that P(D,f > D, ) < o

The Kolmogorov—Smirnov test (K-S test) rejects Hy : F(x) = Fy(x) Vz at level o if
Dy, > Dp.a.

It rejects Hy : F(z) > Fo(x) Vz at level a if D, > D;f, and it rejects Hy : F(x) < Fy(z) Yz
at level a if D > D;f,,. |

Note:
Rohatgi, Table 7, page 661, gives values of D,,., and DTJ{;Q for selected values of o and small
n. Theorems 12.2.4 and 12.2.6 allow the approximation of D, and Df{;a for large n. [ |
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Example 12.2.9:
Let X1,...,X, ~ C(1,0). We want to test whether Hy: X ~ N(0,1).

The following data has been observed for z(y), ..., x(0):

—1.42,-0.43,—-0.19,0.26, 0.30, 0.45, 0.64, 0.96, 1.97, and 4.68

The results for the K-S test have been obtained through the following S—Plus session, i.e.,
Dy, = 0.02219616, D7, = 0.3025681, and D1 = 0.3025681:

>x _ c(-1.42, -0.43, -0.19, 0.26, 0.30, 0.45, 0.64, 0.96, 1.97, 4.68)
> FX _ pnorm(x)
> FX
[1] 0.07780384 0.33359782 0.42465457 0.60256811 0.61791142 0.67364478
[7] 0.73891370 0.83147239 0.97558081 0.99999857
> Dp _ (1:10)/10 - FX
> Dp
[1] 2.219616e-02 -1.335978e-01 -1.246546e-01 -2.025681e-01 -1.179114e-01
[6] -7.364478e-02 -3.891370e-02 -3.147239e-02 -7.558081e-02 1.434375e-06
>Dm _ FX - (0:9)/10
> Dm
[1] 0.07780384 0.23359782 0.22465457 0.30256811 0.21791142 0.17364478
[7] 0.13891370 0.13147239 0.17558081 0.09999857
> max (Dp)
[1] 0.02219616
> max (Dm)
[1] 0.3025681
> max (max (Dp) , max(Dm))
[1] 0.3025681
>

> ks.gof (x, alternative = "two.sided", mean = 0, sd = 1)

One-sample Kolmogorov-Smirnov Test

Hypothesized distribution = normal

data: x
ks = 0.3026, p-value = 0.2617
alternative hypothesis:

True cdf is not the normal distn. with the specified parameters

Using Rohatgi, Table 7, page 661, we have to use Dig.020 = 0.323 for o = 0.20. Since
D1p = 0.3026 < 0.323 = Dig.0.20, it is p > 0.20. The K-S test does not reject Hy at level
a = 0.20. As S—Plus shows, the precise p—value is even p = 0.2617. [ |
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Note:

Comparison between x? and K-S goodness of fit tests:

e K-S uses all available data; x? bins the data and loses information
e K-S works for all sample sizes; x? requires large sample sizes

it is more difficult to modify K-S for estimated parameters; x? can be easily adapted

for estimated parameters

e K-S is “conservative” for discrete data, i.e., it tends to accept Hj for such data

the order matters for K-S; x? is better for unordered categorical data,
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12.3 More on Order Statistics

Definition 12.3.1:

Let F' be a continuous cdf. A tolerance interval for F' with tolerance coefficient ~ is

a random interval such that the probability is v that this random interval covers at least a

specified percentage 100p% of the distribution. [ |

Theorem 12.3.2:
If order statistics X(,) < X(,) are used as the endpoints for a tolerance interval for a continuous
cdf F, it holds that

s—r—1
=2 <?>pi(1—p)”_i-

i=0
Proof:
According to Definition 12.3.1, it holds that

v = Px,y,x4) (PX(X(r) <X < X)) > p) -
Since F' is continuous, it holds that Fx(X) ~ U(0,1). Therefore,
Py(Xpy < X < X(5)) = P(X < X(y) — P(X < X))
= F(X¢) - F(X)
= U = U,

where Uy, and Uy, are the order statistics of a U(0, 1) distribution.

Thus,
7= Px, X (PX(X(T) <X < X)) 2 p) = P(Ui) — Uy 2 p).

By Therorem 4.4.4, we can determine the joint distribution of order statistics and calculate

1 ry—p n . . .
7_/p/o G i W ) dedy.

Rather than solving this integral directly, we make the transformation

as

U = Uy —Uy

Vo= Uy.
Then the joint pdf of U and V is
(T_l)!(s_f!_l)!(n_s)! (v—uw) "t 1 — ) f0<u<v<1

fov(u,v) = {

0, otherwise
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and the marginal pdf of U is

fulu) = /01 fuv(u,v) dv

n! 1

I [ T s)!“SHI@v“(“)/ (v =)™ (L —0)"* dv

u

(4) n!
 (r=Dl(s—r—1DY(n—s)!

1
us—r—l(l o u)n—s+rl(071)(u)/ tr—l(l o t)n—s dt
0

B(r,n—s+1)

_ n! us—r—l(l o u)n—s—I—r (T — 1)'(”’ - 8)!

(r=1Ns—r—=1)n—s)! (n—s+r)!

Tio,1)(u)

_ n! s—r—1 o n—s—+r
N (n—s—l—r)!(s—r—l)!u (1= u) Toa(®)

n—1 —r— n—s+r
= n( )us 1 —w)nst Lio,1)(u).

s—r—1
(A) is based on the transformation ¢t = 11} — u’ v—u=(1-u)t, 1—v=1-u—(1—-u)t=
—u
(1 —u)(1—1t)and dv = (1 —u)dt.
It follows that
v = P(Ug — Uy =p)
= PU=p)

S I
» s—r—1

P(Y <s—r) | whereY ~ Bin(n,p)
s—r—1 n ) ]
S e

; i

=0

(B) holds due to Rohatgi, Remark 3 after Theorem 5.3.18, page 216, since for X ~ Bin(n,p),

it holds that
Lofn—1Y\ ;4 n—k
P(X<k):/n r_1])? (1—-=z) dx.

p
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Example 12.3.3:
Let s =n and r = 1. Then,

n—2
n j —1 n n—
v=) (Z.)p’(l —p)" Tt =1-p"—np" (1 -p).
=0
If p = 0.8 and n = 10, then
Y10 =1—(0.8)1% —10-(0.8)? - (0.2) = 0.624,

i.e., (X(1), X(10)) defines a 62.4% tolerance interval for 80% probability.

If p = 0.8 and n = 20, then
v20 =1 —(0.8)2Y — 20 - (0.8)!% - (0.2) = 0.931,
and if p = 0.8 and n = 30, then

30 = 1 — (0.8)3° — 30 - (0.8)%" - (0.2) = 0.989.

Theorem 12.3.4:
Let k, be the p" quantile of a continuous cdf F. Let X1y, -+, X(n) be the order statistics of

a sample of size n from F'. Then it holds that
ny g n—i
P(X SkpSX(s))=Z<i>p(1—p) -

Proof:
It holds that
P(X4y <kp) = P(at least r of the X;’s are < k)

- > (G-

i=r

Therefore,

P(Xoy <kp < X(5)) = P(Xp) Skp) — P(X(5) < kp)

-y (?)pi(l ey <7.1>pi(1 -

; . [
i=r 1=s

s—1
= > (?)pi(l -p)"

i=r
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Corollary 12.3.5:

s—1

n . .
X, X is a level (1—p)"° fid int 1 for k,.
(X(r), X(s)) is a leve Z <z>p (1 —p)"™" confidence interval for k,

i=r

Example 12.3.6:

Let n = 10. We want a 95% confidence interval for the median, i.e., k,, where p =

s—1

We get the following probabilities p,. s = Z <n>pz(1 — p)"~* that (X (1), X(s)) covers kos:
i

i=r

Pr.s s
2 3 4 5 6 7 8 9 10
11001 0.05 0.17 0.38 0.62 0.83 0.94 0.99 0.998

2 0.04 0.16 0.37 0.61 0.82 0.93 0.98 0.99

3 0.12 0.32 0.57 0.77 0.89 0.93 0.94

4 0.21 0.45 0.66 0.77 0.82 0.83

r |5 0.25 0.45 0.57 0.61 0.62
6 0.21 0.32 0.37 0.38

7 0.12 0.16 0.17

8 0.04 0.05

9 0.01

Only the random intervals (X(1), X(9y), (X(1), X(10)), (X(2), X(9)), and (X (2, X(10)) give the

desired coverage probability. Therefore, we use the one that comes closest to 95%, i.e.,

(X(2), X(9)), as the 95% confidence interval for the median.
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13 Some Results from Sampling

13.1 Simple Random Samples

Definition 13.1.1:

Let Q be a population of size N with mean p and variance o?. A sampling method (of size

n) is called simple if the set S of possible samples contains all combinations of n elements of
Q (without repetition) and the probability for each sample s € S to become selected depends
only on n, i.e., p(s) = ﬁ Vs € S. Then we call s € S a simple random sample (SRS) of

n

size n. [ ]

Theorem 13.1.2:

Let Q be a population of size N with mean x and variance 0. Let Y : 2 — IR be a measurable

function. Let n; be the total number of times the parameter ¢; occurs in the population and
pi = & be the relative frequency the parameter fj; occurs in the population. Let (y1,...,yn)

be a SRS of size n with respect to Y, where P(Y = ¢;) = p; = §-
Then the components y;, i =1,...,n, are identically distributed as Y and it holds for ¢ # j:

1 ngny, k#1

P(yi = i, y; = 0) = NN =D

Nk, where ner =
nk(nk — 1), k=1

Note:

(i) In Sampling, many authors use capital letters to denote properties of the population
and small letters to denote properties of the random sample. In particular, z;’s and y;’s
are considered as random variables related to the sample. They are not seen as specific

realizations.

(ii) The following equalities hold in the scenario of Theorem 13.1.2:

%

1 _
no= N i niYq
0* = = Ynili -
NZ (2 (2
1 -
- N nz‘yi_MQ
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Theorem 13.1.3:

n

Let the same conditions hold as in Theorem 13.1.2. Let § = % Z yi be the sample mean of a
i=1

SRS of size n. Then it holds:

(i) E(y) = p, i.e., the sample mean is unbiased for the population mean .

.. _ 1IN —n 52— 1 9 s
(ii) Var(y) = SN _1° n(l f)N_ 705 where f =
Proof:
(i)
1& ) _
E(y) = - ZE(yz) = u, since E(y;) = p Vi.
=1
(i)
1
Var(y) = ZVar (yi) + QZCOU (Vi v5)
=1 1<J
Cov(yi, yj) = E(yi -y;) — E(yi) E(y;)
= Eyi-y) — 4w

= D Py =k y; =) — 1

Th13.1.2 N(Nl (kzﬂ Jrimeng + zk:yknk g — 1)> 2
- N(Nl_ ) (Zyk?/lnkznl Zyknk) —
- N(Nl— 1 ((; ykﬂk) (Z yml> Z%W) _
Note (i) N(Nl_ ¥ (NQMQ — N(o? +M2)) 2
R

1
= _N—laQ’ for i # j

170



= Var(y) = % (zn: Var(y;) + 22 Cov(yi,yj))
i=1

i<j

-~ an-1°

B 1( n) N

on N’'N -1
1 N

= E( —f)N_10

Theorem 13.1.4:
Let 7,, be the sample mean of a SRS of size n. Then it holds that

[t o

where N — oo and f =  is a constant.

In particular, when the y;’s are 0—1-distributed with E(y;) = P(y; = 1) = p Vi, then it holds

that _
\/f In P 4y N0, 1
F /(1 —p)
n

where N — co and f =  is a constant. [ |
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13.2 Stratified Random Samples

Definition 13.2.1:

Let € be a population of size N, that is split into m disjoint sets €);, called strata, of size
m

Nj,7=1,...,m, where N = Z Nj;. If we independently draw a random sample of size n; in
j=1
each strata, we speak of a stratified random sample. [ |

Note:

(i) The random samples in each strata are not always SRS’s.

(ii) Stratified random samples are used in practice as a means to reduce the sample variance
in the case that data in each strata is homogeneous and data among different strata is

heterogeneous.

(iii) Frequently used strata in practice are gender, state (or county), income range, ethnic

background, etc.

Definition 13.2.2:

Let Y : Q — IR be a measurable function. In case of a stratified random sample, we use the

following notation:
Let Y, j=1,...,m, k=1,...,N; be the elements in {2;. Then, we define
N.

J
(i) Y; = > Yj the total in the j strata,
k=1

(i) p; = NL]Y] the mean in the j™* strata,

m
(il) p= 4 Z Njpj the expectation (or grand mean),

j=1
(iv) Npu= Z Y; = Z Z ik the total,
j=1 J=1k=1
Nj
(v) 0F = N% (Yjr. — p;)? the variance in the j** strata, and
k=1

N,

<

(Yj1, — p)? the variance.
=1

<.
Il
-
bl
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(vii) We denote an (ordered) sample in €2; of size n; as (y;1, .-, Yjn,;) and g; = W Z yjk the

sample mean in the j* strata.

Theorem 13.2.3:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. Let ji; be an unbiased
estimate of y; and Var(fi;) be an unbiased estimate of Var(ji;). Then it holds:

m
(i) o=+ ZNjﬂj is unbiased for p.
j=1

Var(p) = 5= > NVar(i;).
j=1

(ii) Var(p) = 3= ZNQVCLT(M]) is unbiased for Var(f).
j=1

1 & 1 &
E(p) = N Z fij) = N Z MG =
By independence of the samples within each strata,

Var(ft) N2 ZN2Va7“(u])
7j=1

E(Vc;"\(ﬂ) ZN2E Va'r( i) = N2ZN2Va7“(u]) Var(ft)
Jj=1 j=1

Theorem 13.2.4:
Let the same conditions hold as in Theorem 13.2.3. If we draw a SRS in each strata, then it

holds:

m J
(i) o= % ZN]-@]- is unbiased for p, where y; = n—lj Z Yik, Jj=1,...,m.
j=1 k=1

1

m
=L il ny
Var(jt) = = Z i 1 ], where f; = N
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UG 1
(ii) Var(/l) -+ ZN n—(l - fj) ©is unbiased for Var(j1), where

N2
=1
= f:
§ (yk Yy )
j ,_ ik~ Yj
TLJ 1 =1

Proof:
For a SRS in the j! strata, it follows by Theorem 13.1.3:

E(y;) = uj
Var(y;) = n—j(l - fj)ﬁaj
Also, we can show that
N,
B = 3 1)
Now the proof follows directly from Theorem 13.2.3. [ |

Definition 13.2.5:
Let the same conditions hold as in Definitions 13.2.1 and 13.2.2. If the sample in each strata

is of size n; = n%, 7 =1,...,m, where n is the total sample size, then we speak of pro-
portional selection. [ |
Note:

(i) In the case of proportional selection, it holds that f; = K,—J] =x=/f Jj=1...,m

(ii) Proportional strata cannot always be obtained for each combination of m, n, and N.

Theorem 13.2.6:
Let the same conditions hold as in Definition 13.2.5. If we draw a SRS in each strata, then it

holds in case of proportional selection that

m

L1-f N,
Var(p) = — :
N2 f = 7
N
where ]2 = Njilajz.
Proof:
The proof follows directly from Theorem 13.2.4 (i). ]
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Theorem 13.2.7:

If we draw (1) a stratified random sample that consists of SRS’s of sizes n; under proportional

selection and (2) a SRS of size n = Z n; from the same population, then it holds that

j=1
1 N—n s 1 &
7) — ) = ——— Ni(pi —p)>— =S (N —-N;)52].
Va/r.(y) Va”r(l"t) n N(N _ 1) (]z:; j(/’L] Iu) N ]zz:l( j)o-j)
Proof:
See Homework. m
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14 Some Results from Sequential Statistical Inference

14.1 Fundamentals of Sequential Sampling

Example 14.1.1:

A particular machine produces a large number of items every day. Each item can be either

“defective” or “non—defective”. The unknown proportion of defective items in the production

of a particular day is p.
Let (X1,...,X,,) be a sample from the daily production where x; = 1 when the item is

m

defective and x; = 0 when the item is non—defective. Obviously, S,, = ZXZ' ~ Bin(m,p)
i=1

denotes the total number of defective items in the sample (assuming that m is small compared

to the daily production).

We might be interested to test Hy : p < pg vs. Hy : p > po at a given significance level «
and use this decision to trash the entire daily production and have the machine fixed if indeed

p > po. A suitable test could be

1, ifs,>c
q)l(.’El, . ,.Im) =
0, ifs,<c

where ¢ is chosen such that ®; is a level-« test.

However, wouldn’t it be more beneficial if we sequentially sample the items (e.g., take item
# 57, 623, 1005, 1286, 2663, etc.) and stop the machine as soon as it becomes obvious that
it produces too many bad items. (Alternatively, we could also finish the time consuming and
expensive process to determine whether an item is defective or non—defective if it is impossible
to surpass a certain proportion of defectives.) For example, if for some j < m it already holds
that s; > ¢, then we could stop (and immediately call maintenance) and reject Hy after only

j observations.

More formally, let us define T = min{j | S; > ¢} and T" = min{T,m}. We can now con-
sider a decision rule that stops with the sampling process at random time 7" and rejects H if
T < m. Thus, if we consider Ry = {(z1,...,Zm) | t <m}and Ry = {(z1,...,Zm) | Sm > ¢}

as critical regions of two tests ®y and ®1, then these two tests are equivalent. [ |
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Definition 14.1.2:

Let © be the parameter space and A the set of actions the statistician can take. We assume

that the rv’s X1, Xo,... are observed sequentially and iid with common pdf (or pmf) fp(x).

A sequential decision procedure is defined as follows:

(i) A stopping rule specifies whether an element of A should be chosen without taking
any further observation. If at least one observation is taken, this rule specifies for every
set of observed values (x1,x2,...,2,), n > 1, whether to stop sampling and choose an

action in A or to take another observation x, 1.

(ii) A decision rule specifies the decision to be taken. If no observation has been taken,
then we take action dy € A. If n > 1 observation have been taken, then we take action
dp(z1,...,2,) € A, where d,(x1,...,z,) specifies the action that has to be taken for
the set (z1,...,x,) of observed values. Once an action has been taken, the sampling

process is stopped.

|
Note:
In the remainder of this chapter, we assume that the statistician takes at least one observation.
|
Definition 14.1.3:
Let R, € IR",n = 1,2,..., be a sequence of Borel-measurable sets such that the sampling
process is stopped after observing X1 = z1, X2 = zo,..., X, = z, if (z1,...,2,) € R,. If
(x1,...,2y) ¢ R, then another observation x4 is taken. The sets R,,,n = 1,2,... are called
stopping regions. [ |

Definition 14.1.4:

With every sequential stopping rule we associate a stopping random variable N which

takes on the values 1,2,3,.... Thus, N is a rv that indicates the total number of observations
taken before the sampling is stopped. [ |
Note:

We use the (sloppy) notation {N = n} to denote the event that sampling is stopped after
observing exactly n values z1,...,x, (i.e., sampling is not stopped before taking n samples).

Then the following equalities hold:

(N=1} = Ry
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{N=n} = {(z1,...,2,) € R" | sampling is stopped after n observations but not before}
= (R1UR2U...URn71)CﬂRn
= RENRSN...NR°_,NR,

(Nenp = UIN=k}
k=1

Here we will only consider closed sequential sampling procedures, i.e., procedures where

sampling eventually stops with probability 1, i.e.,

P(N <o) = 1,
P(N=oc) = 1- P(N <o) =0.
| |
Theorem 14.1.5: Wald’s Equation
N
Let X1, Xo,...beiid rv’s with E(| X; |) < co. Let N be a stopping variable. Let Sy = Z X
k=1

If E(N) < oo, then it holds
B(Sx) = B(X1)E(N).

Proof:
Define a sequence of rv’s Y;, i =1,2,..., where
1, if no decision is reached up to the (i — 1) stage, i.e., N > (i — 1)
K pu—
0, otherwise
Then each Y; is a function of X1, X5, ..., X;_1 only and Y is independent of X;.
Consider the rv
o0
> XY
n=1
Obviously, it holds that
[o¢]
Sy =Y XnYy.

n=1

Thus, it follows that

It holds that



(4)

I

<

BIXi )Y S PIN = k)

n=1k=n

E(| X1 ])Y_nP(N =n)

n=1

E(| X1 )E(N)

(.¢]

(A) holds due to the following rearrangement of indizes:

www‘ﬁ

k
1,2,3,...

2,3,...
3,...

We may therefore interchange the expectation and summation signs in (%) and get

which completes the proof.

E(SN)

(5o0)

i E(X,Y,)

n=1

> E(X,)E(Y)
n=1

B(X1) i P(N >n)

n=1

E(X1)E(N)
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14.2 Sequential Probability Ratio Tests

Definition 14.2.1:
Let X1, Xo,... be a sequence of iid rv’s with common pdf (or pmf) fy(z). We want to test a

simple hypothesis Hy : X ~ fg, vs. a simple alternative H; : X ~ fp, when the observations

are taken sequentially.

Let fon, and f1, denote the joint pdf’s (or pmf’s) of X1,..., X, under Hy and H; respectively,

ie.,
Jon(@i, .o an) =[] foo(s) and  fip(zr, ... 20) = [] fou (@)
=1 i=1

Finally, let
_ f 1n (g)
f On (g) ’

where x = (z1,...,2,). Then a sequential probability ratio test (SPRT) for testing H

)\n(xl, . ,{L‘n)

vs. H is the following decision rule:
(i) If at any stage of the sampling process it holds that
An(z) > A,
then stop and reject Hy.
(ii) If at any stage of the sampling process it holds that
An (E) < B,
then stop and accept Hy, i.e., reject Hi.

(i) If
B < \y(z) < A,

then continue sampling by taking another observation ;1.

Note:

(i) It is usually convenient to define

X,
ZZ:].ngel( Z)’
f90 (XZ)
where Z1, Zs, ... are iid rv’s. Then, we work with

n

log An(@) =3z = 3 (log fo, (1) — log foy (1))

i=1 i=1
instead of using A, (z). Obviously, we now have to use constants b = log B and a = log A

instead of the original constants B and A.
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(ii) A and B (where A > B) are constants such that the SPRT will have strength («, 3),
where
a = P(Type I error) = P(Reject Hy | Hop)

and
B = P(Type 11 error) = P(Accept Hy | Hy).

If N is the stopping rv, then

o = PGO()\N(X) 2 A) and ,8 = Pgl()\N(X) S B)

Example 14.2.2:
Let X1, Xo,... be iid N(u,0?), where u is unknown and o2 > 0 is known. We want to test

Hy: p=povs. Hy: p= pu1, where pg < pq.

If our data is sampled sequentially, we can constract a SPRT as follows:

log An(z) =

>~ (gt — )~ (gt 0"

=

_ % zn: ((:ri — uo)* — (x; — M1)2))
=1

3 (95? — 2wijuo + pig — 7 + 2w — M%)

1

)

I
A

.
=

1

5 <—2$iuo + ph 4 2wip — M%)

2

Q

I

3
—_
7=

1

_ % (Z 22;(p1 — po) + n(ud — u?))

i=1

fui._w
N o2 Ty

i=1

We decide for Hy if

log Ap, (2) <b

n
s K1 Ho <in_nﬂo+ﬂl>§b

where b* = —Z—.
41— Ho
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We decide for Hy if

2

where a* = —Z—a.
B1—Ho

Example 14.2.2

3 accept HO continue accept H1

b* ax sum(x_i)

Theorem 14.2.3:
For a SPRT with stopping bounds A and B, A > B, and strength («, 3), we have

Agﬂ and B> B

o 1—«

)

where 0 <a<land 0< (< 1.

Theorem 14.2.4:
Assume we select for given «, 8 € (0,1), where o + 8 < 1, the stopping bounds

A’:—l_ﬁandB’——ﬁ
o

Cl-a
Then it holds that the SPRT with stopping bounds A’ and B’ has strength (o/, 3’), where
B

l—«o

o

1-p3’

o < B < ,and o/ + 8 < a+p.
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Note:

(i) The approximation A’ = % and B’ = % in Theorem 14.2.4 is called Wald—

Approximation for the optimal stopping bounds of a SPRT.

(ii) A" and B’ are functions of a and f only and do not depend on the pdf’s (or pmf’s) fp,
and fg,. Therefore, they can be computed once and for all fg,’s, i =0, 1.

THE END !l
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Likelihood Ratio Test Statistic, 115

Lindeberg Central Limit Theorem, 33

Lindeberg Condition, 33
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